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Abstract: The study of the positive invariance and contrac- resultados, um algoritmo baseado em programacao linear € pro-
tivity properties of polyhedral sets with respect to (w.r.t) linear posto para a determinacdo de tais regides poliedrais positiva-
systems subject to control saturation is addressed. The analysismente invariantes e contrativas.

of the nonlinear behavior of the closed-loop saturated system is Palavras chaves: saturacdo de controle, invariancia positiva,
made by dividing the state space in regions of saturation. In each contratividade, estabilidade local, fung&o de Lyapunov poliedral.
one of these regions, the system evolution can be represented by

the that of a linear system with an additive constant disturbance. 1 INTRODUCTION

From this representation, a sufficient algebraic condition relative

to the positive invariance of a polyhedral set is given. In a sec- The problem of control constraints appears in most of industrial
ond stage, using the same system representation, a necessary angontrol systems. Due to physical or security reasons, the ac-
sufficient condition to the contractivity of a compact polyhedral  t,,5tors cannot drive unlimited energy to the controlled plants.

set with respect to the trajectories of the system stated. In this Thjs fact can be modeled as a saturation block in the closed-loop
case, itis shown that a Lyapunov function can be associated with scheme of the system.

the polyhedral set and the local asymptotic stability of the satu-

rated closed-loop system inside the set is guaranteed. From theseControl systems are often linearly designed. The plant is repre-
results, an algorithm based on linear programming is proposed sented by a local linear model and the control law is in general a
to determine such positively invariant and contractive polyhedral linear state or output feedback. The modern theory of linear con-

sets. trol furnishes efficient techniques and methodologies to compute
Keywords : control saturation, positive invariance, contractiv-  such control laws that guarantee both the stability and some per-
ity, local stability, polyhedral Lyapunov function. formance and robustness requirements with respect to (w.r.t) the
linear closed-loop model of the process. In general, this kind of
Invariancia e Contratividade de Regi6es Poliedrais para design does not directly consider the bounds on the control in-
Sistemas Lineares Continuos no Tempo sujeitos & Saturacdo ~ PUts. In this case, the control saturation can be source of parasitic
de Controle equilibrium points and limit cycles, or even, can lead the closed-

loop system to an unstable behavior. This fact has motivated,
in the last years, the development of analysis and design tech-
nigues considering the control bounds and saturation occurrence
(see for example (Bernstein and Michel, 1995)).

Resumo: Este trabalho aborda as propriedades de invariancia
positiva e contratividade de conjuntos poliedrais com relacédo a
sistemas lineares sujeitos a saturagdo de controle. A analise do

comportamento n&o linear do sistema em malha fechada € feita An interesting approach proposed in the literature consists in
a partir de uma divisdo do espaco de estados em regides de satuconsidering a seb, of admissible initial states and in determin-
ragéo. Em cada uma destas regides, o comportamento do sistemang a feedback control law that guarantees the positive invariance
pode ser representado por aquele de um sistema linear sujeito aof 3 setP > D, such thatP is contained in the region of linear
acdo de uma perturbacéo aditiva constante. A partir desta repre- pehavior of the closed-loop system. The Bds considered as a
sentacéo, é estabelecida uma condic&o algebrica suficiente para ainear local region of stability. This problem is also known in the
garantia de invariancia pOSitiva de um dominio poliedral. Emum literature assaturation avoidance prob|em or linear constrained
segundo momento, usando a mesma representacgao, estabelecqegmator problem (see for example (Benzaouia and Hmamed,
se uma uma condi¢do necessdria e suficiente para a contrativi-lgg3), (Bitsoris, 1991), (Milani, 1994), (Vassilaki and Bitsoris,
dade de umaregido poliedral compacta com relacéo as trajetorias 1989),(Tarbouriech and Burgat,1994), for continuous-time sys-
do sistema. Neste caso, € mostrado que uma fungéo de Lyapunovtems and (Castelat al., 1996) with references therein for the
pode ser associada ao sistema em malha fechada garantindo a esjiscrete-time case). However, by this method if the Bgtis
tabilidade aSSintética dentro da regiéo pOliedI’al. A pal’tir destes re|ative|y |arge’ the calculated control law can degrade the per_
OArtigo submetido em 03/06/98 formances of the closed-loop non-saturated system or the solu-
la. Revisdo em 26/10.98 tion may not exist. Then, an alternative approach consists in

Pereigcg'if\‘jawb recomendagdo do Ed. Cons. Prof. Dr. Paulo Sérgio computing a control law satisfying certain performance and ro-
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bustness requirements and analyzing, a posteriori, the stability The i-facet (Bronsted, 1983) (or théside) of polyhedral set
of the closed-loop system when submitted to control saturation. S(G,w) is defined as:

In this case, given the control law, the designer is interested in

determining regions of initial states that can be driven asymp- 9,5(G,w) = {z e R"; Giyr = wgy, Gryr < wyy fork # i}
totically to the origin by considering the possibility of control
saturation. These regions can be viewedr@ass of safe op-
eration of the closed-loop system. From this analysis the de-
signer can therefore evaluate if the determined zone contains

The polyhedral cone generated by the i-facet of S(G, w) is the
set defined as:

the setD,, i.e., if the computed control law guarantees that all A G Gz .
the trajectories emanating froM, converge asymptotically to Ki={z e R"; w((,j) < w((z) » Vk=1,...9, k#i}
the origin. In this context, the determination of ellipsoidal type (2
regions was addressed in (Burgat and Tarbouriech, 1996),(Kim

and Bien, 1994),(Gutman and Hagander, 1985). The conel’; can also be defined from the vertices(iG, w)

that belongs to face?;S(G,w). The vectorG(; € R" is the

The aim of this paper is to propose a method of analysis that normal vector to the of facet; S(G,w), that is,
guarantees the local asymptotic stability, in polyhedral sets, of

linear multivariable continuous-time systems subject to control < Ga),x > —w;) =0 Vo€ 0;S(G,w)
saturation. First the positive invariance of polyhedral sets w.r.t
saturated systems is addressed. A sufficient condition for the
positive invariance of a given polyhedral set w.r.t this kind of
systems is stated. This condition can be viewed as a general-
ization of the classical relations of positive invariance for lin-
ear systems without control saturation (Bitsoris, 1991),(Castelan S(G,wa) ={z e R";Gz <wa}, aeR, a>0

and Hennet, 1992). Since the positive invariance is not sufficient

to guarantee the local asymptotic stability , in a second stage, a The positive scalaw is calledcoefficient of homothety. The sets
necessary and sufficient condition to guarantee the contractivity S(G,wa), with a € (0, 1], are callednternal homothetic sets
of a polyhedral set is stated. Consequently, a polyhedral Lya- of S(G,w).

punov function (see (Blanchini, 1995) and (Kiertikl.,1992))

can be associated with the contractive set and the local asymp- . e ¢ ;
totic stability of the saturated closed-loop system is ensured. Fi- Functional (Blanchini, 1995),(Kiendet al.,1992),(Sznaier,
nally, from these conditions an algorithm based on linear pro- 1993):

gramming is proposed to compute homothetical expansions of V(z) = max {Gayz/wa} (3)
contractive polyhedra 0\_/erthe zone of nonlinear behavior of the It follows that if = € dS(G,aw), V(z) = a. Besides¥z e
closed-loop system. This method, that can be used to determine KerG it follows thatV(z) — 0. Note that in the case where

polyhedral regions of stability, is illustrated by an example. S(G,w) is a polytope)(z) is a norm. Otherwisey(z) is a
semi-norm.

From a given polyhedral set it is possible to construct a family
of polyhedra by applying an homothety to the primal polyhedral
set:

Associated to a polyhedral s8{G, w) we have the Minkowski

Notations. For any vectorr € R, x > 0 means that all the
components of, denoted: ;), are nonnegative. For two vectors
z, y of k", the notationr > y means thatr;) — y;) > 0, 3 PROBLEM STATEMENT

Vi = 1,..,n, and< z,y >= >0 z;yu. || is the

vector composed by the absolute values of the components of Consider the continuous-time linear system

x. For any real matrix\/, square or not)M ;; denotes itsith )

line andM; ;) the entrymy. MT andKerM denote respec- i(t) = Ax(t) + Bul(t) (4)
tively the transpose and the null spaceMdf For a polyhe- n m nen nEm

dral setS, int(S), S andd;S denote respectively the interior, wherez(t) € ®", u(t) € R, 4 € "™ andB € ¥,

the boundary and théh facet ofS. Given a vectorr € 3", The control vector is subject to linear constraints that define a
diag(z) denotes am-order diagonal matrix generated fram compact polyhedral regiofl in the control space:
A T m
Im =1 1...1)7 e Rm. R
0= {U e RrR™ ; —Umin S U< umam} (5)
2 POLYHEDRAL SETS WIth pmin(s)s Umaz (i) > 0, fori =1,...,m.

In this section we state some definitions about polyhedral sets Consider now a classical saturating state feedback control law:
that will be used in the sequel.

u(t) = sat(Fz(t)) , F e R™"
A polyhedral set in the state space is a finite intersection of half-

spaces and can be defined as follows: where theith component of the control vectar= 1,...,m, is
defined as follows:
S(Gw)={zeR";Gz<w}, GeERI*"™ JweR! (1) tgingsy 1 Fay2(t) < —timingi
. . . i (t)_ sz(t) if — Umin(i Ssz(t) Sumaxi
In particular, ifw ), > 0,Vi = 1,...,9, z = 0 belongs to the @) uin)m(i) if F(i)x(t)(; uma(w)(i) ®

interior of the polyhedral set, i.€),€ int(S(G, w)). (6)

Notice that a polyhedral set is always a closed and convex set of The closed-loop system is given by

R™. A compact polyhedral set is also callegalytope (Bron-

sted, 1983). &(t) = Ax(t) + Bsat(Fz(t)) (7
150 Revista Controle & Automacao /Vol.10 no.3/Set., Out., Nov. e Dezembro de 1999



It is worth to notice that the polyhedral regiSF, w in, Umaz)
defined in the state space as

S(Fa umin,umaz) é {:L' € §Rn y T Umin S Fzx S umaz} (8)

is the region of linearity of the closed-loop system. In
S(F, Umin, Umaz ), SAturation does not occur and the evolution
of the closed-loop system is given by

&(t) = (A + BF)z(t) 9)

We define now the positive invariance and contractivity proper-
ties of a setS(G, w) with respect to system (7).

Definition 1 : The polyhedral set S(G,w) is positively invari-
ant w.r.t system (7) if and only if Vz(0) € S(G,w) the corre-
sponding state trajectory of system (7) is confined in S(G, w).
In other words,

Vz(0) € S(G,w) = z(t) € S(G,w),¥t >0

In particular, sinces(¢) is a continuous function, the positive in-
variance ofS(G, w) implies that every trajectory that originates
in S(G,w) does not escape fro8(G, w).

Definition 2 : The polyhedron S(G, w) defined by (1) is said
to be contractive w.r.t the trajectories of system (7) if, Va(t) €
S(G,w), vVt >0, V1 > 0, theimplication

z(t) € 0S(G,wa) = x(t + 1) € int(S(G,wa))

holdsVa € (0, 1].

The interpretation of this definition is the following. If, at in-
stantt, z(¢) belongs to the boundary of an interior homothetic of
S(G,w) (S(G,wa) with 0 < o < 1) it follows that, at the in-
stant(t+ 1), with 7 infinitesimal,z (¢ + 7) belongs to the interior
of this homothetic. In this case, we can say th@io) belongs

to Ol(i_}rnOS(G, wa).

WhenS (G, w) C S(F, min, umaz) the analysis of the positive
invariance and the asymptotic stability #{G, w) w.r.t system

(7) is equivalent to the analysis of these properties w.r.t. system
(9). The conditions that guarantee the positive invariance and the
asymptotic stability in this case were widely studied in the liter-
ature (see for example, (Benzaouia and Hmamed, 1993),(Bit-
soris, 1991),(Castelan and Hennet, 1992),(Tarbouriech and Bur-
gat, 1994),(Vassilaki and Bitsoris, 1989)).

WhenS (G, w) ¢ S(F, umin, Umaz), these properties have to be
studied by considering the nonlinear behavior of the closed-loop
system (7). In this work we are interested in this case. Hence,
the following problems will be treated in the sequel :

e Problem 1 : Determine conditions to guarantee the positive
invariance ofS(G, w) w.r.t the saturated system (7).

e Problem 2 : Determine conditions to guarantee the con-
tractivity and the asymptotic stability of the system (7) in
S(G,w).
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4 SATURATED SYSTEM REPRESENTATION

Before studying the positive invariance, contractivity, and stabil-
ity properties of polyhedral sets related to linear systems with
saturating controls, we define a mathematical representation for
this kind of systems.

The representation chosen consists in dividing the state space in
regions calledregions of saturation. A region of saturation is
defined by the intersection of half-spaces of tyjgz < d;

or —F(i)a: < d(i), Whered(i) can beumm(i),—umm(i), Umaz (i)

OF —Umaq(;)- FOr @ system withn inputs, there exist3™ re-
gions of saturation. Considering= 1,...,3™, thejth region

of saturation is a polyhedral set denoted generically as

S(Rj,dj) = {r € R"; Rjx <d;} (10)

whered; € R is defined from the entries of oz, —Umaz,
Umin €t —Umin, aNdR; € RL*™ is defined from the rows of
and—F (see figure 1 and the numerical example in section 8).

We show now that inside each region of saturation, system (7)
can be modeled as a linear system with an additive constant dis-
turbance.

Consider a vectog € R™ such that each entry;), i =
1,...,m, takes the values, 0 or —1 as follows :

o If ug(t) = Upaa(s) theng;) = 1, thatis,z(t) is such that
Fiyz(t) > Umaa(i)-

e If ug)(t) = Fiy)z(t) then{; = 0, thatis,z(t) is such that
~Umin(i) < F(z)x(t) < Umaz(i)-

o If ug(t) = —umin(;) thené;) = —1, thatis,z(t) is such
thatF(l)x(t) < ~Umin(s)-

Hence, each vectd@rrepresents a possible combination between
saturated and non-saturated control entries. Note that there are
3™ different vectorg: &; € R™ forj =1,...,3™ anditis pos-
sible to associate each vecggrto a specific region of saturation
S(Rj,d;). Notice also that the region corresponding o= 0

is the polyhedrorS (F, wmin, Umaz). In the other regions there

is at least one control entry that is saturated.

From the definition of;, the motion of the system (7) inside
the regionS(R;,d;) can be described by the following linear
dynamical equation:

i(t) = (A + Bdiag(1m — |&) F)z(t) + Bu(§;) (1)
where
A | ~uminG) it &y = —1
uepy (&) = 0 it & =0 (12)
Umaz(iy 1 iy =1

Generically, ifz(t) € S(R;, d;) it follows that (Rocha, 1994):

i(t) = Ajz(t) + p; (13)

with Aj =A+ Bdiag(lm - |£J|)F andp]- = Bu(fj)

5 POSITIVE INVARIANCE

In this section conditions to ensure the positive invariance of a
polyhedronS (G, w) w.r.t the saturated system (7) are studied.
These conditions are established from the representation of the
saturated system described in the above section.
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Definition 3 : Let the set 7 be the set of indices j such that
(S(R;,d;) NOS(G,w))) # 0. Theregions S(R;,d;) such that
j € J arecalled target regions

For each target region define a polyhedral SéD ;,s;) 2
S(R;,d;) N dS(G,w), D; = { Gi ] s; 21 " |, where
R; d;

G; € R9*™ andw; € N9 correspond to the facets S{G, w)
that have a nonempty intersection wiiliR ;, s;). Figure 1 de-
picts the regionsS(R;, d;) (notationR;) and.S(D;, s;) (nota-
tion D;) for a second order system with two control entries.

X2 x2

sG> 5
R3 D9 ><|33
R1 7 x1 D1 x1
R4 D
\ D7
I D5

R2

R9

R8

R7

D8
* S(F,umin,umax) 0
e
S(F,umin,umax)

" Re

Figure 1: Representation ¢f(R;,d;) and.S(D;,s;) forn =
m =2

Lemmal : Theset S(G,w) is positively invariant w.r.t system
(7) if

Goi(t) <0 Va(t) € 8;5(G,w), Vi

1,...,9 (14)

Proof: Since the state trajectory is continuous, for the positive
invariance ofS(G,w) it is sufficient to guarantee the admissi-
bility of any infinitesimal motion starting from any point on the
boundary of this domain (Castelan and Hennet, 1992). Hence, if
at instantt = to x(¢o) belongs to the facel;S(G, w) it suffices
that the time derivative vectar(to) points towards the interior

of S(G,w) (see (Bermast al., 1989) pp.65-66). Note thﬂa)
points always towards the exterior of the polyhedral set. Apply-
ing this reasoning to all points &S (G, w) the condition for the
positive invariance is equivalent to:

<K Gly,#(t) >< 0 Va(t) € 9;5(G,w), Vi=1,...

g

which is equivalent to condition (14

Theorem 1 : The set S(G,w) is positively invariant w.r.t sys-
tem (7) if, for each target region j, there exists a matrix H; €
95 (93 +1i) with H;(; ;) > 0ifi # [, suchthat :

Hij = sz‘ij
Hij < —G_'jpj

(15)
(16)

Proof: For each target region of saturatignconsider the fol-
lowing set of linear programs:

iti) = min Higos; + Giiyps
subjectto
H;i)Dj = (G_jAj)(i)
Hj(i,l) >0 ifl#i.

LP]'i :

)

(17)

whereHjTi € Roitli, Let HZ, be the optimal solution of
LP; ;. The satisfaction of relations (15) and (16) implies that:
H;(l)S] + C_?j(i)pj <0 (18)

By duality (see for example (Luenberger, 1984), each of pro-
gramsL P; ; is equivalent to the followig one :

yity = max G Az + Gj)p;

B subject to
DLPji:q  Giar = g
Gj([)l' S ’u_)j(l) l:].,,gj H l;éZ
Rjz < dj

(19)
Let 2% ., be the optimal solution oDLP;;. From duality, it
follows also that

G A} + Giapi = Hjysi+ Giap; <0 (20)

Hence, from (19)¥z(t) € (9;5(G,w) N S(Dy,s,)) = {x €
S(Dj,si); Bjw < dj, Gipz = wj), Gz < wje), VI #
ih,Vi=1,...,95,Vj € J,itfollows
Gj(i) (A]a:(t) +pj) <0 (21)

Therefore, the satisfaction of (15) and (16), for all target region
Jywith Hj; 1y > 01if i # [, implies that

GHe(t) <0 Va(t) € 0;S(G,w), Vi=1,...,g
which, from Lemma 1, ensures the positive invariance of
S(G,w) w.r.t. the system (7)2

Remark 1 : Note that the classical strict positive invariance
relations for the linear closed-loop system (9) (i.e. when
S(G,w) C S(F, Umin, Umaz)) (Bitsoris, 1991),(Castelan and
Hennet, 1992):

HG G(A + BF)
Hw < 0

(22)
(23)

with H; ;) > 0ifi # [, are a particular case of relations (15)
and (16). Infact, if S(G,w) C S(F, wmin, Umaz) theonly target
regionis S(G, w). InthiscaseG = G, 4; = (A+BF), p; =0,
Dj = G, Sj = w.

6 CONTRACTIVITY AND LOCAL ASYMP-
TOTIC STABILITY

The conditions stated in Theorem 1 guarantee thdl) €
S(G,w), the corresponding trajectories of the saturated system
(7) are confined inS(G,w), V¢ > 0. However, this prop-
erty is not sufficient to ensure the convergence of the trajec-
tories to the origin. Of course, whefi(G,w) is contained

in S(F, Umin, Umaz) and is positively invariant, the asymp-
totic stability in S(G,w) is guaranteed if all the eigenvalues of
(A + BF) are in the open left half-plane (Vassilaki and Bit-
soris, 1989). However, this is only a necessary condition if
S(G,w) ¢ S(F,Umin,umaz)- In this case, since the behav-
ior of the system is nonlinear, the possible existence of limit
cycles and/or parasitic equilibrium points insiféG, w) have

to be considered. Hence, before concluding that the polyhedron
S(G,w) is also a region of asymptotic stability for system (7)
it is necessary to eliminate these possibilities. The verification

152 Revista Controle & Automacao /Vol.10 no.3/Set., Out., Nov. e Dezembro de 1999



of the existence of equilibrium points, different from the origin,
inside S(G, w) is trivial. Nevertheless, in general, it is not easy
to verify if there exist limit cycles insid8 (G, w).

In this case, a conservative, but relatively easy, way of ensuring
the asymptotic stability of the system inside a positively invariant
set consists in guaranteeing the contractivity of this set.

Consider the Minkowski functional defined in (3) along
the trajectories of system (7) (Blanchini, 1995),(Kieredl
al.,1992),(Sznaier, 1993).

Define the upper right Dini derivative of(z(t)) as follows
(Rouche, 1977):
D*V(z(t)) = lim sup V(a(t+ 7)) = Vix(t)

T7—0+ T

Since V(z(t)) is a continuous functionD*V(z(t)) is well-
defined and its existence is guaranteed (Rouche, 1977)

If S(G,w) is compact the following Lemma can be stated.

Lemma 2 : A compact polyhedron S(G,w) is contractive wir.t.
system (7) if and only if

DTV(x(t)) < 0 (24)
Vx(t) € S(G,w), x(t) #0, Vt>0.
Proof: Sufficiency: Suppose that(t) € 9S(G, aw), a € (0,1].

In this case)(z(t)) = «. Hence, if (24) holds, it follows that
V(z(t+ 7)) < a, thatis,z(t + 7) € intS(G, aw) wherer is a
positive infinitesimal. Since this is valid for all(t) € S(G, w)
contractivity is proven according to Definition 2.

Necessity: ~ Suppose that S(G,w) is contractive and
DTV (z(t)) > 0for somex(t) € 0S(G, aw), a € (0,1]. In this
caseV(z(t+7)) > a anditfollows that:(t +7) & intS(G,w)
which contradicts the assumption tH#iG, w) is contractive O

The results in the sequel are stated by supposingttGiw) is
compact.

Lemma 3 : A compact polyhedron S(G,w) is contractive wir.t.
system (7) if and only if

Guyx(t) <0
Vz(t) € 0;S(G,wa), Ya € (0,1], Vi=1,...

(25)
.9Vt > 0.

Proof: From Lemma 2 the contractivity &f(G, w) is equivalent
to satisfy:

DTV (x( ) G()—w()
max { st}

(1) =
lim?{

T—0t T

Gya(t+r) }
Wiy

<0
(26)

Sincez(t) is a continuous function and by supposing that at in-
stantt, z(t) € 0;S(G, w) it follows that (26) is equivalent to:

Guyx(t -Gzt
PHV((t) = tim G0EEET ZCGwe® o op
=0+ T
Expandingz(t + 7) in Taylor’s serie we have:
(t (2) (¢ (n) (¢
w(t+r):x(t)+7#+r2—w 2,() + 2 ()+On+1
) ) (28)
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From (27), (28) can be re-written as follows:

DV(a(t) = tim ~CWED |
70t TW(p)
. T2G(1)w(2) (t) TnG(l).T(n) (t) _ G(l)i?(t)
Tin[;l‘*' T’w([)2' Tw(l)n! + N wr)
(29)
whenceD ™V (z(t)) < 0if and only if G ;)& (t) < 0.

Since this reasoning can be appliédt) € 9;S(G,wa), Ya €
(0,1], Vi = 1,...,9,Vt > 0, it follows that condition (25) is
equivalent to haved*V(z(t)) < 0, Vz(t) € S(G,w), Vt > 0
which proves the lemmau

Note that this result is similar to the one of Lemma 1. The dif-
ference here is that tretrict inequality

<<GZ),'()>><0

must be ensured for ali(t) belonging to the polyhedral corg;
defined by the facel; S(G, w).

We state now the main result of this section.

Let J be the set of indiceg such thatS(G,w) N S(R;,d;) #
(. DefineZ; as the set of indicessuch that the conf&; has

a nonempty intersection with the regi¢itR;,d;), i.e., Z; 2
{i; KinS(Ry,d;) # 0}.

Theorem 2 : Consider the following linear programs

Yit) = mzax G(i)fijl‘ + G(i)pj
LP;; = subject to
S

(Kin S(R;,dj) N S(G,w))
Define y; 2 max{y;«;) ; ¢ € Z;}. A compact polyhedron
S(G,w) iscontractivew.r.t system (7) if and only if the following
conditions hold:

(30)

(i) yj;y < O for each j € J such that S(R;,d;) #
S(Fa umin,umaz)

(i) yj) = 0for j such that S(R;, Dj) = S(F, Umin, Umaz)
and, in this case, the optimal solution of each linear pro-
gram LP; ; is unique and obtained for z = 0.

Proof:

Sufficiency: For all z(t) € S(G,w), z(t) # 0, it follows that
z(t) belongs at least to one facet 8{G,wa), 0 < a < 1. In
other words;z(t) € 0;S(G,wa) and it follows thatz(t) € K;.
Moreoverz(t) belongs to some region of saturatiqr ;, d;),

Jj € j Thus,i € Ij anda:(t) € (’Cz N S(Rj,dj) N S(G,w))
Hence, since:(t) is supposed to be different from zero, if con-
ditions (<) and(i7) hold, it follows that

G(i)/_ljw(t) +Gupi <0

i.e., G(;(t) < 0. Since this reasoning can be appliedt) €
S(G,w), from Lemma 3 the contractivity & (G, w) is guaran-
teed if conditiong) and(i7) are verified.

Necessity: Suppose thab (G, w) is contractive and condition
(i) or (i7) is not verified. Then, for somee 7,5 € J, there
may existz(t) € (K; N S(R;,d;) NS(G,w)), z(t) # 0, such
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that G ;) (A;z(t) + p;) > 0. In this caser(t) € 0;S(G,wa),
for some0 < a < 1, and it follows thatG/ ;) &(t) > 0. Since
z(t) € S(G,w), this contradicts the assumption tHHiG, w) is
contractive and thus the necessity of the condition is proven.

The basic idea of Theorem 2 consists in analyzing the closed-
loop system trajectories in some sub-domainS(@¥, w). These
sub-domains are delimited by a polyhedral céheand a region

of saturationS(R;,d;). In each one of these sub-domains we
verify if for every z(t) (z(t) # 0) belonging to the domain one
obtainsD*V(z(t)) < 0. This test is accomplished by solving
linear programs like (30). Hence, sinéd€G,w) is supposed

to be compact, if condition§i) and (ii) are verified, we can
conclude thaD*V(z(t)) < 0, Vz(t) € S(G,w), z(t) # 0.

Note that ifS(G, w) is compacﬂimOS(G,wa) = {0}. Thus, the
a—

contractivity of S(G, w) implies the asymptotic convergence to
the origin of all the trajectories emanating fréftG, w). In fact,
sinceS (G, w) is supposed to be compact and contains the origin,
the functionD*V(z(t)) defined by (3) is a strictly decreasing
Lyapunov function for system (7) i§(G,w). The following
corollary can be stated.

Corollary 1 : If condition of Theorem 2 holds, then

(i) System (7)islocally asymptotically stablein S(G, w).

(i) The polyhedral function V(z(t)) = maX{M} i

a strictly decreasing Lyapunov function for system (7) in
S(G,w).

Remark 2 : If S(G,w) isunbounded, Theorem 2 cannot be di-
rectly applied. Suppose, however, in this case that there exists
a < 1 suchthat S(G,wa) C S(F, Umin, Umaz), thisimplies
that KerG C KerF. Thus, a necessary condition to the con-
tractivity of S(G,w) is that KerG isan A — invariant sub-
space (Castelan and Hennet, 1992) and it follows that the pair
(G, A) is nonobservable. Define A/ the unobservable subspace
of (G, A). The projection of S(G, w) in the subspace V' (an-
nihilator of A) along NV, denoted by S(G,,w,), is a compact
polyhedron. Then it can be proven, since KerG C KerF, that
the contractivity of S(G,w) w.r.t system (7) is equivalent to the
contractivity of S(G,,w,) w.r.t a reduced-order saturated sys-
tem obtained from the observable part of pair (G, A) and then
Theorem 2 can be applied (thisis an extension of the result pre-
sented in (Castelan et al, 1996). Note, however, that in this case
the contractivity does not imply the local asymptotic stability.
For this, it isalso necessary that pair (G, A) is detectable.

7 DETERMINATION OF LOCAL ASYMP-
TOTIC STABILITY REGIONS

In this section, we consider that a contractive compact polyhe-
dron S(G,w) C S(F, Umin,Umaz) W.I.t System (9) was com-
puted by one of the methods proposed in the literature (see
for instance (Blanchini and Miani, 1996),(Castelan and Hennet,
1992),(Vassilaki and Bitsoris, 1989)). We propose now an algo-
rithm to calculate the maximum coefficient of homothesjs, ..,
for which S(G, d mq.w) preserves the property of contractivity
w.r.t the saturated system (7). In this case, note that, by hypoth-
esis, the conditioffi:) of Theorem 2 is automatically verified.

Algorithm

e Step O - Initialize : § = §p. Choose a computational accu-
racy: precision.

e Step 1 - DetermineJ w.r.t S(G,éw). For eachj € J
solve the following linear programg € Z;:

yit) = max G Az + Gi)pj
subject to
RjSU S dj
Gr < dw
(Cw _ S0y < Yk £

W(k) Wiy

(31)

e Step 2: If conditions(:) and(ii) of Theorem 2 hold, goto
step 4. Otherwise goto step 3.

e Step 3: Decreasé and return to step 2.

e Step 4 : |If the difference between thé& of this iteration
and the above iterations is greater than the chosen accuracy,
increase). Otherwise stopd,q. = 6.

From Corollary 1 the obtained s8{(G, .., w) IS a region of
asymptotic stability. The proposed algorithm can be viewed as
a tool to generate polyhedral regions of local stability and thus
to approximate the region of attraction of the origin (Suarez et
al., 1991) for system (7). This approximation can be improved
by considering, for example, the union of different polyhedra
obtained by the application of the proposed algorithm. In this
case, the final domain may be non-convex.

8 NUMERICAL EXAMPLE

Consider system (4)-(5) described by the following matrices
(Kim and Bien, 1994):
5 0
| oo-101]
T

0.1
0.1

-0.1
a=[01 02

Uminzumaw:[5 2]

A stabilizing state feedback matriX and a positively invariant
setS(G,w) C S(F, Umin, Umaz) @re given by :

5o [ 07283 —0.0338
~ | —0.0135 —1.3583

1 0 1

0 1 1
G=1_1 o3 %v=|1
0 -1 1

Matrix F' and control constraints define nine regions of satura-
tion. Since the polyhedr& (G, w) and S(F, 4min, bmaz) are
symmetric, we can analyze only five of these regions:

Regionl (& = [0 0]7 & Reg. linearity ):
- —3.5415 —0.2690 0
A =A+BF= { 0.0865 —4.3583 } L= [ 0 }
)
F 2
Rl - |: —F :| ) dl - 5
2
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Region2 (& =[0 - 1]7):
i _ [ 35415 02690 T T o
2= 0.1 -3 T 2
{ —0.7283 —0.0338 ] { 5 ]
Ry = 0.7283  0.0338 | ; do = 5
[ —0.0135 —1.3583 | [ ) J
Region3 (&3 = [-1 —1]7):
_ —25
Az =A; p3= [ _9 }
R | —0.7283 0033871 . _[-5
37 —0.0135 —1.3583 | * T | =2
Region4 (¢4 = [-1 0]%):
1 0.1 -01] [ -25
471 0.0865 —4.3583 | 0 P47 0
{ —0.7283 —0.0338 ] { -5 ]
Ri=| —0.0135 —1.3583 | ; dy= 2
[ 0.0135  1.3583 J [ 2 J
Region5 (& =1 — 1]7):
_ 25
As=A; ps = { _2]
| 07283 00381 . _[-5
> 7| —0.0135 —1.3583 | * T | —2

By applying the algorithm described in section 7 one obtains
Omae = 124.99 (precision = 0.01). This value gives the max-
imal homothetical set of (G, w) which is positively invariant
and contractive w.r.t the closed-loop saturated system. Since
S(G, dmazw) is bounded, it is a domain of asymptotic stabil-
ity and safe operation, for system (7). It is worth to notice that
the maximal homothetical set 8{G, w) contained in the region

of linearity S(F, umin, Umae) 1S Obtained fod = 1.45. Figure

2 depictsS(G, 0.4, w) and the regions of saturation.

1!

100+

50

$ or

—s0l

-100

-1

L L L
-50 0 50 100 150
x1

L
-150 -100

Figure 2:5(G, d.mq.w) and the regions of saturation
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9 CONCLUSION

In this paper, the properties of positive invariance and contractiv-
ity of polyhedral sets with respect to continuous-time linear sys-
tems with saturating controls were studied. First, it was given a
sufficient algebraic condition for the positive invariance of poly-
hedral sets having nonempty intersection with the nonlinear be-
havior region of the saturated system. In a second moment, a
necessary and sufficient condition was stated in order to guar-
antee also the contractivity of a compact polyhedral set. In this
case, it was shown that there exists a Lyapunov polyhedral func-
tion, strictly decreasing, for all the states belonging to the consid-
ered polyhedral set. Consequently, the local asymptotic stability
of the saturated system is ensured.

An algorithm based on linear programming was proposed to gen-
erate homothetical expansions of a positively invariant and con-
tractive set w.r.t. the non-saturated system over the region of
nonlinear behavior. The obtained set is a positively invariant and
contractive set for the saturated system and therefore a set of
nonlinear behavior. Since the exact determination of the region
of attraction of the origin is, in general, not possible for satu-
rated systems, the use of the proposed algorithm can be seen ac
an interesting way to compute approximations of this region.

The results presented in this paper considered the case of state
feedback. Nevertheless, the application of these results to the
case of output feedback (static or dynamic) is straightforward.
In this case, we have to redefine the region of linearity and the
regions of saturation in function of the matrices that define the
considered feedback. The proposed approach should also allow
to treat the problem of saturated systems with both additive and
input disturbances. This will be addressed by the authors in a
forthcoming publication.

REFERENCES

Benzaouia, A. and A. Hmamed (1993). Regulator Problem
for Linear Continuous-Time Systems with Nonsymmetri-
cal constrained controlEEE Transactions on Automatic
Control, Vol.38, no.10, pp. 1556-1560.

Berman, A., M. Neumann and R.J. Stern (19899nnegative
Matrices in Dynamic Systems, Wiley-Interscience, John
Wiley and Sons, New York.

Bernstein, B.S. and A.N. Michel (1995). A Chronological Bib-
liography on Saturating Actuatorsnt. J. of Robust and
Nonlinear Control, vol.5, pp. 375-380.

Bitsoris, G. (1991). Existence of Positively Invariant Poly-
hedral Sets for Continuous-Time Linear Syste@sntrol
Theory and Advanced Technology, Vol. 7, no.3, pp.407-
427.

Blanchini, F. (1995). Nonquadratic Lyapunov Functions for
Robust ControlAutomatica, Vol.31, no.3, pp. 451-461.

Blanchini, F. and S. Miani (1996). Constrained Stabilization
of Continuous-Time Linear Systenggstems and Control
Letters., 28, pp.95-102.

Bronsted, A. (1983)An Introduction to Convex Polytopes,
Springer- Verlag, New York.

Burgat, C. and S. Tarbouriech (1996). Stability and control
of saturated linear systemblonlinear Systems: Sability
155



and Sabilization, Vol. 2, chapter 4, Eds. A.J.Fossard and
D.Normand-Cyrot, Chapmat Hall.

Castelan, E.B. and J.C. Hennet (1992). Eigenstructure Assign-
ment for State Constrained Linear Continuous Time Sys-
tems,Automatica, Vol. 28, no. 3, pp. 605-611.

Castelan, E.B., J.M. Gomes da Silva Jr. and J.E.R. Cury (1996).
A Reduced Order Framework Applied to Linear Systems
with Constrained ControliEE Trans. Autom. Control,

\Vol. 41, no. 2 pp. 249-255.

Gutman, P.O. and P. Hagander (1985). A New Design of Con-
strained Controllers for Linear SystenhBEE Transactions
on Automatic Control, Vol.30, no.1, pp.22-27.

Kiendl, H., J. Adamy and P. Stelzner (1992). Vector Norms
as Lyapunov Functions for Linear SysterttsEE Transac-
tions on Automatic Control, Vol.37, no.6, pp.839-842.

Kim, J. and Z. Bien (1994). Robust Stability of Uncertain Lin-
ear Systems with Saturating ActuatofSEE Transactions
on Automatic Control, Vol. 39, no.1, pp. 202-207.

Luenberger, D. G. (1984)Linear and Nonlinear Program-
ming, 2nd edition, Addison Wesley.

Milani, B. (1994). Robust Linear Regulator Design for
Continuous-Time Systems under State and Control Con-
straints,Proceedings of the 33rd |EEE Conference on De-
cision and Control, pp. 2067-2068, Lake Buena Vista, FL,
USA.

Rocha, T.C.T. (1994). Dominios Positivamente Invariantes
de Sistemas Lineares com Restricdes nas Variaveis de
Controle Disserta¢do de Mestrado, LCMI/PGEEL, UFSC,
Brasil.

Rouche, N., P. Habets and M. Laloy (197 &ability Theory
by Lyapunov's Direct Method. Springer, New York.

Suarez, R., J. Alvarez-Ramirez, J. Alvarez (1991) Linear Sys-
tems with Single Saturated Input : Stability Analyd$?so-
ceedings of the 30th IEEE Conference on Decisison and
Control, Brighton, England, pp.223-228.

Sznaier, M. (1993). A Set Induced Norm Approach to the
Robust Control of Constrained Syste®#&M Journal on
Control and Optimization, Vol.31, no.3, pp.733-746.

tar:bur Tarbouriech, S. and C. Burgat (1994). Positively Invari-
ant Sets for Constrained Continuous-Time Systems with
Cone PropertiesEEE Transactions on Automatic Control,
\Vol.39, no.2, pp.401-405.

Vassilaki, M. and G. Bitsoris (1989) Constrained Regulation of
Linear Continuous-Time Dynamical Systensgstems and
Control Letters, Vol.13, pp.247-252.

156 Revista Controle & Automacao /Vol.10 no.3/Set., Out., Nov. e Dezembro de 1999



