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Abstract— This paper aims to propose a single layer predictive control strategy with guaranteed nominal
stability and control zones, and that associates the gradient of an economic function directly in the control layer.
The proposed method incorporates in its formulation the open-loop unstable modes, extending a similar control
strategy for stable systems of the literature. An unstable reactor system is used to evaluate the effectiveness of
the proposed controller, and demonstrate its recursive feasibility and convergence of the closed-loop system to
the defined stationary economic state.

Keywords— Model predictive control, target calculation, unstable systems

Resumo— Este trabalho visa propor uma estratégia de controle preditivo em uma camada com estabilidade
nominal garantida e faixas de controle, a qual associa o gradiente de um função econômica diretamente no custo
do controlador. O método proposto incorpora, na sua formulação, os polos instáveis, estendendo uma estratégia
de controle similar para sistemas estáveis presente na literatura. Um reator instável é utilizado para avaliar a
efetividade do controlador proposto, demonstrar sua viabilidade recursiva e convergência do sistema em malha
fechada para o estado econômico estacionário definido.

Palavras-chave— Controle preditivo, cálculo do set-point, sistemas instáveis

1 Introduction

Economic model predictive control has been re-
ceiving an increase amount of attention through-
out the years. Traditionally, a multilayer hierar-
chical structure is used to perform economic op-
timization and control of processes (Ellis et al.,
2014), which consists of a RTO (Real Time Opti-
mization) as the upper layer and the control (su-
pervisory and regulatory) as the lower layer. In
this structure, the lower layer has no information
regarding the economic objectives of the unit, hav-
ing access only to targets defined by the upper
layer. Ferramosca et al. (2015) affirm that this
structure is able to achieve an optimum economic
cost stage (steady state), but the dynamic trajec-
tory will not benefit from economic information.

Rawlings et al. (2012) summarizes three main
approaches that aim to improve the use of eco-
nomic information hierarchically: (i) MPC with
DRTO (Dynamic Real Time Optimization) layer,
(ii) one-layer MPC with a terminal cost that incor-
porates the RTO cost function (RTO+MPC), (iii)
Economic Model Predictive Control (EMPC), in
which the cost is directly related to the economic
function. Regarding this last category, Ellis et al.
(2014) presents three more controller structures:
(i) infinite-horizon EMPC, (ii) EMPC with termi-
nal constraints, and, (iii) EMPC with Lyapunov-
based constraints.

Focusing on one-layer approaches, Ferramosca

et al. (2015) affirm that both RTO+MPC and
EMPC are able to drive the system towards the
stationary economic objective by itself, but at a
high computational burden. To circumvent this,
the authors indicate that the strategy proposed
by Alamo et al. (2014), known as subRTO+MPC,
is able to accelerate the convergence to the sta-
tionary economic set-point, with a smaller com-
putational burden. In fact, the subRTO+MPC
is a single layer infinite horizon MPC which inte-
grates the gradient of the economic function into
the objective function. Additionally, the solution
applied is a convex combination with a known
feasible solution and an approximated one, thus
constituting a suboptimal solution, in such a way
that recursive feasibility, asymptotic stability and
convergence to the economical optimum point was
proved. This controller can be applied to systems
with integrating, unstable and stable poles.

Another structure is proposed by Alvarez and
Odloak (2014), which deals with a single layer
infinity horizon MPC strategy that associates a
Taylor Series approximation for the gradient in
the controller objective function. This scheme al-
lows that this controller can be solved by a QP
(Quadratic Programming) algorithm. Moreover,
such a controller is recursively feasible and sta-
ble. It converges to the economic objective, if a
proper set of weights is defined. This scheme can
be applied only to stable systems.

From the foregoing discussion, the aim of this
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work is to further extend to unstable systems the
controller proposed by Alvarez and Odloak (2014),
maintaining its main characteristics of closed-loop
stability and convergence.

This article is organized as follows. Section 2
presents the single layer MPC for stable systems.
Section 3 details the extension of the proposed
controller to unstable systems. Section 4 presents
two case studies that explore the characteristics of
the proposed controller. Finally, Section 5 offers
some concluding remarks.

2 Economic QP MPC for stable systems

Alvarez and Odloak (2014) propose for open-loop
stable systems an infinity horizon MPC with zone
control, which reduces the cascade structure (one
layer with RTO and other with MPC) into a single
layer optimization problem:
Problem P0

min
∆uk,ysp,k,δy,k

Vk =

∞∑
j=0

∥∥∥yk+j|k − ysp,k − δy,k
∥∥∥2

Q
+

+

m−1∑
j=0

∥∥∆uk+j|k
∥∥2

R
+ ‖dk +G ·∆ūk‖2P + ‖δy,k‖2Sy

suject to:

∆ūk = uk+m−1|k − uk−1 (1a)

yk+∞|k − ysp,k − δy,k = 0 (1b)

−∆umax ≤ ∆uk+j|k ≤ ∆umax, j = 0, . . . ,m− 1
(1c)

umin ≤ uk+j|k ≤ umax, j = 0, . . . ,m− 1 (1d)

ymin ≤ ysp,k ≤ ymax, (1e)

where yk+j|k is the simulated open-loop response,
ysp is the vector of output set-points, m is the
control horizon, δy,k is a slack variable which aims
to enlarge the attraction domain of the controller.
The model that describes the system is in the ve-
locity form proposed by González et al. (2008).

The terms dk and G are related to an approx-
imation of the gradient of the economic function
of the system, fe,k:

∂fe,k

∂u

∣∣∣∣
k

=
∂fe,k

∂u

∣∣∣∣
k−1

+
∂

∂u

(
∂fe,k

∂u

)∣∣∣∣
k−1

·∆ūk,

ζuk−1+∆ūk
= dk +Gk ·∆ūk. (2)

Finally, these authors proposed a convex for-
mulation for fe,k:

fe,k =
(
w>y · yk+∞|k +w>u · uk+m−1|k − espk

)2

,

(3)
where wy and wu are weighting vectors and espk
is a stationary economic set-point to be achieved
by the controller.

Consider the following economic output:

ξe,k = w>y · yk+∞|k +w>u · uk+m−1|k. (4)

The authors pointed out that, depending on
the economic objective to be achieved by the con-
troller, espk can be defined to be higher or lower
than ξe,k.

This controller is recursively feasible and
asymptotically stable in the terms of the proof
proposed by Rawlings and Muske (1993). Besides
that, this controller can guide the system towards
the stationary economic objective by itself, or can
be used alongside a RTO upper layer if a proper
economic function, fe,k, is defined.

3 Economic QP MPC for unstable
systems

Firstly, in order to extend to unstable systems the
aforementioned controller, Problem P0, the sys-
tem will be described by a model, which considers
non repeating stable and unstable poles (Martins
and Odloak, 2016):

xs
k+1

xst
k+1

xun
k+1

 =

Iny 0 0
0 F st 0
0 0 F un

 ·

 xs
k

xst
k

xun
k

+

 Bs

Bst

Bun

 · ∆uk,

(5)

yk =
[
Iny Ψst Ψun

]
·

 xs
k

xst
k

xun
k

 , (6)

where,

F st = diag(e∆t·rst1,1,1 , · · · , e∆t·rst1,1,na , · · · ,

e∆t·rstny,nu,1 , · · · , e∆t·rstny,nu,na ),

F un = diag(e∆t·run1,1,1 , · · · , e∆t·run1,1,na , · · · ,

e∆t·runny,nu,1 , · · · , e∆t·runny,nu,na ),

Ψst =



nu·na︷ ︸︸ ︷ nu·na︷ ︸︸ ︷
1 1 · · · 1 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
...

...
. . .

... · · ·
...

...
. . .

...
0 0 · · · 0 1 1 · · · 1

 ,

Ψun =



nu·nc︷ ︸︸ ︷ nu·nc︷ ︸︸ ︷
1 1 · · · 1 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0
...

...
. . .

... · · ·
...

...
. . .

...
0 0 · · · 0 1 1 · · · 1

 .

In this model, xs represents the artificial in-
tegrating states included by the incremental ap-
proach, xst represents the stable states of the sys-
tems and xun represents the unstable states of the
system. The construction of matrices Bs, Bst,
Bun are detailed in Martins and Odloak (2016).

Secondly, due to the unstable behaviour of
the system, the economic function, fe,k, must

XIII Simpósio Brasileiro de Automação Inteligente

Porto Alegre – RS, 1o – 4 de Outubro de 2017

14



be changed, because yk+∞|k will tend to infin-
ity, while the unstable states are non zero. Then,
yk+∞|k must be derived from the recursive use
of the model, Equation (5), when such states are
zeroed. Consequently, the economic function be-
comes:

fe,k =
(
w>y · xs

k+m|k +w>u · uk+m−1|k − espk
)2

.

(7)
The optimization problem with recursive fea-

sibility and asymptotically stability, that can drive
the system towards the stationary economic set-
point, espk by itself is given by:
Problem P1

min
∆uk,ysp,k,δy,k

Vk =

∞∑
j=0

∥∥∥yk+j|k − ysp,k − δy,k
∥∥∥2

Q
+

+

m−1∑
j=0

∥∥∆uk+j|k
∥∥2

R
+ ‖dk +G ·∆ūk‖2P + ‖δy,k‖2Sy

subject to (1a), (1c), (1d), (1e) and:

xs
k+m|k − ysp,k − δy,k = 0 (8a)

xun
k+m|k = 0. (8b)

Problem P1 is derived from the inclusion of
the gradient of fe,k, Equation (7), in the controller
structure proposed by Martins and Odloak (2016),
following Alvarez and Odloak (2014).

Theorem 1 Consider an undisturbed process
with distinct stable and unstable poles. If the solu-
tion of Problem P1 is feasible at time step k, then
it will remain feasible at successive time steps.
Then, the successive solutions drive the closed-
loop system asymptotically to a steady-state where
the cost function Vk reaches its lowest value.

Proof: The proof is based on the same concept
applied by Martins and Odloak (2016). Con-
sider that

[
∆u∗k,y

∗
sp,k, δ

∗
y,k

]
is a feasible solu-

tion for the problem at time step k, where

∆u∗k is
[
∆u∗k|k · · · ∆u∗k+m−1|k

]>
. Then mov-

ing for k + 1, it will be shown that the in-
herited solution

[
∆ũk,y

∗
sp,k, δ

∗
y,k

]
, where ∆ũk is[

∆uk+1|k · · · 0
]>

, will remain feasible, since
the constraints will be satisfied. So, taking the
Equation (8a) at k + 1:

xs
k|k +

[
Bs · · · Bs

]
·∆u∗k − y∗sp,k − δ

∗
y,k = 0,

(9)

it is straightforward to show that it is equal to the
one evaluated at k. Similarly, for the Equation
(8b):

F un·
(
F unm · xun

k|k+

+
[
F unm−1 ·Bun · · · Bun

]
·∆u∗k

)
= 0,

(10)

it is possible to show that the term inside the
parenthesis is equal to zero, since it is equal to
this constraint evaluated at time k. Then, this
controller is recursively feasible.

Alongside this, ζuk+∆ūk+1
can be evaluated

by the Equation (2), as proposed by Alvarez and
Odloak (2014):

ζuk+∆ūk+1
=dk+1 +G ·∆uk+1,

=dk +G ·∆uk|k +G ·∆uk+1. (11)

As a result, the comparison of the objective
function evaluated at time k and k + 1 will give:

V ∗k = Ṽk+1 +
∥∥∥yk|k − y∗sp,k − δ

∗
y,k

∥∥∥2

Q
+
∥∥∥∆u∗k|k

∥∥∥2

R
.

(12)
As the controller is not obligated to use the

inherited solution at time step k + 1, one can as-
sume that V ∗k+1 ≤ V ∗k .

2

Remark 1 This controller can produce an offset,
which is directly related to the slack variable δy,k,
due to the constraint expressed by Equation (8a).
Then, a proper choice of the weighting matrix Sy

will guarantee that the control maintain the closed
loop system inside the control zones, even thought
the economic set-point, espk, would lie outside
them.

Remark 2 A proper choice of the weighting ma-
trix P will induce the controller to drive the sys-
tem towards the stationary economic set-point,
espk.

The equality constraint imposed for the un-
stable states, Equation (8b), is hard and can turn
the Problem P1 infeasible at certain time step k,
given some disturbance. In order to tackle this
disadvantage, Martins and Odloak (2016) propose
the inclusion of a slack variable, δun,k, to soften
the referred constraint. Then the extended opti-
mization problem can be formulated as:
Problem P2

min
∆uk,ysp,k,δy,k,δun,k

Vk =

∞∑
j=0

∥∥∥yk+j|k − ysp,k − δy,k − Γj · δun,k

∥∥∥2

Q
+

+

m−1∑
j=0

∥∥∆uk+j|k
∥∥2

R
+ ‖dk +G ·∆ūk‖2P +

+ ‖δy,k‖2Sy
+ ‖δun,k‖2Sun

subject to (1a), (1c), (1d), (1e) and:

xs
k+m|k − ysp,k − δy,k = 0 (13a)

xun
k+m|k − δun,k = 0 (13b)

where Γj = Ψun · (F un)
j−m

.
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Remark 3 The inclusion of the slack variable
δun,k makes the controller described by Problem
P2 always feasible at a certain time step k, given
that all equality constraints are softened. How-
ever, this Problem will only be recursively feasible
while this variable is zeroed, due to the not ful-
fillment of the constraint Equation (13b) by the
inherited solution of this Problem. Assuming that
the system is undisturbed at some time step k and
the δun,k is zero, Problem P2 reduces do Problem
P1 and Theorem 1 holds.

Remark 4 A proper choice of the weighting ma-
trix Sun, normally some orders of magnitude
higher than Q, R and P , will force the con-
troller to use the δun,k only when the constraint,
Equation (13b), is violated (Martins and Od-
loak, 2016).

4 Case Studies

The system to be used in the following case stud-
ies is a Continuous Stirred Tank Reactor (CSTR)
that performs an exothermic reaction A→B. The
output and input variables of this reactor are: re-
actant A concentration (y1), reactor temperature
(y2), jacket temperature (y3), feed flow rate (u1)
and feed flow rate of the jacket (u2). The dimen-
sionless model of the system is borrowed from Na-
grath et al. (2002):


dy1
dt

= u1 · (y1f − y1)− φ · y1 · κ
dy2
dt

= u1 · (y2f − y2)− δ · (y2 − y3) + β · φ · y1 · κ
dy3
dt

=
u2·(y3f−y3)

δ1
+ δ·(y2−y3)

δ1·δ2
(14)

where κ is determined by exp {y2/ (1 + y2/γ)},
y1f is 1, y2f is 0 and y3f is -1. Other parame-
ters of this system are presented in Table 1.

Table 1: CSTR model parameters.

φ β γ δ δ1 δ2
0.072 8 20 0.3 0.1 0.5

In order to express this system in a state space
suitable for the control, Equations (5) and (6),
this model is linearized in the conditions: 0.6364
(y1), 1.9146 (y2), -0.4823 (y3), 0.7232 (u1) and
2.7779 (u2). Besides that, the sampling time is
0.05 min. Then, this system has 3 artificial in-
tegrating states, 12 distinct stable states and 6
distinct unstable states.

4.1 Case 1

The aim of this case study is to detail the proper-
ties of the proposed controller, when it is applied
to the nominal case. In order to better highlight

these properties two different configuration for the
economic objective are assessed:

Controller 1: aims to maximize the production.
Therefore, its objective is to guide the reac-
tant concentration and jacket temperature,
y1 and y3, to their lower bounds, and the re-
actor temperature, y2, to its higher bound:
0.4, 3.0, -1.0, respectively. This controller will
take into account solely the behaviour of out-
puts, thus only the weighting vector wy will
be used in fe,k tuning.

Controller 2: aims to maximize the production,
in the same way as Controller 1, but trying
to reduce the feed flow rate of jacket refrig-
erant fluid to 1.0 while maintaining the same
feed flow rate of the reactor at 1.281. Conse-
quently, the tuning of the economic function
will consider both weighting vectors wy and
wu.

The tuning parameters of both controllers are
presented in Table 2, where the values are set to
achieve a smooth simulated closed loop response.
Furthermore, wy is kept equal in both Controllers,
allowing comparison of the performance.

Table 2: Tuning parameters of controllers for Case
1.

Parameters Controller 11 Controller 21

m 7
Q diag(ι(3))
R 0.5 · diag(ι(2))
Sy 5 · 1010 · diag(ι(3))
Sun 5 · 1010 · diag(ι(6))
wy

[
−0.9 0.9 −0.9

]
wu 0.0 · ι(2) 0.8 · ι(2)
P 10 · diag(ι(2))
espk

2 3.24 5.06
1 ι>(j) is a vector composed of j unitary

scalar elements.
2 espk definition is based on Equation 4.

The following simulation scenario is assessed:
(i) the process starts outside its output control
zones, where the initial conditions are presented
in Table 3, (ii) the zone related to y2 is reduced
between 15 min and 25 min, and (iii) an unmea-
sured step disturbance excites the process at time
32 min. The constraints imposed on movements
of the input variables are respectively:

[
−1 1

]
and

[
−2 2

]
.

Table 3: Initial conditions of the simulation.

y1 y2 y3 u1 u2

0.8933 0.5193 -0.5950 1.00 1.65

The output and input behaviour of the closed
loop system are depicted in Figure 1. Controller 1,
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as well as Controller 2, guides the process towards
the proposed economic objectives and reject the
imposed disturbances. Figure 2 shows that both
Controllers minimizes the economic function.
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Figure 1: Behaviour of the closed loop system for
Case 1.
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Figure 2: Economic function fe,k for Case 1.

Regarding the performance of these Con-
trollers, the first one uses a higher jacket flow rate,
u2, while Controller 2 significantly decreases its
use. In fact, Table 4 shows that the latter re-

duces by 60% the total amount of u2 used, while
increasing by 12% the total amount of the reac-
tor feed. Besides that, Controller 2 decreases the
sum of the square deviations for both inputs. This
is an example of how the controller behaviour is
dependent on the economic function weights and
set-point, espk, defined.

Table 4: Total amount of inputs and sum of the
square deviations for the inputs.

Controllers u1 u2

Total amount
Controller 1 48.9 267.4
Controller 2 55.1 107.2
Sum of square deviations for the inputs
Controller 1 4.1 34.8
Controller 2 2.4 6.9

Alongside this, Figure 1a depicts that at time
25 min, after return of the zone of y2 to its pre-
vious condition, Controller 2 sustains the steady-
state, while Controller 1 seeks a new state. This
is a consequence of the approximation for the gra-
dient of the economic function, based on Taylor
Series expansion at k − 1. If the controller is able
to drive the system to the minimum of the eco-
nomic function (Figure 2), despite the constraints,
it keeps this steady-state while undisturbed. As a
result, since Controller 2 can reconfigure the in-
puts to maintain espk zeroed (wu is not zero),
it keeps the steady state after 25 min. However,
when the system is excited by a disturbance (at
time 32 min) this controller recomputes the steady
state, due to the change in the economic gradient.

4.2 Case 2

It is assumed here that the plant is represented by
a state space model linearized in a condition dif-
ferent from the controllers model of the system,
namely: 0.5528 (y1), 2.7517 (y2), 0.0 (y3), 1 (u1)
and 1.6510 (u2). The economic objective of the
controllers remains the same as in the previous
case study and the tuning parameters that differs
from that case are presented in Table 5. The fol-
lowing simulation scenario is used: (i) the process
starts outside its output control zones, where the
initial conditions are presented in Table 3, and
(ii) two unmeasured step disturbances excites the
process at time 20 min and 32 min. The imposed
constraints are the same as in the previous case.

Figure 3 depicts the response of output and
input variables of the closed loop system. Both
controllers are able to keep the variables inside
their zones and reject the disturbances imposed,
while driving the process towards the defined eco-
nomic objective, despite the model mismatch.

However, as a result of the different tuning
and economic objective, Controller 2, when com-
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Table 5: Tuning parameters of controllers for Case
2.

Controller 1 Controller 2

wy

[
−0.25 0.1875 0.075

]
wu 0.0 · ι(2) 0.1 · ι(2)
P 0.3 · diag(ι(2))
espk 0.3875 0.6156

pared with Controller 1, is able to reduce the to-
tal amount of refrigerant fluid of the jacket from
142.9 to 124.6, a reduction of 13%, as expected.
Alongside this, the sum of square deviations of the
inputs are reduced by 31 % and 18 %, respectively.
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Figure 3: Behaviour of the closed loop system for
Case 2.

5 Conclusion

In this paper a predictive controller with nomi-
nal stability based on the gradient of an economic
function was extended for unstable systems. The
case studies showed the versatility of this formula-
tion that could couple with different economic ob-
jectives, considering both nominal and mismatch
cases. Additionally to the convergence for the de-

fined stationary economic state. It was exempli-
fied that, in the absence of disturbances, this con-
troller will sustain the precalculated steady state.

Future developments of this controller could
explore a formulation that considers the uncer-
tainties of the system and economic parameters
in the control law.
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