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Abstract— As most of multivariable systems, a two-degree-of-freedom (2DOF) Helicopter is an example of system with input-
output coupling. The main objective of this work is to implement a control law capable of decoupling the system, and guaranteeing
null steady-state error when tracking a given reference. Therefore, the plants model is presented followed by its linearization
around small angles. Next, the general decoupling control is presented, as well as the Falb-Wolovich method, which permits the
free allocation of a certain number of eigenvalues. Lastly, the controller is simulated with the use of computational tools and tested
on a helicopter prototype.

Keywords— Robot Control, Decoupling Control, Falb-Wolovich, 2DOF-Helicopter.

Resumo— Assim como a maioria dos sistemas multivariáveis, um helicóptero com dois graus de liberdade (2DOF) é um exem-
plo de sistema com acoplamento entrada-saída. O objetivo principal deste trabalho é implementar uma lei de controle capaz de
desacoplar o sistema e garantir erro nulo de estado estacionário ao seguir uma determinada referência. Portanto, o modelo da
planta é apresentado seguido de sua linearização em torno de pequenos ângulos. Em seguida, é apresentado o controle geral de
desacoplamento, bem como o método Falb-Wolovich, que permite a alocação livre de um certo número de autovalores. Por fim, o
controlador é simulado com o uso de ferramentas computacionais e testado em um protótipo de helicóptero.

Palavras-chave— Controle de Robôs, Controle Desacoplante, Falb-Wolovich, Helicóptero 2DOF.

1 Introduction

Decoupled systems are characterized by having each
output influenced by one input only, what can sim-
plify the implementation of a controller to stabilize
the plant, in comparison with coupled ones. There-
fore, for a given system presenting input-output cou-
pling, it would be interesting to know if it is possible
to have inputs controlling outputs independently, that
is to have a control law capable of decoupling it.

A classical method to develop a state feedback de-
coupling control is the Falb-Wolovich synthesis (Falb
and Wolovich, 1967), which was used for example in
(Angélico et al., 2017) to decouple a Control Moment
Gyroscope (CMG) plant.

An interesting example of a multivariable sys-
tem with output coupling is a simplified helicopter
with two degrees-of-freedom (2DOF) (Camacho et al.,
2012; Watanabe et al., 2013; Yu, 2007). The model
with two degrees of freedom allows the study of ad-
vanced control techniques that can be applied in real
situations of flight control, behavior of rigid bodies he-
licopters, and aircraft. Several control techniques can
be applied to the 2DOF. For example, in Yu (2007), a
robust optimal control using linear matrix inequalities
(LMI) with Takagi-Sugeno fuzzy controllers is con-
sidered. In Barbosa et al. (2016), a discrete LQG/LTR
control augmented by integrators was applied to the
helicopter plant. In Dutka et al. (2003), a non-linear
predictive control was developed, and in Zarikian and
Serrani (2005), a commercial 2DOF helicopter plant
was used to validate the effectiveness of a external
model-based disturbance rejection in tracking control

of system modeled by Euler-Lagrange Equations.
This article presents the modeling developed for

the 2DOF Helicopter using Lagrange’s method as well
as the parameters of the built prototype. Next, it is
shown the general decoupling control expression, in-
cluding requirements for the system to be decoupled,
and the Falb-Wolovich method, which allows one to
free allocate a certain number of eigenvalues. Then,
it is presented the simulation and practical results ob-
tained, and the conclusion.

2 Modeling

The simple free-body diagram of the system is pre-
sented in Figure 1. The conventions adopted in the
modeling were such as presented in Neto et al. (2016),
which results in the following nonlinear equations of
motion:

θ̈ =
lpKppApPWMp +KpyAyPWMy−

(
Bpθ̇ +α +β

)
Jeq_p +mhelil2

cm
(1)

α = mhelil2
cmψ̇

2 sin(θ)cos(θ) (2)
β = mheligcos(θ)lcm (3)

ψ̈ =
lyKyyAyPWMy +KypApPWMp + γ−Byψ̇

Jeq_y +mheli cos(θ)2l2
cm

(4)

γ = 2mhelil2
cm sin(θ)cos(θ)ψ̇θ̇ , (5)

with θ and ψ being the pitch and yaw angles, mheli the
helicopter total moving mass, g gravity, lcm the center
of mass distance to origin, Bp and By the movement
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Figure 1: Helicopter simple free-body diagram.

resistance acting on respectively pitch and yaw axes,
Jeq_p and Jeq_y are the equivalent moment of inertia
related to pitch (Jeq_p) and yaw (Jeq_y). PWM is the
motor signal percentage, Kpp is the pitch motor thrust
constant, Kpy is the yaw motor torque constant, Kyp is
the pitch motor torque constant, Kyy is the yaw motor
thrust constant and lp and ly are the distance of each
motor to the center of rotation of the helicopter.

The torque produced by each motor is propor-
tional to the motor squared speed (Ω2

p and Ω2
y), and

those terms are related to the motors signal percentage
by a linear approximation, using Ap and Ay as slopes.

Linearizing the system for small angles, as this is
the operating point, the equations of motion are de-
fined by

θ̈ =
lpKppApPWMp +KpyAyPWMy−Bpθ̇ −mheliglcm

Jeq_p +mhelil2
cm

(6)

ψ̈ =
lyKyyAyPWMy +KypApPWMp−Byψ̇

Jeq_y +mhelil2
cm

. (7)

Based on these equations, the general space-state
representation for the case when the system model
does not have a direct feedthrough can be written, re-
sulting in:

ẋ(t) = Ax(t)+Bu(t) (8)
y(t) = Cx(t) (9)

where x(t) corresponds to the system states and
u(t) the motors percentage inputs, defined by
x =

[
θ ψ θ̇ ψ̇

]T and u =
[
PWMp PWMy

]T .

Figure 2: 2DOF Helicopter built.

The matrices A, B and C, then, are written as

A =


0 0 1 0
0 0 0 1
0 0 −Bp

Jeq_p+mhelil2
cm

0

0 0 0 −By
Jeq_y+mhelil2

cm



B =


0 0
0 0

lpKppAp
Jeq_p+mhelil2

cm

KpyAy
Jeq_p+mhelil2

cm
KypAp

Jeq_y+mhelil2
cm

lyKyyAy
Jeq_y+mhelil2

cm


C =

[
1 0 0 0
0 1 0 0

]
.

The equivalent system is controllable, observable,
minimum phase and with no transmission zeros, and
has the following transfer function matrix:

G(s) =


0.02713

s2 +0.2591s
−0.002114
s2 +0.2591s

0.01533
s2 +2.217s

−0.1233
s2 +2.217s

 . (10)

2.1 Helicopter Prototype

The prototype shown in Figure 2 consists of a wooden
body in the shape of a simplified helicopter and a base
plate. The actuators are two brushless DC motors with
9-inch propellers.

Fixed at each axis there is an angular position
transducer (encoder), responsible for measuring the
variation of each angle.

The parameters of the system are presented on Ta-
ble 1, which some were obtained by linearizing thrust
and torque equations (obtained with the use of a hall
sensor and a scale) (Neto et al., 2016) and others by
simple system identification techniques.
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Table 1: Helicopter Parameters
Parameter [Unit] Value

mheli [kg] 1.317
lcm [m] 0.038

Kpp [N/(rad/s)2] 9.013 ·10−6

Kyy [N/(rad/s)2] −5.668 ·10−6

Kpy [N.m/(rad/s)2] −1.663 ·10−7

Kyp [N.m/(rad/s)2] 1.489 ·10−7

Bp [N/%] 0.1
By [N/%] 0.1

Jeq_p [kg.m2] 0.384
Jeq_y [kg.m2] 0.0432

lp [m] 0.25
ly [m] 0.20

Ap [(rad/s)2/%PWM] 4645.7
Ay [(rad/s)2/%PWM] 4904.1

3 Decoupling Controller Design

Decoupled systems have a diagonal matrix as their
transfer function matrix, which means each input in-
fluences only one output. The general transfer func-
tion matrix for a decoupled system may be written as:

Gd(s) =


g1,1(s) 0 · · · 0

0 g2,2(s) · · · 0
...

...
. . .

...
0 0 · · · gm,m(s)

 . (11)

Using a state space representation such as (8) and
choosing the following control law

u(t) =−Kx(t)+Fr(t), (12)

where y(t), u(t) and r(t) are real m-vectors, x(t) is a
real n-vector and A, B, C, K and F are real constant
matrices of appropriate size.

Considering,

C =


c1

c2

...
cm

 , (13)

where ci stands for the i-th row of matrix C (thus yield-
ing yi = ci

T x), it is defined δi, i = 1, 2, · · · , m, named
order difference of the output yi, so that

δi =

{
min( j|ciA j−1B 6= 0>), j = 1, 2, · · · , n−1;
n−1, if ciA j−1B = 0>, j = 1, 2, · · · , n.

(14)
The presented 2DOF Helicopter presents order

difference equal to two for each output, i.e., δ1 = 2
and δ2 = 2. By defining

B∗ =


c1Aδ1−1B
c2Aδ2−1B

...
cmAδm−1B

 , C∗ =


c1Aδ1

c2Aδ2

...
cmAδm

 , (15)

the following theorem is stated.

Theorem 1 (Wang, 2002) There exists a control law
given by (12) capable of decoupling the system (8) if
matrix B∗ is non-singular. Fulfilling this, by choosing

F = (B∗)−1, K = (B∗)−1C∗,

the resulting closed-loop transfer function matrix is

Gd(s) = diag{s−δ1 , s−δ2 , · · · , s−δm}.

Therefore, the use of the stated decoupling con-
trol law results in a closed-loop transfer function
matrix with independent integrators, as any existing
non-minimum phase transmission zeros are canceled.
However, the presented methodology does not allow
to allocate any pole of the resulting system.

Eigenvalues are used to compensate the exist-
ing transmission zeros, and the difference between
the system order and the number of transmission ze-
ros is equal to the number of eigenvalues to be allo-
cated. For the 2-DOF system, n = 4 and there are
no transmission zeros, thus four eigenvalues can be
freely allocated. The Falb-Wolovich method (Falb and
Wolovich, 1967) is described next, which allows one
to freely choose the remaining eigenvalues.

In accordance to this method, the controlled sys-
tem must have the diagonal structure as shown in (11),
whose elements are given in (16)

gii(s) =
qi0

qi0 +qi1s+qi2s2 + . . .+ sδi
. (16)

Defining,

C∗∗ =

 c1Aδ1 +∑
δ1−1
v=0 q1vc1Av

...
cmAδm +∑

δm−1
v=0 qmvcmAv

 , (17)

the following theorem can be considered.

Theorem 2 (Wang, 2002) If the system (8) can be de-
coupled, there is a control law given by (12), with

F = (B∗)−1

q10 · · · 0
...

. . .
...

0 · · · qm0

 , K = (B∗)−1C∗∗,

(18)
that results in the closed-loop transfer function given
by (11).

Hence, the eigenvalues of the closed loop system
can be freely selected according to the choice of pa-
rameters qiv in (18), as well as transmission zeros are
still being canceled. It is worth noting that, for the pre-
sented 2DOF Helicopter, this method allows to freely
choose two poles for each output, which were cho-
sen to be {−8.0, −2.0}. The implemented controller
structure has the shape presented in Figure 3, and ma-
trices F and K are given by
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Figure 3: Controller structure.

F =

[
595.6089 −10.2137
74.0958 −131.0752

]
(19)

K =

[
595.6089 −10.2137 ...
74.0958 −131.0752 ...

... 362.6092 −4.9682

... 45.1098 −63.7582

]
. (20)

Therefore, the decoupled system results as:

Gd(s) =
16

s2 +10s+16

[
1 0
0 1

]
. (21)

In order to guarantee zero steady state error,
two independent PI controllers were designed to this
equivalent decoupled system. The project specifica-
tions are given by a damping ratio of ζ = 0.97 and
natural frequency of ωn = 1 rad/s, corresponding to a
maximum overshoot equal to 0.08% and a 11.9s rising
time, resulting in the following diagonal PI controller

CPI(s) = 0.03977
(

1+
1

0.0790s

)[
1 0
0 1

]
. (22)

4 Simulation and Results

The validation of the control strategy was obtained
both in simulation and practical experiment on the pre-
viously described prototype. The used simulation pro-
cedures were:

• Define the initial position as the horizontal (θ = 0
and ψ = 0), and wait for the system to stabilize.

• At the time of t = 20s, give a step reference of
0.25rad for pitch angle.

• At the time of t = 35s, give a step reference of
-0.35rad for yaw angle.

• At the time of t = 50s bring pitch angle back to
zero, and do the same for yaw angle at the time
of t = 65s.

The results obtained for the simulation procedure
are shown in Figure 4, considering the four states of
the system, proving the fulfillment of all specifica-
tions. The control effort is presented in Figure 5

A practical test was performed on the built proto-
type, using the same procedure as stated before. The
designed controller was discretized1 and embedded on

1The discrete version of the inner loop gain matrices K and F
are the same as the ones used on the continuous time project. Only
the PI controllers were discretized

a NXP development platform. In order to prevent the
accumulation of error in the integral term caused by a
large change in setpoint or the saturation of the actua-
tor, an anti-windup was implemented in the controller.

Figure 6 presents the practical results as well the
simulated ones (for effect of comparison) for the he-
licopter angular positions, and Figure 7 shows the re-
spective filtered motor percentage. The output angles
response for the performed test are coincident with the
simulated response, except for the observed measure-
ment noise.

In order to prove the decoupling effectiveness, an-
other practical test was performed on the prototype.
The PI controllers were removed and the reference sig-
nal kept null. The obtained results for disturbances ap-
plied on both Pitch and Yaw axis are presented on Fig-
ure 8 and the respective motors percentage are shown
on Figure 9.

5 Conclusion

This work presented the implementation of a State
Feedback Decoupling Control on a 2-DOF Helicopter
using the Falb-Wolovich method. The decoupling was
possible, and the designed controller was able to sta-
bilize the system, with the free choice of eigenvalues.
In order to guarantee null steady-state error, two in-
dependent PI controllers were implemented and vali-
dated with a setpoint tracking test.

Simulation and practical results were very simi-
lar, and both attended the project specifications. The
existence of ripple in the practical result as well in Fig-
ure 7 is generated by the measurement noise added by
the encoders and by the discrete time derivative ap-
proximation considered in the real application. Such
characteristic was not included in simulation, what ex-
plains the clean control effort in Figure 5. The exper-
iment performed without the PI controller showed the
how effective the decoupling procedure is.

Comparing the results presented here to the ones
in previous works by our group, the LQG/LTR method
(Barbosa et al., 2016) showed to be the hardest to
tune, besides being the only one with reasonable out-
put coupling. Applying the Pole-Placement method
(Neto et al., 2016) generated outputs somewhat simi-
lar to this Decoupling one, but the former is less noisy
than the latter.

Future works will deal with embedding the Model
Predictive Control (MPC) method in the NXP FRDM-
K64F development platform.
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Figure 4: Signal states used as reference.
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Figure 5: Motors percentage use for the simulation
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Figure 6: Results from the controller applied to the
built prototype.
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Figure 7: Motors percentage use for the built proto-
type.

Figure 8: Disturbance test without PI controller.

Figure 9: Motors percentage for the disturbance test
without PI controller.
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