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Abstract— This paper proposes a comparative study on two different control methods applied to servomech-
anisms, namely, the Proximate Time-Optimal Control and the Time-Optimal Model-Predictive Control. Both
strategies are applied in order to achieve fast transient responses, needed for many modern applications. These
two methods are described and analyzed in a discrete framework. Simulations of a servomechanism were con-
ducted to compare the performance, processing time and robustness of the controllers.
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Resumo— Este artigo propde um estudo comparativo entre dois métodos distintos de controle aplicados
em servomecanismos, chamados Proximate Time-Optimal Control e Time-Optimal Model-Predictive Control.
Ambas as estratégias sdo aplicadas com o objetivo de atingir rdpidas respostas transientes, necessarias para
vérias aplicagoes modernas. Os dois métodos sdao descritos e analizados em tempo discreto. Simulagdes de
um servomecanismo foram conduzidas para comparar performance, tempo de processamento e robustez dos
controladores.
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1 Introduction

In addition to the intrinsically necessary stabil-
ity of the closed loop systems, many control de-
sign methods are focused on fast and accurate
responses. These objectives are necessary in
modern applications, such as Hard Disk Drives
(HDD) (Hredzak et al., 2006), robotic manipula-
tors (Verschueren et al., 2016), positioning ma-
chinery (Raafat and Akmeliawati, 2012), and ser-
vomechanisms in general, where speed and accu-
racy are as important as robustness and stability
(Bin Yao et al., 1997).

In order to achieve these goals, many differ-
ent methods were developed over the years. A
basic principle is that the controller must apply
the maximum available input whenever possible,
i.e., work in the saturated region. Traditional con-
trollers, as the linear state-feedback or the propor-
tional integral derivative (PID), cannot deal with
this problem since, in general, they do not con-
sider input constrained systems.

A classic option is the so called Proxi-
mal Time-Optimal Servomechanism (PTOS), pro-
posed in Workman et al. (1987), adapted from
the Time-Optimal Control (TOC) (Bryson and
Ho, 1975). The TOC is a bang-bang control,
where the maximum input is applied during ac-
celeration and deceleration. Aiming to avoid chat-
tering from the original TOC, the PTOS is based
on the following switching scheme: the maximal
acceleration is applied until the system output ap-
proaches the reference, then it is switched to a
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linear control law in the form of a Proportional
Derivative (PD) feedback. A parameter called
acceleration discount factor regulates the smooth
transition, guaranteeing fast convergence, stabil-
ity, and arbitrary levels of overshoot.

Another control suited for the time-optimal
performance in constrained systems is the tra-
ditional Model-Predictive Control (MPC). This
controller calculates the control signal by solv-
ing an optimization problem that is defined by
the system, its respective constraints and a pre-
diction horizon. Using the MPC principles, the
so called Time-Optimal MPC (TOMPC), by Van
den Broeck et al. (2011), was proposed to satisfy
the requirements of time-optimal systems. It has
the standard MPC method: it defines future con-
trol signals based on the result of an optimization
algorithm, which is defined by the system states,
reference signal and prediction horizon. Besides
that, the TOMPC uses a second optimization that
minimizes the prediction horizon. Therefore, the
settling time can be reduced, as needed for the
time-optimal controllers.

This paper proposes to review the PTOS con-
troller, showing its most important concepts, and
then compare it to the TOMPC. A similar com-
parison was presented in Wang et al. (2013) based
in the PTOS and MPC structures, however, the
focus there was on energy efficiently controllers.
Here we are interested in time-optimal behavior
alone. More than defining which controller is bet-
ter, the present paper aims to show its differences
and behaviors, presenting a useful comparison of
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when each one can be used and under which con-
ditions.

This paper is organized as follows. Section 2
is divided in three parts: first, it defines a ser-
vomechanism system that is used to apply the
control methods; afterwards, the original TOC is
developed; and then the issues regarding its im-
plementation are discussed. Section 3 exposes the
main ideas on the PTOS controller, showing its
structure and concepts. Section 4 describes the
TOMPC controller, firstly explaining the MPC
control method and its classical definitions, and
after describing the time-optimal implementation.
Section 5 shows the numerical results of the sim-
ulations conducted, comparing the time-optimal
methods. Finally, Section 6 concludes the paper,
summarizing the main ideas, and presenting a dis-
cussion regarding the TOMPC and PTOS com-
parison.

2 Preliminaries

In this Section, the servomechanism system is
defined, along with its respective parameters.
Subsequently, the original Time-Optimal Control
(TOCQ) is explained and evaluated. Finally, issues
regarding the implementation of the TOC con-
troller are discussed in order to justify the devel-
opment of proximate time-optimal controllers.

2.1 System Definition

A servomechanism system can be described as a
body of mass with a viscous friction, by the fol-
lowing differential dynamic equation:

my = —fy + csat(u), (1)

where m is the mass of the body, f is the viscous
friction coefficient, ¢ is a constant that relates the
input signal to the force applied, y is the output, u
is the input, sat(u) £ sign(u)min{|u|, 7} is a sym-
metric saturation function and % is the maximal
input.

In this paper, the system input is defined as a
PWM signal, and the output as angular position
(in radians) of a typical DC motor used in ser-
vomechanisms. Numerical values of parameters
in (1) are presented in Table 1.

Table 1: Parameters used in the servomechanism
system

Parameter Value
u 0.1
f/m 50

c/m 50000

According to Salton et al. (2012) it is possible,
in some situations, to make use of an appropriated
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friction compensator, in order to eliminate the ef-
fects of friction. For the TOC explanation in the
sequel, the friction is not considered.

2.2  Time-Optimal Control

The TOC basic form is a bang-bang structure,
where two extreme control levels, i.e., upper and
lower bounds, are switched accordingly. The TOC
controller may be implemented in a feedback form
by the non-linear control law

u = u sign(sign(e)+/2bule| — g), (2)

where b £ =, and e is the position error e L y—y,,
with y, as the desired reference for the position
output y.

2.8 Considerations about the TOC implementa-
tion

The application of the bang-bang control, by the
TOC controller, results in a fast response but pro-
duces a chattering effect in the control and out-
put signals (Khalil, 2002). In fact, the applica-
tion of TOC structures in discrete time is com-
promised due to imperfections and time-delays in
the switching mechanism. Since the control signal
changes sign many times in order to follow the
sliding curve given by

s(e, ) = sign(e)/ 2bule| — g, (3)
an infinite sampling frequency would be required
for asymptotic tracking.

In the simulation that follows, the TOC was
implemented in system (1) with a sample time of 3
ms, using the zero-order hold (ZOH), and neglect-
ing the effects of friction. Figure 1 shows resulting
behavior of the input and output signals. As it is
possible to see, the output exhibits an oscillatory
behavior around the reference because of the chat-
tering effect.

Therefore, due to the finite sampling fre-
quency, and the necessity of precise switching
mechanisms, the TOC structure is difficult to be
applied in practice. Other alternatives able to
avoid these situations and still achieve near time-
optimal performance were developed along the
years. The next two Sections will explain two dif-
ferent approaches in this context: the PTOS and
the TOMPC.

3 Proximate Time-Optimal
Servomechanism

With the main goal of eliminating the TOC chat-
tering, the PTOS proposes a different approach.
In Workman et al. (1987), the TOC control law
(2) is transformed in a different structure, follow-
ing three steps.
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While the system is saturated both in ac-
celeration and deceleration by this controller, it
is unable to asymptotically track the reference.
The third step implements a switching control
law in order to achieve asymptotic stability. As
the system output approaches the reference, the
function ¢,(e) is switched to a simple propor-
tional derivative (PD) control, eliminating chat-
tering and achieving asymptotic tracking. How-
ever, since the PD is not an aggressive control
law, the system output may present an overshoot
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Figure 1: Output and Input responses of TOC dis-
crete controller for a 5 [rad] step reference signal

In the first step, in order to minimize the chat-
tering effect, the leftmost sign(-) function in (2) is
eliminated where possible; in addition, a free pa-
rameter ky is used to scale the control input:

ur = —ks(¢(e) +9),

where ¢(e) is defined as:

#(e) = sign(e)+/20ulel.

For a sufficiently large ky, the control law (3)
saturates the controller output, and drives the sys-
tem to the sliding surface (3). However, it is
necessary to add a term to allow the input to
achieve saturation also during deceleration and,
thus, maintain the trajectory close to (3). The sec-
ond step applies the saturation during the decel-
eration through the addition of the term sign(e)u
to the controller:

(4)

up = —kg(¢(e) +9) + sign(e)u.

Rewriting the above in a more convenient
form:

u = sat( — kr(da(e) + 7)),

where ¢, (e) is defined as:

¢m(e)$gn(e)< 2bu046|;;).

505

(Workman et al., 1987). To overcome this situa-

tion, the so-called acceleration discount factor «

was added to the nonlinear function ¢, (e).
Finally, the PTOS control law becomes:

u=—ka(¢s(e) +9),

and the function ¢, is defined by:

{ (3)e, it le] <wu

s@mWMMMM—%)ﬁ le| > w,

with parameters y; and ko given by:

(5)

bs(e)

u

ki’

%
ba

y = ky £ (6)

The constraints in (6) guarantee the smooth
transition of the control law (5). Moreover, a sta-
bility condition of the PTOS control requires that
0 < o <1 (Workman et al., 1987).

It is easy to notice that only two parameters
have to be defined in order to apply this controller,
i.e., k1 and «, as b and uw are defined by the system.
As shown in Workman et al. (1987), the discrete
framework for the PTOS controller has the same
structure of the continuous case.

4 Time-Optimal MPC

In this section, the main definitions of the Model
Predictive Control (MPC) are presented. After-
wards, its Time-Optimal implementation is ex-
plained, detailing the most important concepts.

4.1  Model Predictive Control

The basic structure of a MPC, according to Ca-
macho and Alba (2007), is the same in most ap-
plications, being traditionally implemented in dis-
crete time. The MPC control formulation, for a
SISO LTI system with n states, can be defined by
(Camponogara et al., 2002):

mUin J(z(k),U), (7a)
st. x(k+1) = Ax(k) + Bu(k)
y(k) = Cz(k) + Du(k), (7b)
MU < 7, (7c)
y(k+N) = Yref, (7d)



Sepisin Bt ds Aufonaro el

where z € R", u € R, y € R and

u(k+N—1)]" e RN
(8)
where T' corresponds to the transpose operator.

The first term (7a) refers to the cost function
J of the optimization problem, that is defined ac-
cording to the system states x(k) and control sig-
nal vector U, computed in a specific prediction
horizon N, as in (8). This parameter controls
how many future predictions are computed by the
MPC controller.

The optimization problem (7a) is subject to
the following constraints: (7b) refers to the system
model, defined in the traditional state-space form:;
(7¢) are the constraints on the system, where M €
R™XN relates U with the m, system constraints
and bounds, defined in v € RY; and the term (7d)
constraints the system to the reference N steps
ahead of the current instant.

U=[u(k) ulk+1)

4.2 Time-Optimal MPC

As proposed in Van den Broeck et al. (2011), the
conventional MPC framework receives another op-
timization layer in the TOMPC. Now, the predic-
tion horizon N is also an optimization variable.
The TOMPC controller may be applied for many
different systems, although this paper will focus
on servomechanisms.

So as to apply this concept, an initial guess
for N is necessary. With this parameter, the op-
timization problem is solved, respecting the spec-
ified constraints . The resultant control signal U
is then evaluated:

I. If the system can reach the reference in IV
steps, the first value of U is used, and N =
N — 1 for the next sample;

II. If the system cannot reach the reference, then
N = N+1, and the optimization (7) is solved

again, until a feasible solution is obtained.

Setting limits to the prediction horizon, as
Nz and Nyin, the TOMPC controller can ef-
ficiently track the reference, always searching for
the “time-optimal” parameter N. According to
Van den Broeck et al. (2011), these limits avoid
aggressive behavior after the system has reached
the reference, as well prevent loss of time-optimal
behavior.

In order to apply the TOMPC, a cost function
relating the input signal and the output of the
system was chosen with the following form:

1
J(z(k),U) = 5UTHU +UTT(z(k)), (9)
The variable U is the optimized variable, de-

fined as (8); H and I'(x(k)) are matrices ob-
tained from the state-space system parameters

)
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and the prediction horizon as follows (Camacho
and Alba, 2007):

H22(07® + R) e RV,

R (10)
T(z(k)) £ —207 (R, — Fa(k)) € RY.

The variable R, is the discrete reference vec-
tor signal, of size N; R = A, where Iy is an
identity matrix size N x N, and X is a tunning
parameter; and, considering a system in the form

of (7b), ® and F are defined by

CB 0 0
N CAB CB 0
P = . )
CAN-IB CAN—2B CB
F2[CA CA? caN”.
Given this parametrization, the TOMPC

problem may be solved by the tools previously
mentioned.

5 Numerical Results

In order to analyze and compare the concepts pre-
sented in the previous sections, a set of simulations
was conducted, using Matlab, version 2011b. The
servomechanism system showed in Section 2 was
considered, using the ZOH discretization method
for a sample time of 3 ms. Initially, the friction
term, i.e., %, is considered negligible.

The PTOS controller was implemented as
seen in (5), with the parameters: o = 0.9 and
k1 = 0.5. To apply the TOMPC control, the fol-
lowing system matrices were obtained from (1):

0 1 0
I |
C.=1[1 0], D, =0.

and subsequently discretized.

The tuning parameter A of the TOMPC was
set equal to 0.5. To constrain the TOMPC pre-
diction horizon variation, it is necessary to de-
fine maximum, minimum and initial values for N,
as shown in Van den Broeck et al. (2011). The
considered values are respectively: Ny = 30,
Nmin = 2 and NO =3.

Figure 2 shows the difference between the con-
trollers. As the ideal TOC can only be imple-
mented in continuous time, its sampled trajec-
tory is shown for comparison purpose on the top
plot. By definition, the PTOS controller aims for
a damped output, while tracking the reference as
fast as possible. On the other hand, the TOMPC
control method does not have this goal explicitly,
requiring another set of constraints in order to
achieve it. This facts leads to a faster rise time of
the TOMPC, but with significant levels of over-
shoot.
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Figure 2: Output and Input responses of TOC,
TOMPC and PTOS for a 1 [rad] step reference
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Figure 3: Output responses of TOMPC and
PTOS for step references of 1, 5 and 10 [rad]

Numerical results, comparing the PTOS and
TOMPC controllers, for three different references
are depicted in the Figure 3. Clearly, the output
behaviors are similar in different references. How-
ever, the TOMPC overshoot duration grows as the
reference value grows, while the PTOS keeps a
damped output for the different reference values.

The controllers comparison may be also seen
in the Table 2, where the settling time (in sam-
ples) of each one is compared for different step
sizes. The settling time was defined as the time
required by the system to enter in the region de-
fined by the intersection Qy = Q,. N Q,. This
region is also used by the TOMPC, to define if
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the IV value is feasible in order to solve the opti-
mization problem. The output needs to be in the
region Q, = {r,y € Rlr —0.1r <y < r+0.17}.
Moreover, the velocity needs to be in the region
Q, = {y € R —0.01 <y < 0.01}, which means
that the system is nearly stationary. It is possible
to see that the settling times of the TOMPC are
smaller than the PTOS, however, as can be seen in
Figure 3, they present an overshoot in the output.
Given a different choice of region €,, the settling
time achieved by the PTOS would be smaller than
that of the TOMPC.

Table 2: Comparison of settling time (in samples)
for PTOS and TOMPC, using different step sizes
Step PTOS TOMPC

10 26 24
) 19 17
1 9 8

Another important comparison parameter is
the processing time, required by the PTOS and
the TOMPC controllers. Table 3 shows the per-
formance of each simulation, relating the time (in
seconds) used by the controllers to compute a con-
trol signal. The values are the average of 100 dif-
ferent simulations, computed by Matlab internal
time counter, in order to avoid possible inconsis-
tencies. The duration of the simulations was de-
fined as the necessary time for the system output
to achieve the respective reference.

Table 3: Average processing time per sample (in
seconds) for PTOS and TOMPC controllers dur-
ing different step sizes

Step Size PTOS TOMPC
10 0.1020x10~% 1.99x10~2
5 0.0997x10~*  0.71x1072
1 0.1039%x10™*  0.30x10~2

As expected, the TOMPC controller requires
more time to compute the control signal than the
PTOS. The task of simulating the model of the
system, aiming to optimize the control input and
the prediction horizon is complex, if compared to
the simple switching control law of the PTOS.

So as to evaluate the robustness of the two
controllers, the friction parameter %, previously
considered negligible, is now set to 50, as in Table
1. The simulations results are presented in Figure
4, where the systems output and input are shown
in the top and bottom plot, respectively.

It is possible to notice, in Figure 4, that both
controllers are robust to the addition of friction.
The gray lines represent the system with friction,
leading the system to a smoother response. Never-
theless, the overall behavior is similar with differ-
ences on the dynamic response, due to the friction
effect.
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6 Conclusions

This paper presented a study on different time-
optimal control strategies, used to obtain fast ref-
erence tracking on servomechanisms. In order
to respect the inherent constraints of these sys-
tems, and still achieve fast and stable reference
tracking, two methods were compared: the Prox-
imate Time-Optimal Servomechanism (PTOS)
and the Time-Optimal Model-Predictive Control
(TOMPC). Both strategies achieved good and
robust results, with different implications. The
TOMPC control may be applied to a larger class
of systems, with varying degrees of complexity.
On the other hand, it requires more computa-
tional time than the PTOS, which has a simpler
algorithm and may run in inexpensive hardware.
For future works, different forms of the PTOS
and TOMPC controllers are to be investigated,
as both of them continue to be developed by the
academic community. We also seek experimental
results comparing these controllers in practice.
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