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Abstract— In this paper it is described a new method to design PID controllers using a linear programming
approach for optimizing performance subject to robustness constraints. It is based on the shaping of the real
component of the loop gain transfer function. The class of stable linear time-invariant single-input simple-
output(SISO) systems is considered and the optimization problem is proposed, solved and analyzed.
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1 INTRODUCTION

Applied in more than 95% of the control loops, the
most common solution to practical control prob-
lems is the PID controller. This type of controller
is not only embedded in special-purpose control
systems, like cruise control in cars or DVD play-
ers, but also found in large number in all industries
(Astrém and Higglund, 2006).

In order to design a controller, it is necessary
to obtain a model for the system. As frequency
domain models do not have the information con-
densed into a small set of parameters, unmod-
eled dynamics errors are avoided (Karimi and Gal-
dos, 2010) and quantitative information about the
plant and the measurement quality are captured.
This along with the ease of obtainment are rea-
sons for using this type of models (Pintelon and
Schoukens, 2012).

There are several methods to design con-
trollers, being the formulation as a constrained op-
timization problem an approach that can capture
many factors related to performance and robust-
ness (Hast et al., 2013). A linear programming
approach based on the shaping of the open loop
transfer function in the Nyquist diagram is pro-
posed to tune PID controllers for stable LTI plants
in (Karimi et al., 2007) and (Saeki, 2014). Both
present optimization problems to maximize load
disturbance rejection, being the constraints based
on equations of lines and its linearity properties.

More complex optimization problems are pre-
sented in (Karimi et al., 2008), (Karimi and Gal-
dos, 2010), (Thalmann et al., 2016) and (Hast
et al., 2013). The robustness constraints are based
on the geometric interpretation of the maximum
sensitivities fn the sensitivity function and the
complementary sensitivity function in the Nyquist
plot of the loop transfer function, considering pro-
cess uncertainties. The result is a optimization
problem that can be solved using convex-concave
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programming (Hast et al., 2013) or convex pro-
gramming (Karimi et al., 2008), (Karimi and Gal-
dos, 2010) and (Thalmann et al., 2016).

In this paper, it is developed a new loop shap-
ing method based on the real part of a reference
loop gain transfer function. The load disturbance
rejection is optimized with constraints that are lin-
ear with respect to the PID controller gains, mak-
ing possible to solve it by linear programming.

This paper is organized as follows: in Sec-
tion II the plant, controller and reference trans-
fer function are defined. The constraints and the
formulation of the optimization problem is pre-
sented in Section III. Simulations results are given
in Section IV, along with a comparison between
the SIMC method presented in (Skogestad, 2003).
Finally, Section V presents some conclusions.

2 PROBLEM FORMULATION

2.1 Plant Model

Consider the class of stable linear time-invariant
SISO systems represented by transfer function
G(s). Its frequency response at a finite number
N of points G(jwy), k = 1,..., N, is assumed to
be known and relevant points of the frequency re-
sponse of the plant are available.

2.2 PID Controller

The class of PID controllers considered is

1 s
K(s)=K,+Ki—+Kj——, 1
(5) = Kyt K4 g s (1)
with Ty (supposed to be known) as the time con-
stant of the noise filter. The following linearly
parameterized form of the controller will be con-
sidered

K(s) = pT¢(s), (2)
with
pT = [vaKi?Kd]’ (3)
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and can be used to obtain the loop gain
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Define the designed loop transfer function
L(s) = K(s)G(s). Its frequency response can be
represented as

L(jw) = K (jw)G(jw) = p" ¢(jw)G (jw)

= PTR(w) + joTS(w),

()
where R(w) and I(w) are, respectively, the real
and the imaginary parts of ¢(jw)G(jw).

2.8 Performance Criteria for Design Specifica-
tion

The integrated error and the integrated absolute
error, defined respectively by

IE:/OOe(t)dt, IAE:/OO\e(tHdt, (6)
0 0

are good measures of load disturbance rejection
for controllers with integral action and, conse-
quently, are commonly used performance indices
(Hast et al., 2013). For well-damped systems:

IAE:/OOOe(t)|dm|IE|. (1)

It can be shown (Astrém and Higglund, 2006)
that a unit step disturbance applied at the plant

input of a system with an integral acting controller

results in )
IE = —

. 8

e (5)

Thus, maximizing K; corresponds to minimizing

IE and, therefore, optimizing the closed-loop per-

formance in terms of the load disturbance rejec-
tion.

2.4 Reference Transfer Function

The method proposed here uses a reference loop
gain transfer function, L(jw), to capture the ro-
bustness constraints and performance specifica-
tions.

A desired closed loop transfer function

2

_ w
T(s) = ——n 9
0= T (9)

can be used to obtain the loop gain

_ w2
L =——0n1 10
1(5) $2 + 250.}7187 ( )
with w, and £ being, respectively, desired natu-
ral frequency and damping ratio. This will be
named specification S1. Another desired closed
loop transfer function, for time delay systems, is

2 ,—0s
- wi e

T = —_= 11
()= Frrt s (11)
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2 ,—0s
- w;e

L = 12
2(s) 82 + 2wps + w2 (1 — e Ps)’ (12)

with 6 denoting time delay. This will be named
specification S2.

These loop gains are adopted as reference
transfer functions.

3 CONTROLLER DESIGN

It is proposed a new method to design PID con-
trollers using linear programming. Constraints are
formulated to guarantee robustness and, as they
are formulated to specific frequencies, they also
guide performance. Then, the optimization prob-
lem used to design the controller is formulated.

8.1 The Constraints

Consider the real part of the reference and loop
transfer functions,

Rep(w) = Re{L(jw)} (13)

and

PR = ReAK(jw)G(jw)}.  (14)
Re{F(jw)} denotes the real part of a transfer
function F(jw).

To guarantee robustness, it is wanted to have
the loop transfer function at frequency wy to the
right of the reference loop transfer function at the
same frequency. That is

pTR(wr) > Rer(w), (15)

as illustrated in Fig.1. Observe that these con-
straints are linear and that robustness is obtained
as at all frequencies the loop transfer function
stays away from the point —1 with a distance de-

fined by L.

Nyquist Diagram
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Figure 1: Graphical illustration of the constraints

No constraint on the imaginary part is de-
fined so that the design has some degree of free-
dom. The constraints on the real part will guide
the shape of the designed loop gain. Notice that
stability margins are guaranteed by the real part
constraints due to the fact that the constraint
is associated with a frequency wg. It will also
guide performance as at frequency wp for which
| L(jwg) |= 1 the real part define the upper band-
width.
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3.2 The Optimization Problem

The control objective is to minimize the perfor-
mance index IE under the constraints in (15). The
proposed optimization problem to obtain the con-
troller’s parameters is

e maximize K;

e subject to
p"R(jwr) > Rer (wk)
for all wy considered.

The suggested frequencies used to formulate
the constraints should be around one decade be-
low the cut-off frequency wp and up to a couple
decades above it. For instance, one decade above
and one below are used for specification 1 (equa-
tion 10). If the loop gain crosses the positive imag-
inary axis, as in specification 2 (equation 12), the
first frequency that it occurs can be used as max-
imum.

4 SIMULATION RESULTS

The suggested design method will be illustrated by
some examples. The number of evaluation points
considered of the open loop transfer function is
N = 500, being frequencies wy, equally spaced be-
tween a range specified for each case. After defin-
ing a reference loop gain transfer function, which
contains the wanted behavior, the constraints are
formulated for each wjy and the optimization prob-
lem to maximize K; subject to the constraints is
formulated. It is then solved using linear program-
ming and the solution, p, contains the PID con-
troller gains.

Ezxample 1. Fourth order system and specification
S1

Consider

1

G(s) = m.

(16)
The reference transfer function for this example is
derived from the closed loop transfer function of
specification S1 with natural frequency w, equal
to 1 rad/s and damping ratio of 0.7. Thus, the
reference function is given by

= 1
L ==\ 17
1(5) 52+ 1.4s (17)
The frequency range considered is from 0.06
to 6 rad/s (approximately a decade smaller and a
decade larger than the bandwidth frequency wg).
The proposed linear programming procedure re-
sults in the PID controller gains
K,=123, K;=044, K;=118 (18)
The Nyquist diagrams of the reference function
and the obtained loop transfer function are shown
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in Fig.2. It can be observed that the imposed
margins approximates the frequency response of
the reference and obtained loop gain transfer func-
tions. The bandwidth frequency wp of the refer-
ence function is 0.64 rad/s and of the obtained
loop transfer function is 0.41 rad/s. Although it
seems that the constraints are violated, it is not
true (remember that the restrictions are based on
the frequencies wy), as illustrated in Fig.3.

Nyquist Diagram
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Figure 2: Nyquist diagram of the designed (solid
line) and reference (dashed line) loop gain transfer
functions - example 1
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Figure 3: Real part of the designed (solid line) and
reference (dashed line) loop gain transfer functions
in function of the frequency (rad/s) - example 1

From the bode plot (Fig.4) of the closed loop
transfer functions of the reference(dashes lines)
and the obtained (solid lines) systems, it is ob-
served that the constraints at each frequency wy
imposes performance as both graphics similar for-
mats at approximate frequencies.

In Fig.5 it is shown the time responses to unit
steps in the set points and in the load disturbance.
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Figure 4: Bode diagram of the designed (solid

line) and reference (dashed line) closed loop trans-
fer functions - example 1
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Figure 5: Set point (¢ = 0s) and load disturbance
(t = 25s) step responses for the designed control
system - example 1

Ezample 2. Fourth order system and specification
S2

Consider the same plant used in Example 1
(equation 16).The reference transfer function for
this example is derived from the closed loop trans-
fer function of specification S2 with natural fre-
quency w, equal to 1 rad/s, damping ratio of 0.7
and time delay 1.5 s. Thus, the reference function
is given by

6_1'58

s2+1.4s+ (1 —e15s)°

La(s) = (19)

The frequency range considered is from 0.04
to 1.8 rad /s (approximately a decade smaller than
the bandwidth frequency wp and the frequency
wa7o which is the frequency at which Lo crosses
the positive imaginary axis for the first time). The
proposed linear programming procedure results in
the PID controller gains
K; =028, Ky4g=-0.03.

K, = 0.69, (20)
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In Fig.6 it is illustrated the reference and the ob-
tained loop gain transfer functions and in Fig.7
the responses for steps in the reference and in the
load disturbances. The results are similar to the
ones of the previous example. The bandwidth fre-
quency wpg of the reference function is 0.35 rad/s
and of the obtained loop transfer function is 0.29
rad/s.

Nyquist Diagram
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Figure 6: Nyquist diagram of the designed (solid
line) and reference (dashed line) loop gain transfer
functions - example 2
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Figure 7: Set point (¢ = 0s) and load disturbance
(t = 40s) step responses for the designed control
system - example 2

Experiments have shown the method to often
be effective in producing loop transfer functions
close to the reference functions in terms of Nyquist
diagram, step response and Bode plot of the closed
loop system.

Ezample 3. Comparison with the SIMC Tuning
Method

The proposed method and the method pre-
sented in (Skogestad, 2003), named SIMC tun-
ing method, are compared with the design of a



Sepisin Bt ds Aufonaro el

controller to the same plant used in Example 1
(equation 16). In order to make a comparison,
both projects need to have the same specification,
given by

1
e
TeS+ 1

B 1
C 15s+1

—0s —1.5s

Tdes(s) =

(21)

The design method in (Skogestad, 2003) ini-
tially obtains a second order with time delay
transfer function approximation to the plant,
given by

1
(I5s+1)(s+1)

As in (Skogestad, 2003) it is estimated that a good
trade off between the speed response and the ro-
bustness are obtained by choosing 7. = 6 and
as the approximated plant’s delay is 1.5s and it
is unavoidable, 7. = # = 1.5 is used in the de-
sired closed loop response specification, as stated
in (21).

Then, the controller gains are calculated in
order to cancel the plant’s poles and to add a pole
in a specific location, giving

—1.5s

Gappr(s) = (22)

K(s) = (155 + 1)(s + 1)@
~0.83+0.5s + 0.33%, (23)

using approximation e~ =1 — fs. Thus,
K,=083, K;=05 Ky;=0.33. (24)

To design a controller using the method pro-
posed in this article, first the reference transfer
function is obtained from (21), as follows

_ Tdes
1- Tdes

1

T Ihstl_e1os"
Then, the constraints are formulated using N =
500 and the frequency range from 0.03 to 2.45
rad/s (approximately a decade smaller than the
bandwidth frequency wp and the frequency wa7g
which is the frequency at which L,.; crosses the
positive imaginary axis for the first time). The
proposed linear programming procedure results in
the PID controller gains

1
Ts+1—e0s

Liey(s) b

—1.53. (25)

K, =061, K;=022 Kz=008  (20)

The Nyquist diagrams of the reference function,
the obtained loop transfer function and the loop
gain transfer function obtained using the method
proposed in (Skogestad, 2003) are shown in Fig.8.
The responses of the obtained closed loop systems
to a unit step in the reference and a unit step in
the load disturbance are illustrated in Fig.9.
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Nyquist Diagram
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Figure 8: Nyquist diagram of the loop transfer
functions of the desired (dashed line), designed by
the method presented in the article (solid line) and
the designed using SIMC method (dashed-dotted
line) - Comparison
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Figure 9: Set point (¢ = 0s) and load disturbance
(t = 25s) step responses for the designed control
systems using the method presented in this arti-
cle (solid line) and the one using SIMC method
(dashed line) - Comparison

Comparing the properties presented in Ta-
ble 1 and Table 2, it can be concluded that al-
though the time responses obtained for the pro-
posed method are worse than the ones of the
SIMC, there is no overshoot in step set point
changes. All the obtained stability margins for
the proposed method are better than ones of the
specification. In spite of the SIMC gain margin be-
ing higher then the one obtained for the proposed
method, its other stability margins are worse than
the ones of the specification.

5 CONCLUSIONS

Robust PID controller design as formulated as a
linear optimization problem. The control objec-
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Table 1: Time properties of the controllers obtained

Property Reference | Proposed method | SIMC method
Rise Time 3.30 s 5.03 s 3.81ls
Settling time 7.37 15.55 s 10.93 s
Overshoot 0.00 % 0.00 % 5.43 %
Peak 1.0 1.0 1.05
Step disturbance settling time 14.35 s 21.33 s 15.60 s
Step disturbance peak 47.87 % 63.60 % 54.75 %

Table 2: Frequency properties

of the controllers obtained

Property Reference | Proposed method | SIMC method
Gain margin 3.25 4.71 6.75
GM frequency | 1.35rad/s 0.86 rad/s 1.21 rad/s
Phase margin | 68.14 degrees 70.00 degrees 62.46 degrees
PM frequency | 0.33 rad/s 0.23 rad/s 0.32 rad/s
Delay margin 3.02's 5.20 s 3.41s
DM frequency | 0.34 rad/s 0.23 rad/s 0.32 rad/s

tive of the proposed method is to minimize the
IE or equivalently to maximize the integral gain.
Robustness constraints are formulated based on
the shaping of the real component of a reference
loop gain transfer function at specific frequency
points. Simulations and the comparison with the
SIMC controller design method demonstrates the
robustness and efficiency of the method. The im-
plementation of the proposed design technique can
be done using standard linear optimization tools,
is simple and requires only the frequency response
of the plant.
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