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Abstract— Knowledge about system parameters is essential for designing high performance controllers or per-
forming accurate system simulations. This paper addresses the problem of system identification of a Differential
Drive Mobile Robot (DDMR) using a simple experimental setup: only a camera and pattern markers are nec-
essary, alongside a vision processing algorithm for tracking the pattern, a setup commonly used in robot soccer
competitions. First, a dynamic model of DDMR is built from physical principles. Then methods to determine
the system delay, the static and kinetic frictions from experimental data are proposed. Finally, an approximate
linear model is found through least squares regression and used as initial guess for a nonlinear optimization,

which estimates all involved parameters.
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1 Introduction

Differential Drive Mobile Robot (DDMR) is a type
of robot used in many practical applications, in-
cluding industrial transportation and scientific re-
search, although controlling it might be trouble-
some, since it cannot move in any direction instan-
taneously. In addition, if it is demanded to move
quickly around a field, while avoiding obstacles, a
model for the system will be needed in order to
design high performance controllers.

The concepts presented here, though valid for
a general DDMR, are applied in the context of
robot soccer, more specifically in thee Very Small
Size (VSS) League competition (7th Latin Amer-
cian IEEE Robotics Competition, 2008) hosted at
Latin American Robotics Competition (LARC).
Since it is desirable that the robots move quickly
and aggressively, a good model is important to
design efficient path planning algorithms (Webb
and van den Berg, 2013) and trajectory tracking
controllers (Maximo, 2015).

Another motivation is that our robot is built
with hobby motors, which do not have good
datasheets, and the mechanical structure is not
carefully designed. So good estimates of the robot
parameters are not available. Therefore, we as-
sume that no initial model estimate is available,
although its mathematical structure is known, i.e.,
this is assumed to be a grey-box identification
problem. Some works like (Guerra et al., 2004)
and (Mendes, 2012) solve the problem using the
full system state, that makes it more complex. On
the other hand, we choose to use a reduced state
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Figure 1: World and robot frames.

and a continuous friction model to simplify the
analysis.

The paper is organized as follows: Sec. 2 ex-
plains how to derive the DDMR analytical equa-
tions. Sec. 3 details the experimental setup. Sec.
4 presents how to identify a linear model that is
later used as initial condition for a nonlinear opti-
mization to determine a nonlinear model, which is
validated against a new data set. Sec. 5 concludes
the article.

2 Differential Robot Model

The derivation of the DDMR equations is similar
to (Dhaouadi and Hatab, 2013), though we sup-
pose existence of a generic position of the robot
center of mass (CM), motor reduction, delay and
friction, in order to have a more complete under-
standing about the system.

The DDMR is a nonholonomic system, since



it cannot move on the lateral direction. From La-
grangian mechanics, we can derive the equations
of motion of a system with nonholonomic con-
straints (Dhaouadi and Hatab, 2013) by using:

d (0L oL T
dt(@q>+6q_M A (g) A (1)
where £ = T — E,, T is the kinetic energy, E,
is the potential energy, M is a vector of general-
ized external forces, A represents the system con-
straints, such that A(q)q = Oszx1, A is a vector
of Lagrange multipliers and q is the system state
defined as:

a=1[zy 0 ¢ @ (2)

where x and y are position coordinates, 6 is the
orientation, ¢, and ¢; are wheel angles (Fig. 1).
The system constraints comes from two hy-
pothesis: no lateral and wheel rotation slip. They
may be written in the robot frame (Fig. 1) as:

yr =0
&, + L0 = R, (3)
&, — LO = Ry,

To find these constraints in global frame, a
rotation matrix is applied so that:

| | cos(8) —sin(0) | |, @)
g| | sin(d) cos(8) | |yr
From Eq. (4) and Eq. (3), we can write a
constraint matrix that obeys A(q)q = Ozx1:

—sin(f) cos(h) 0

0 O
cos(f) sin(d) L —R 0| (5)
cos(f) sin(d) —L 0 —R

A(q) =

In this problem, the potential energy is con-
stant, because the robot only moves on the hori-
zontal plane, thus we assume E, = 0. The kinetic
energy is (motors will be added later):

1 1_. 1 1
L=T==mvem|*+=10%+=-1,0>+=I,5> (6
5 Mvem ™+ 5107+ S Loy + 5 Ludi (6)
where m is the total robot mass, v, is the CM
linear velocity, I is the robot moment of inertia
with respect to CM and I, is the wheel moment
of inertia with respect to its center of mass.
Given that (Zem, Yem ) is the CM position with
respect to the robot frame, we have:
. . T
Vem = [xr Yr O]T + [0 0 0] X [xcm Yem O]T =
i cos(0) + g sin(0) — 0yem
—&sin(f) + ycos(d) + Oz,
0

Substituting Eq. (6) in Eq. (1), we find the
dynamics of the robot in the manipulator format:

H(q)d + C(q,@)q =B(qu—AT(@)x (7
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where:
[ m 0 may(@) 0 0O
0 m  mas(d) 0 0
H(q) = [mai(0) magx(0) Ic 0 0
0 0 0 L, 0
0 0 0 0 I,
[0 0 —mbas(6) 0 0
00 mbai(f) 00
C(q,q)= [0 0 0 00
00 0 00
00 0 00
0 T
=] e o]

ay(8) = ;xcm sin(6) — Yem cos(6)
ag(0) = e cos(0) — Yo sin(6)

Ic = mxzm + myfm +1

Since we are interested only on the wheel an-
gular velocities of the robot in this paper, we use
the following transformation to obtain a reduced

state n = [, le]T = [wr wl]T
£ cos(0) £ cos(0)
R R
5 sin(f) 5 sin(0)
a=S(an=| 4t —5F [m (8)
1 0
0 1

Noticing that STAT = 0,45 and substituting
Eq. (8) in Eq. (7), we find a new manipulator
equation in the reduced state, given by:

Hi+Cnp=u 9)
— | I
[l 1)
) .
C— , 0 . %mzcme
_%mxcme 0

2

R 2
Il—Iw'i_m(IC_QmLycm"_mL )
2

2= 773!

mL* - I¢)

2

R 2
I3 =1, + E(IC + 2mLycm +mL )

Finally, we add the motor dynamics accord-
ing to Fig. 2. We disregard the current dynamics,
because its transient is usually much faster than
the other dynamics for our system and the me-
chanical and electrical equations for a DC electric
motor are (Okuyama et al., 2015):



Figure 2: DC Motor electromechanical model
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(10)

where 7, is the total torque generated by the actu-
ator, 7,4 is the torque applied to the reduction sys-
tem, 7, is the output torque applied to the wheel
as in Eq. (9), ¢ is the output angular velocity, K
is the torque constant, I, is the internal moment
of inertia of the motor, b is the viscous friction, N
is the gear ratio and e is the transmission efficiency
of the gears. The dynamic equations with DC mo-
tors are, with voltage inputs V = [W VZ]T:

H,17+C,.n=B,V (11)
with
A, - I, + N?1,, I }
L I3+ N2,
_eNQ (éfs + b) %mxcmé
C,, = -
I —%mxcmé eN? (12:{@25 + b)
[ o2 (g—i—b) %mxcm (Qr — 1)
N — o maen (pr — 1) eN? (}{—2 + b)
reNK
B, | }:?K}

(12)

Notice the dynamics is nonlinear if z.,, is not
zero and, if Y., is non-zero, the angular speed of
each wheel will have different time constants, even
if the same torque is applied to identical wheels,
since I1 # I3. Also the coupling inertia, Is, would
only be zero for a hollow cylinder (assuming I =
I), which is usually not the case.

We also include a friction model similar to
(Makkar et al., 2005), so as to model static friction
and kinetic friction (notice that viscous friction is
already included in the motor model):

F, ,tanh(as$,) — Fy,» tanh(aggy)

F= . .
Fy tanh(ozsgpl) — Fyy tanh(akgol)

(13)
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where F;, and Fy; are the static friction, Fj .
and F}; are the difference between static and ki-
netic friction, as and o, denote how fast the tanh
function saturates. Therefore, in state space form:

A.=-H,'C, (14)
B.= H.,'B,,

Discretizing the model assuming a Zero Order
Hold (ZOH) and sampling time T:
nlk +1] = Aan[k] + Ba(V[k] - F[k])  (15)

Next, an input delay of [ sampling periods is
added by means of an extended state:

Nalk + 1] = Aanalk] + Ba(V[k] — F[k])  (16)
with:
Aq On,m@-1) Bq
A, = Om,n 0m,m(lfl) 0m,m
Oma-1)n Ima-1) Oma-1)m (17)
T
Ba = [On,m Im Om(lfl)7m]
T
nalk] = [nlk] V[k—1] -+ V[k—1]]

where n is the number of columns of Agq and m is
the number of columns of Bq (n =m = 2).

3 System Setup

The system setup is the same as the one used
in the VSS competition: there is a global vision
system, with a camera about 2m above the field
pointing downwards, responsible for capturing po-
sition and orientation of the robots, which have
patterns on their top. Our camera datasheet is
available at (Point Grey FLEAS8 Datasheet, 2017).
The video is sent to a central computer that tracks
the patterns at fs = 120fps (75 = 8.333ms).
Speed is estimated by numeric derivatives and
knowledge about R and L is needed (see Eq. (3)).
Then, a PWM value for each motor is sent to the
robot (Fig. 3) through a radio, thus it is impor-
tant to keep track of the battery voltage, which
discharges over time.

There are many delay sources in the system
like radio communication or computer processing.
An important remark is that cameras also intro-
duce a delay in the system due to its processing
pipeline, which depends on the camera model and
configuration. We also emphasize that synchro-
nization of the robot microcontroller loop with the
central computer loop is necessary, since their fre-
quencies are of the same order, or else an unknown
delay will be added.

In this paper, we will not consider computer
processing delay, because the PWM commands
will be sent right after grabbing the image frame.
This is, however, easily measurable inside the code
and should be added to the model afterwards.
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Figure 3: ITAndroids’ VSS robot.

Frame 1

Figure 4: LED Test.

4 Experiments

4.1 Delay Analysis

In order to determine the system latency, we use
a simple LED test: right after grabbing the first
image frame, we send the robot a command to
turn on a LED. Then we check which frame the
LED was first seen to be lit up.

Fig. 4 shows that although the signal was
sent to the robot right after frame 0, we only see
the LED lit up on the second frame. This means
that the photo of frame 2 was delayed by at least
1T and at most 275. Then, from now on we will
overestimate the delay and use [ = 2 in Eq. (17).

4.2 Input Choice

The input choice is a pseudo-random binary sig-
nal (PRBS) (Fig. 5), since it is persistent excit-
ing and has a frequency spectrum similar to white
noise (Ljung, 1999). We also band-limit the sig-
nal before sending it to the motors, because the
robot will not respond to high frequencies, due to
its low-pass characteristic. Therefore, we extend
the clock-period of the signal by 16 steps to get a
bandwidth of about 3.3 Hz. One should have an
estimate of the system bandwidth to band-limit
the PRBS properly and this could be done by an-
alyzing the step response and calculating the first
order time constant.

Since we have two inputs, we need to excite
the system with uncorrelated signals. Usually, it
is chosen to excite one input with a PRBS at time,
but in this case the coupling is small in comparison
to friction and might not be noticeable. Thus, we
excite one motor with a PRBS, and the other with
a step, both with same amplitude. We repeat the
same experiment for the other motor.

Friction is responsible for making the DC gain
nonlinear for different input amplitudes. To ana-
lyze it, we also excite the motors with a voltage
ramp, as it gives information about static and ki-
netic friction. Their effect is shown in Fig. 6.

Both input choices are used in an optimization
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Figure 5: PRBS time and frequency content.
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Figure 6: Friction estimative using ramp input.

framework to properly identify the system. These
experiments are repeated 5 times and averaged
to reduce noise variance and get smoother data.
MATLAB is used for computations.

4.3 Initial Model Identification

Before identifying the full nonlinear model, we
will neglect friction and use a linear model of the
robot. The obtained parameters were used to ini-
tialize the nonlinear optimization solver so as to
avoid falling into local minima.

Therefore, we write Eq. (16) in an autore-
gressive (ARX) format, that is known to have an
optimal solution through a linear least squares re-
gression. The optimization result for the right
wheel can be seen in Fig. 7 and the optimized
matrices (without delay terms for simplicity) are
in Eq. (18). The estimated model fits graphically
well the PRBS data. The coupling, expressed by
the oscillations of the step response after the ini-
tial transient, is also captured by the model. On
the other hand, for the ramp, the model output
fits better for voltages near the PRBS amplitude,
although it fails to capture static friction and the
velocity ramp inclination as well, due to the pres-
ence of kinetic friction.

This might be an adequate model, if one wants
to operate only near the chosen PRBS amplitude
and use classical control. However, if a larger op-
eration range is needed, friction needs to be con-
sidered as we see next.

A _ [0.9273 0.0080
4= 10.0114 0.9407
(18)
B, [ 05435 —0.0479
47 1.0.0841 0.4244
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Figure 7: Responses of the robot and the linear
model. PRBS and step amplitude is 1.57 V. Ramp
input is the same as in Fig. 6. Red represents real
data and blue represents the model response.

4.4 Nonlinear Model Identification

We use the same experimental data as in the lin-
ear model identification, though we change the op-
timization method for an Interior Trust Region
Approach (Coleman and Li, 1996). This method
is interesting, inasmuch as it enables us to put
bounds on the optimization parameters (which is
important for friction constants) at the same time
it also minimizes the squared error of the estima-
tive. Hence, the optimization problem is:

*—arminp il —yliNT (y[i] — i
X" = arg1 ;(YH SN (yli] = 91i) (19)

subject to Fs ., Fir, Fs 1, Fi 1, s, 00, > 0

where x is a vector that contains all parameters
from Ag4, Bq and friction terms, y[i] and y[i] are
the acquired data and model estimate at time step
1, respectively, and p is the data length.

It is also important to give good initial esti-
mates for the solver. Then, in addition to using
the estimated linear model, we estimate friction
from the ramp response graph of Fig. 6 and take:
F;, =065 = F,, =065, F,; =015 = F}; =
0.15. We also start with az =5 and o = 1.

The optimization results for the ramp input
are displayed in Fig. 8 and the associated param-
eters are in Eq. (20). It is clear that friction is
better represented in the nonlinear model, though
it is possible to notice oscillations near 0 velocity.
They are caused by the usage of a discrete time
system to simulate a continuous-time friction ap-
proximation. However, the oscillation amplitude
is of the order of the measurement noise (remem-
ber the data was averaged over 5 experiments). If
a simulation without oscillations near zero veloc-
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Figure 8: Nonlinear fit of the ramp input.

ity is desired, it is possible to set a bound like:
lwr] <€ = w, =0.

A _ [0.9452 0.0052
47 10.0066 0.9545
5. _ [ 05311 —0.0440
47 1.0.0461 0.4669

F,p=0.75,F, =041, F,; = 0.70, F; = 0.21
s = 5.19, d = 0.39
(20)

4.5 Validation

We chose 2 different scenarios for validation of
the obtained nonlinear model: the first is to send
common input signals in the field of robot soccer
such as those resulting in trajectories including a
straight line and curves. The second is commonly
input used for system identification: chirp signals
ranging from 0.5Hz to 5 Hz with distinct ampli-
tudes and phases. Comparison of real data and
our nonlinear model can be seen on Fig. 9.

As the graphs show, the model output fits well
the experimental data, even though there is still
some DC gain offset. In addition, observe that the
transitory response of the system matches quite
well both experimental data, which means that
our estimates of inertia are consistent.

5 Conclusion

This paper described a simple and fast proce-
dure for obtaining a good nonlinear model for a
DDMR without any previous knowledge of param-
eters and by using only camera data. In prac-
tice, it is possible to combine the linear part of
this model with an online observer like in (Chen
et al., 2000), that is able to estimate disturbances,
since the friction might not be constant over time
due to wear of caster wheels and different floor
materials. The disturbance estimation could then
be used in sliding mode controllers (Yang and
Kim, 1999) or feedback linearization techniques
(Oriolo et al., 2002) for the DDMR.

Another possibility is to use this model for
simulation of the system. In the case of robot
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soccer, it is possible to evaluate a high level strat-
egy offline by using the obtained robot models.
This would even allow for running optimization
techniques like reinforcement learning (Riedmiller
et al., 2009) to produce enhanced strategies.
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