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Abstract— This paper presents a less conservative strategy in the stability analysis of continuous-time un-
certain linear systems using a minimum type piecewise Lyapunov function. The advantages in the use of this
technique are the increase of function’s relaxation scalars and the use of bilinear matrix inequalities (BMIs),
where the bilinear terms are in the product of the relaxation scalars and relaxation variable matrices. This class
of BMIs has been solved by the path-following method, which has shown effective results in the literature. The
less conservative results using the path-following method are illustrated with an example.
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1 Introduction

Over the past 50 years switching control has been widely
used due to better global performance results that are
obtained when compared with control systems without
switching (Branicky, 1998; DeCarlo et al., 2000; J.P., 2004;
Liberzon, 2003; Geromel and Colaneri, 2006; Geromel
and Korogui, 2006; Shorten et al., 2007; Geromel and
Deaecto, 2009; de Souza et al., 2013). Furthermore there
are many applications in practical systems such as: control
of mechanical systems, process control, power systems, air-
craft control, automotive, power electronics (in (Cardim
et al., 2009) we have an example) and others. One of
the main characteristics of switched systems is that they
admit the possibility of treating polytopic systems with
time-varying uncertainties. A classical result from the lit-
erature that ensures stability with time-varying uncertain-
ties is the Lyapunov theory (Boyd et al., 1994), also known
as the quadratic stability.

The researches and publications involving Lyapunov’s
theory have grown up a lot in recent decades (Chen, 1999),
opening a very wide range for various approaches such
as robust stability analysis of linear systems (Leite and
Peres, 2004), H2 robust control (Apkarian et al., 2001)
and H∞ robust control (Assunção et al., 2007d), robust
controllers design for systems with static output feedback
(Covacic et al., 2012), robust controllers design for sys-
tems with state-derivative feedback (da Silva et al., 2011)
and optimal robust controllers design for uncertain sys-
tems, where a particular case may be regarded as struc-
tural failure (Buzachero et al., 2012). The stability the-
ory for uncertain systems can also be applied to systems
based on fuzzy intelligent models Takagi-Sugeno (Takagi
and Sugeno, 1985; Chen et al., 2012).

Publications have found a certain conservatism in-
serted in the analysis of quadratic stability, which led
to a search for solutions to eliminate this conservatism.
Finsler’s lemma (Skelton et al., 1997) has been widely used
in control theory for the stability analysis by LMIs (Leite

and Peres, 2004), with results similar to the LMI quadratic
stability, but with extra matrices, allowing a certain relax-
ation in the stability analysis, by obtaining a larger region
of feasibility.

Inspired by known publications in the literature with
minimum-type piecewise Lyapunov function (Geromel and
Colaneri, 2006; Geromel and Deaecto, 2009), this pa-
per introduces a new formulation reducing the conser-
vatism of existing formulations, to guarantee stability of
time-variant uncertain linear systems, based on recent re-
laxing techniques using a special class of BMIs (Chen
et al., 2012). This BMIs have the bilinear terms in the
product of full matrices and scalars, and has been solved
by the path-following method (Hassibi et al., 1999), where
the solution algorithm is based on solving an approxima-
tion of the linearized BMIs adressed as LMIs. A suitable
example is taken from (Shorten et al., 2007) and will be
used to illustrate the advantages of the new formulation.

2 Quadratic Stability Condition

Considering the uncertain linear system in (1):

ẋ(t) = Aλx(t), x(0) = x0, (1)

with x(t) ∈ R
n being the state vector, and Aλ = A(λ) as

in (2):

Aλ =

N
∑

j=1

λjAj , (2)

where j refers to the politope vertex and N the number
of vertices.

Consider also λ ∈ Λ, with Λ shown in (3):

Λ = {λ ∈ R
N : λj ≥ 0,

N
∑

j=1

λj = 1}. (3)

Thus, the system can also be represented as in (4):

ẋ(t) =

N
∑

j=1

λjAjx(t). (4)
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A sufficient condition that ensures the stability of the
uncertain system (1) is given through the existence of a
Lyapunov matrix P = PT ∈ R

n×n such that (5) and (6)
are feasible (Boyd et al., 1994):

AT
λP + PAλ < 0, (5)

P > 0. (6)

This stability condition is known as quadratic stability
and can be easily checked, due to the convexity of the
inequalities. A sufficient condition for quadratic stability
is the existence of P = PT ∈ R

n×n such that

Aj
TP + PAj < 0, (7)

P > 0, (8)

with j ∈ K, and K = {1, 2, ..., N}.
It can be checked that (5) can be obtained from (7)

multiplying it by λj ≥ 0 and adding on j, from j = 1 to
j = N .

Many studies have found more relaxed formulations
for the stability of uncertain time-invariant linear systems
(Skelton et al., 1997; de Oliveira et al., 1999; Oliveira
et al., 1999). Since the matrix P don’t dependend on the
uncertain vector λ, it can be verified that the system may
have time-varying uncertainties.

Due to it is only a sufficient condition and require the
existence of a unique positive definite matrix P , satisfying
the N inequalities simultaneously, conservative results are
generated to guarantee stability of the uncertain system.

Thus, in order to obtain more relaxed conditions than
the quadratic stability, the concept of switched systems
are discussed in the sequence.

3 Switched Linear Systems Based on

Lyapunov-Metzler Inequalities

Consider a continuous-time switched linear system
(Geromel and Colaneri, 2006):

ẋ(t) = Aσ(t)x(t), x(0) = x0, (9)

for all t ≥ 0, where x(t) ∈ R
n, σ is the switching rule and

x0 is the initial condition. From a set of known constant
matrices Ai ∈ R

n×n, i ∈ K, at each instant of time it is
possible to choose the switching rule σ(t) for all t ≥ 0, and
thus select a matrix Aσ(t) ∈ R

n×n among those belonging
to the set shown below

Aσ(t) ∈ {A1, A2, ..., AN}. (10)

Thus, each Aσ(t) should instantly switch from Ai to
Ak for some i 6= k = 1, ..., N when switching occurs from
σ = i for σ = k and Aσ(t) is switched among the N ma-
trices of the polytope vertices {A1, A2, ..., AN}.

It was defined the piecewise quadratic Lyapunov func-
tion (Geromel and Colaneri, 2006):

v(x) := min
i∈K

{vi(x(t)}, vi(x(t)) = xT (t)Pix(t), (11)

with {P1, P2, ..., PN} ∈ R
n×n and Pi = Pi

T > 0 for all i ∈
K. This function gives favorable conditions for feasibility
analysis and control design.

As (11) is not differentiable for all x(t) ∈ R
n it was

defined the set g(x(t)) = {g|Vg(x(t)) = min
i∈K

{vi(x(t)}},

and conditions for the switching rule given by

σ(t) = min
i∈g(x(t))

i, (12)

that makes the equilibrium point x = 0 of (9) a globally
asymptotically stable system. In this case it was also de-
fined the set I(x) = {i : v(x) = xT (t)Pix(t)} which may
have more than one element and whose function (11) is
not differentiable, i.e. the solution of the minimization to
obtain v(x) in (11) may not be unique.

In (Geromel and Colaneri, 2006) stability conditions
for continuous-time switched linear systems were pro-
posed, showing the advantages of this method. Note that
this technique can be easily adapted to uncertain linear
systems as shown in Theorem 3.1.

Theorem 3.1. Let Q ≥ 0 be given. If there exist symmet-
ric positive-definite matrices Pi and non negative scalar γ

for all i ∈ K satisfying the modified Lyapunov-Metzler in-
equalities

AT
j Pi + PiAj + γ(Pj − Pi) +Q < 0, (13)

for all i, j ∈ K then the equilibrium point x = 0 of the
system (1) is globally asymptotically stable.

Proof: Considering the piecewise function (11), as v(x(t))
is not differentiable for all x ∈ R

n, the Dini derivate (Garg,
1998; Geromel and Colaneri, 2006) in the function’s (11)
right-hand will be

D
+
v(x(t)) = min

i∈I(x(t))
[
.
x
T
(t)Pix(t) + x

T
(t)Pi

.
x(t)]. (14)

Replacing (4) in (14) we have

D
+
v(x(t)) = min

i∈I(x(t))





N
∑

j=1

λj(x
T
(t)A

T
j Pix(t) + x

T
(t)PiAjx(t))





= min
i∈I(x(t))







x
T
(t)





N
∑

j=1

λj(A
T
j Pi + PiAj)



 x(t)







. (15)

Considering that

xT (t)γ

N
∑

j=1

λj(Pj − Pi)x(t) ≥ 0,

for all i, j ∈ K and Q = QT ≥ 0, from (15)

D
+
v(x(t)) ≤ x

T
(t)







N
∑

j=1

λj

[

A
T
j Pσ + PσAj + γ(Pj − Pσ) + Q

]







x(t),

(16)

where σ was defined in (12).
Therefore, (3) and (13) for all i, j ∈ K, assure that

D+v(x(t)) < 0 for x 6= 0 and the proof is concluded.

The problem in this technique is the use of the scalar
γ, that are fixed and predetermined, inserting a certain
conservatism in the search for feasibility. In the following
section is addressed a more general technique, based on
BMIs, that may reduce this conservatism.

4 Less conservative results using modified

Lyapunov-Metzler Inequalities

In (Chen et al., 2012) less conservative stability condi-
tions based on BMIs were proposed for switching fuzzy
controlers design, with some terms as the product of a
full matrix variable and a scalar, that add extra degrees
of freedom. According (Chen et al., 2012), these BMIs
have been solved by the path-following method (Hassibi
et al., 1999) explained in the Appendix A.
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Trough the possibility of solving BMIs with the path-
following method, Theorem 3.1 can be generalized as de-
scribed in Theorem 4.1, where the parameter γ can add
extra degrees of freedom, and can be free to be found in
the best way that suits. In Section 4, we can check the
increase in the feasibility region through an example.

The following theorem was inspired in (Deaecto et al.,
2011), where relaxed stability conditions were presented
for the system (9), based on the switching systems sta-
bility conditions, which uncertainty can be time-variant
using the Lyapunov candidate function (11). Note that
in (Deaecto et al., 2011) the authors were interested in
switched state-feedback H2 control design, and here fesi-
bility is the focus.

Theorem 4.1. If there exist symmetric positive-definite
matrices Pi and Qi and non negative scalars γi for all i ∈
K satisfying the modified Lyapunov-Metzler inequalities

AT
j Pi + PiAj + γi(Pj − Pi) +Qi < 0, (17)

for all i, j ∈ K then the state-dependent switching function
(12) makes the equilibrium point x = 0 of the system (1)
globally asymptotically stable.

Proof: It follows the same steps from the proof of Theo-
rem 3.1, with γi instead of γ and Qi instead of Q.

In the following section, the candidate picewise func-
tion was manipulated to obtain more relaxed stability con-
ditions for uncertain linear systems.

5 Minimum type relaxed piecewise Lyapunov

function

Consider now the quadratic piecewise function, with an
extra degree of freedom:

v(x) := min
i,k∈K

{vik(x(t))} and vik(x(t)) = xT (t)Pikx(t),

(18)
with Pik ∈ R

n×n and Pik = Pik
T > 0 for all i, k ∈ K. This

function can give favorable conditions for feasibility with
flexibility.

As considered in (11), (18) is not differentiable for
all x(t) ∈ R

n and then it was defined the set gh(x(t)) =
{g, h ∈ K|Vgh(x(t)) = min

i,k∈K

{vik(x(t)}}, and conditions for

the switching rule given by

σik(t) = min
i,k∈gh(x(t))

ik, (19)

that makes the point x = 0 of (9) a globally asymptotically
stable system. In this case a set Ik was defined as Ik(x) =
{(i, k) : v(x) = xT (t)Pikx(t)} which may have more than
one element and whose function (11) is not differentiable,
i.e. the solution of the minimization to obtain v(x) in (18)
may not be unique.

Theorem 5.1. The switched linear system (1) is globally
asymptotically stable, if there exist symmetric positive de-
fined matrices Pik, negative defined matrices Yjik, scalars
γikjsl ≥ 0 and α ≤ 0, with i, k, j, s, l ∈ K, such that the
following matrix inequalities are satisfied:

AT
j Pik + PikAj +

N
∑

s=1

N
∑

l=1

γikjsl(Psl − Pik)− Yjik < αPik.

(20)
Proof: Considering the piecewise Lyapunov function can-
didate (18). Consider that from (18), v(x(t)) =
min
i,k∈K

{xT (t)Pikx(t)} = xT (t)Pσik
x(t). Therefore, as

proved in (Chen et al., 2012), if v(x(t+)) ≤ vσik
(x(t+))

then v̇(x(t+)) ≤ v̇σik
(x(t+)), because

v̇(x(t)) = lim
t+→t

v(x(t+))− v(x(t))

t+ − t

= lim
t+→t

v(x(t+))− vσik
(x(t))

t+ − t
,

and also

v̇σik
(x(t)) = lim

t+→t

vσik
(x(t+))− vσik

(x(t))

t+ − t
.

As v(x(t+)) ≤ vσik
(x(t+)) it implies that

v̇(x(t)) = lim
t+→t

v(x(t+))− vσik
(x(t))

t+ − t

≤ lim
t+→t

vσik
(x(t+))− vv(x(t))

t+ − t

= v̇σik
(x(t)).

Thus, with α < 0 regarding the decay rate restriction
(Boyd et al., 1994),

v̇(x(t))− αv(x(t)) ≤

v̇σik
(x(t))− αvσik

(x(t)) =

ẋT (t)Pσik
x(t) + xT (t)Pσik

ẋ(t)− αxT (t)Pσik
x(t) ≤

N
∑

j=1

λjx
T (t)(Aj

TPσik
+ Pσik

Aj − αPσik
)x(t). (21)

Based on the structure of (18), it is clear that

xT (t)

N
∑

s=1

N
∑

l=1

γσikjsl(Psl − Pσik
)x(t) ≥ 0 (22)

holds for each σik, s, l, j ∈ K, where γσikjsl ≥ 0 are relax-
ing parameters, and v(x(t+)) ≤ vσik

(x(t+)).
Considering the relaxing parameter γσikjsl

≥ 0, from
(20) and (22) it follows that
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v̇(x(t))− αv(x(t)) ≤

N
∑

j=1

λjx
T (t)

[

Aj
TPσik

+ Pσik
Aj − αPσik

+

N
∑

s=1

N
∑

l=1

γσikjsl
(Psl − Pσik

)

]

x(t)

≤

N
∑

j=1

λjx
T (t)

[

Aj
TPik + PikAj − αPik +

N
∑

s=1

N
∑

l=1

γikjsl(Psl − Pik)− Yjik

]

x(t)

< 0,

and therefore from (3) and (20) for x 6= 0 the proof is
concluded.

Due to the increase of piecewise Lyapunov functions
and consequently the increase of relaxation scalars, this
method gained an extra degree of flexibility since the re-
laxation scalars are free to fit and garantee the inequality.
Verify that the class of BMIs from (20) has been solved
with the path-following method detailed in Appendix A.

6 Numerical Example

In this section an example borrowed from (Deaecto, 2010),
inspired in (Shorten et al., 2007) will show the advantages
of the methods proposed in this paper. Consider the un-
certain linear system (1) with

A1 =

[

0 1
−2 θ

]

and A2 =

[

0 1
−10 φ

]

.

The parameters θ and φ were taken at intervals [−2, 0]
and [−5, 0] respectively, thus obtaining at each variation
a new system to be tested. For each variation it was ap-
plied quadratic stability condition, the Lyapunov-Metzler
stability condition as in Theorem 3.1, the less conserva-
tive modified Lyapunov-Metzler stability condition as in
Theorem 4.1 and the proposed methodology presented in
Theorem 5.1.

−5 −4.5 −4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5
−2

−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

β

α

Figure 1: Feasibility results for: Quadratic Stability
(3), Lyapunov-Metzler stability condition - Theorem 3.1
(o) and less conservative results for modified Lyapunov-
Metzler stability condition - Theorem 4.1 (x).

Figure 1 refers to the modified Lyapunov-Metzler sta-
bility condition advantages based on Theorem 4.1 and
Figure 2 regarding to the proposed methodology stabil-
ity condition advantages presented in Theorem 5.1. All
techniques were resolved by path-following method for a
fairer comparison.

−5 −4.5 −4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5
−2

−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

β

α

Figure 2: Feasibility results for: Quadratic Stability (3),
Lyapunov-Metzler stability condition - Theorem 3.1 (o)
and proposed methodology stability condition - Theorem
5.1 (x).

It can be verified that the results of Theorem 3 show
a greater region of feasibility for the uncertain linear sys-
tems studied, which implies that this method may be less
conservative when compared to the results of the existing
literature. It is not dificult to show that if the conditions
of Theorem 3.1 or 4.1 hold then the conditions of Theorem
5.1 also hold.

7 Conclusion

In this paper a new formulation which reduces the con-
servatism to guarantee stability of time-variant uncertain
linear systems based BMIs was proposed. The contribu-
tion of this work was based on using a minimum relaxed
quadratic piecewise Lyapunov function among which there
is a set of Lyapunov matrices Pik, i.e., a cloud of extra
arrays, increasing the feasibility, which guarantee the sta-
bility whenever it chooses the minimum candidate func-
tion. The developed method was tested with great success
through a classic example to increase the feasibility region
when compared with techniques already established in the
literature as quadratic stability and Lyapunov-Metzler in-
equalities for switched linear uncertain systems.

A The path-following method for solving BMIs

In this appendix we will present the algorithm used
to solve the BMIs (17) or (20) with the path-following
method. According (Chen et al., 2012), the basic idea of
this method consists in solving linearized BMIs restrict-
ing the range of the bilinear terms variables. Due to this
restriction, the linearization second order terms can be
neglected.

Based on the appendix of (Chen et al., 2012), we list
the steps used to solve Theorem’s 5.1 stabilization criteria
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with the path-following method.
Step 1: Let η = 0 and randomly choose γ̂ikjsl > 0.
Step 2: Choose γikjsl = γ̂ikjsl(η) and solve the opti-

mization problem:

min
Pik

α subject to Pik > 0 and (20). (23)

Step 3: For the Pik obtained in the Step 2, solve
the following optimization problem, with the linearized
versions of the inequalities Pik > 0 and (20) around Pik

and γikjsl:

min
∆Pik,δγikjsl

α subject to (25)− (29) : (24)

Pik +∆Pik > 0, i, k ∈ K, (25)

γikjsl + δγikjsl > 0, i, k, j, s, l ∈ K, (26)

[

0.05P 2
ik ∆Pik

∆Pik In

]

> 0, i, k ∈ K, (27)

[

0.05γ2
ikjsl δγikjsl

δγikjsl In

]

> 0, i, k, j, s, l ∈ K, (28)

AT
j (Pik +∆Pik) + (Pik +∆Pik)Aj +

N
∑

s=1

N
∑

l=1

[γikjsl(Psl − Pik)+

γikjsl(∆Psl −∆Pik) + δγikjsl(Psl − Pik)]− Yjik < α(Pik +∆Pik).

(29)

As LMIs (27) and (28) were added to minimize the
disturbance of the variables Pik and γikjsl, the linear ap-
proximation proceeds. Step 4: For the δγikjsl obtained
in the Step 3, increase γ̂ikjsl such that γ̂ikjsl(η + 1) =
γ̂ikjsl(η) + δγikjsl. Then, set η = η + 1 and go back to
Step 2.

Stopping Criterion: The search stops when α < 0
is obtained in Step 2, which means that feasibility with
the method from Theorem 5.1 was found. The search also
stops when α > 0 and α can not be decreased over previous
iterations, which means that feasibility with this method
can not be found with the path-following.

Observation 1. Step 2 and Step 3 can be efficiently
solved with an generalized eigenvalue minimization prob-
lem solver called ”gevp” (Gahinet et al., 1995).
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