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Fortaleza, CE, Brasil

‡Federal University of Campina Grande (UFCG)
Campina Grande, PB, Brasil

Emails: julianaottonelli@outlook.com, david.freitas@pdl.ifmt.edu.br,

hugerles.silva@ee.ufcg.edu.br, rodrigo.coelho@ee.ufcg.edu.br

Abstract— Battery technologies are presented. Then the battery models are classified into three types:
electrochemical, based on electrical circuits and analytical models. A model is chosen for research. The form
of parameter identification is presented. Some points of the discharge curve are required and it is performed
computer simulations in which is found the best degree for polynomial interpolation. It is performed the analysis
of similarities between interpolation and battery model. The results are presented from the analyzes, comparing
the interpolation with the equation proposed by Tremblay (2009). Possible future research on the subject is
presented.
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Resumo— Tecnologias de baterias são apresentadas. Em seguida, os modelos das baterias são classificados
em três tipos: eletroqúımicos, baseados em circuitos elétricos e modelos anaĺıticos. Um modelo é escolhido para
pesquisa. A forma de identificação dos parâmetros é apresentada. Alguns pontos da curva de descarga são
apresentados e simulações são realizadas para determinar o melhor grau de interpolação polinomial. É realizada
a análise de similaridade entre a interpolação e modelo da bateria. Os resultados são apresentados a partir das
análises, comparando a interpolação com a equação proposta por Tremblay (2009). Posśıveis pesquisas futuras
sobre o assunto são apresentadas.

Palavras-chave— Modelos de bateria, Identificação de parâmetros, baterias de chumbo ácido.

1 Introduction

Electricity is currently the most widely used form
of energy in the world. It is present in almost
everything nowadays, being essential to the cur-
rent society. The need on electricity is increasing
and becoming even more important to the pop-
ulation (Leao et al., 2010). In this way, failures
or losses in this kind of energy cannot be toler-
ated, due to its chance to cause enormous damage.
As a result, the use of batteries boosts. Battery
technologies are progressively advancing. These,
dating from the 19th century, created by Alessan-
dro Volta and perfected in 1859 by Gaston Plantê,
are used in the form of battery banks to over-
come these failures and losses during consumption
in the network provided by the companies (Leao
et al., 2010). The most used are:

1.1 Nickel-cadmium

Battery technology that uses chemical elements
which are harmful to the environment and has
been losing sales due to its short life (caused by
memory effect, in which the battery loses some of
its storage capacity during each load).

1.2 Lithium ion

Widely used in electronics and gadgets, due to its
safety. On the other hand, it becomes infeasible
on a large scale considering its expensiveness.

1.3 Lead-acid

This type of battery uses the chemical reaction be-
tween lead and sulfuric acid to generate electricity.
Lead-acid batteries are widely consumed in the
automotive industry, as a source of energy in au-
tomotive vehicles, and also in large-scale systems
such as electric power supply. For these main rea-
sons, the lead-acid battery is the type of battery
to be studied and improved, since it can supply
large-scale faults.

One of the subjects to be studied and im-
proved in the area of lead-acid batteries is their
charge and discharge cycles. Using charge and
discharge cycles, it’s possible to estimate some
electrical characteristics of this battery. In this
way, the battery models try to simulate the ac-
tual operational characteristics and can be used
to predict their behavior under various charging
and discharging cycles.

These models are useful tools for systems that
use batteries because they allow an analysis of
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their behavior in different design specifications.
Battery models are very important for the analy-
sis, since an uncertainty associated with its useful
life affects the cost of the energy generated by that
system and the replacement of a damaged battery
could be carried out before large losses (Bindner
et al., 2005).

The main objective of this paper is to choose
the best polynomial degree to represent the dis-
charge curve of the battery. The choice of the
polynomial degree will be based on the derivative
of the mean square error curve.

2 Battery models classification

There are several models to represent the charge
and discharge of batteries, which we use to define
the reality of what happens during its use and thus
have a forecast of lifetime, SOC (State Of Charge)
and voltage. For this, we classify these models into
three types, with different complexities:

2.1 Electrochemical models

They are models that use, as the name itself
speaks, electrochemical characteristics of the bat-
tery, such as mass transport characteristics, ther-
modynamic, electrical and thermal properties of
the materials used and simulate these with great
detail in a large number of parameters. Therefore,
they are more complex than the other models, and
therefore are more accurate and difficult to imple-
ment (Liaw et al., 2002).

2.2 Based on electrical circuits models

They are based on electrical circuits and take into
account variable loads, capacity rate and thermal
effects of the battery. For this purpose, for exam-
ple, voltage and current sources, resistors, capac-
itors and inductors are used. These models are
considered to be of less complexity than the elec-
trochemical (Jackey, 2007) and (Ceraolo, 2000).

2.3 Analytical models

For these models, which describes the battery in
an abstract way, we use interpolation and extrapo-
lation of data obtained in the field through the ex-
perimental part and in tests of the manufacturer.
In this way, they are considered to be easy to use
in relation to electrochemicals and based on elec-
trical circuits models and can be configured for dif-
ferent battery types, besides having an extremely
lower computational cost than the electrochemi-
cal ones (Schiffer et al., 2007) and (Tremblay and
Dessaint, 2009).

For this study, one of these models was cho-
sen, formulated by (Tremblay and Dessaint, 2009),

Figure 1: Battery charging and discharging sys-
tem by Tremblay et al. (2009), with a voltage
source controlled in series with an internal resis-
tance (Freitas, 2016).

in order to observe the estimation of the dis-
charge of a constant current commercial battery
by means of data interpolations.

3 Battery model

An analytical model was proposed and it can be
used to discharge the battery, which aimed at the
fact that in a battery with nonlinear voltage, that
own voltage would depend exclusively on the bat-
tery charge. Thus, when the battery is fully dis-
charged and there is no current flow, the voltage
approaches 0V (Tremblay and Dessaint, 2009).

Figure 1 represents the behavior of the sys-
tem proposed by (Tremblay and Dessaint, 2009),
where the discharge voltage depends on the cur-
rent applied. In this way, the discharge equation
is given by (1):

v(t) = E0 −K
Q

Q− iT
−Ri + Ae−BiT . (1)

In Equation (1), all variables represented in
lowercase letters, v, i and iT are time dependent.
The parameters and variables used in these two
equations are: v(t) is the battery voltage; E0 is
the internal battery voltage; K is the polarization
constant; Q is the nominal battery capacity; iT
is the actual consumed charge; R is the internal
resistance; i is the discharging and/or charging
current and A and B are constants.

3.1 Parameter estimation

According to (Tremblay and Dessaint, 2009), for
the estimation of the parameters three points of
the discharge curve are required as in Figure 2:
full charge voltage Vfull, voltage at the end of the
exponential zone Vexp and the nominal voltage at
the final decay of the discharge curve Vnom. The
above image was taken from (Freitas, 2016) and
(Freitas et al., 2015).
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Figure 2: Representation of a characteristic dis-
charge of a battery with three points proposed by
Tremblay model to obtain the parameters (Fre-
itas, 2016).

After the established voltage values the next
step is to propose three points in the battery dis-
charge curve. These points must be chosen from
a constant current and multiplied by the time in
each desired zone. As shown in Figure 2, the first
point is obtained at the beginning of the decay
curve where time is zero because it is the start of
current application for the discharge of the bat-
tery, so the initial charge will always be zero. In
the same way, the exponential time texp at the end
of the exponential zone is estimated and multi-
plied by the constant current of the battery, thus
establishing the exponential load Qexp. Finally,
the nominal time tnom resulting from the final de-
cay of the discharge curve is estimated.

After the established voltage values the next
step is to propose three points in the battery dis-
charge curve. These points must be chosen from
a constant current and multiplied by the time in
each desired zone. As shown in Figure 2, the first
point is obtained at the beginning of the decay
curve where time is zero because it is the start of
current application for the discharge of the bat-
tery, so the initial charge will always be zero. In
the same way, the exponential time texp at the end
of the exponential zone is estimated and multi-
plied by the constant current of the battery, thus
establishing the exponential load Qexp. Finally,
the nominal time tnom resulting from the final de-
cay of the discharge curve is estimated.

According to Tremblay et al. (2009), the pa-
rameters A, B, K and E0 are obtained by the
following equations:

A = Vfull − Vexp (2)

B =
3

Qexp
(3)

K =
(Vfull − Vnom + A(e−BQnom − 1))(Q−Qnom)

Qnom

(4)

E0 = Vfull + K + Ri−A (5)

In Equations (2) to (5) the parameters and
variables used in these two equations are: A is the
amplitude of the exponential zone; Vfull is the fully
charged battery voltage; Vexp is the voltage of the
battery just after the exponential zone; B is the
inverse time charge constant of the exponential
zone; Qexp is the capacity of the battery after the
exponential zone; K is the polarization voltage,
Vnom is the battery voltage just after the nominal
zone; Qnom is the capacity of the battery after the
nominal zone; E0 is the constant voltage of the
battery; R is the internal resistance of the battery
and i is the battery current.

4 Parametrization and polynomial
interpolation and results

Using a computer simulation software, the data
estimation analysis was performed from the dis-
charge curve shown in Figure 3, at the constant
current of 2.5A. As proposed by (Tremblay and
Dessaint, 2009), the voltage depends on the sup-
plied current, and it influences the discharge time
of the battery.

Figure 3: Commercial battery discharge curve
used at constant current of 2.5A.

According to the equation, three points of
the discharge curve are required to calculate the
parameters. For this, different nominal voltages
Vnom were used, with time t of 10, 11 and 12
hours. The curve points for the three different
times P310, P311 and P312 were defined as shown
in Tables 1 and 2.

The parameters were defined as presented in
Table 3 and calculated according to the values for
the three points of P3.

Note that there is a large divergence between
the curves estimated by the parameters with the
change in Vnom, as shown in Figure 4. Thus, by
analyzing the three discharge curves and compar-
ing with the original curve of the commercial bat-
tery, the nominal voltage at 10 hours is closer to
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Table 1: Values of the parameters at the points of
the discharge curve used.

Parameters Values
Vfull 12.8V
Vexp 12.6V

Vnom10 11.8V
Vnom11 11.7V
Vnom12 11.4V
Qfull 36Ah
Qexp 1.25Ah

Qnom10 25Ah
Qnom11 27.5Ah
Qnom12 30Ah

Table 2: Values of the points of the discharge
curve used.

Points Values
P1 (0Ah, 12,8V)
P2 (1.25Ah, 12.5V)
P310 (25Ah, 11.8V)
P311 (27.5Ah, 11.7V)
P312 (30Ah, 11.4V)

the voltage presented by the commercial battery,
as shown in more detail in Figure 5. MSE will
be calculated next and compared with the error
given by the polynomial approximation.

Figure 4: Comparison between the curves esti-
mated by the parameters and the original dis-
charge curve of the commercial battery.

With these data already established from the
real curve of Figure 3, the interpolation between
twenty five different polynomial degrees was per-
formed, as shown in Figure 6 (MSE is presented
for each polynomial degree). The Lagrange poly-
nomial, presented in Equation (6), was taken as
the basis for the purpose of defining and indicat-
ing, among the interpolated curves, the one that
best fits the estimation of the discharge curve.

Table 3: Values of the points of the discharge
curve used

Parameters Values
A 0.2V
B 2.4Ah−1

K 10 hours 0.2640V
E0 10 hours 12.8885V
K 11 hours 0.1854V
E0 11 hours 12.8099V
K 12 hours 0.12V
E0 12 hours 12.7445V

Figure 5: Battery discharge curve with estimated
Vnom parameter equal to the voltage in 10 hours.

v(j) =

n∑
j=0

p(j + 1)t(j)n−(j+1) (6)

In equation (6), the parameters and variables
used in this equation are: j is the polynomial vari-
ation of time; v(j) is the time-dependent interpo-
lation voltage; p is the polynomial; t(j) is the dis-
charge time of the battery and n is the polynomial
degree.

Figure 6: MSE for each polynomial degree.

The continuous curve obtained through the
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discrete points of Figure 6 is shown in Figure 7.

Figure 7: Continuous-time interpolated MSE
curve.

The method to choose the polynomial degree
used is based on the derivative of the curve es-
tablished from the curve of Figure 7. When the
derivative module becomes smaller than 0.004 or,
in other words,

df(n)

dn
=

df(EMQ)

dn
< 0.004. (7)

The MSE is calculated according to Equa-
tion (8).

MSE(j) =
1

n

n∑
j=1

[v(j) − x(j)] (8)

In equation (8), the parameters and variables
used in this equation are: MSE(j) is the Mean
Square Error; v(j) is the interpolation voltage and
x(j) is the voltage of the battery discharge curve.

The derivative of the curve of Fig. 7 becomes
smaller than 0.004 when the degree of the poly-
nomial is seven with the MSE of 0.001109. All
simulations were performed in a computer system
with 1.70 GHz Intel Core i3 processor using a 64bit
operating system.

The following table shows the difference be-
tween the two methods: Tremblay et al (2009) and
7th interpolation. The MSE of the method using
interpolation is 50 times smaller than the method
proposed by Tremblay et al (2009), however, its
processing time is about 80 times greater.

Table 4: Comparative MSE values between two
methods.

Method MSE Processing Time
Tremblay (2009) 0.05851 0.000045s
Interpolation 7th 0.00110 0.003977s

5 Conclusion

The choice of the third point was made for 10
hours due to the proximity of the discharge curves

that were observed. In the same way, but also con-
sidering the processing time, the polynomial de-
gree was chosen for the polynomial interpolation,
and thus it was possible to compare the curves.
By comparing Table IV, the processing time and
the mean square error, it can be stated that the
curve obtained with the 7th degree interpolation
was more efficient than the equations defined by
Tremblay et al. (2009), but it has the processing
time greater than the curve of the equation, which
implies computational costs. A possible future re-
search will be to compare other battery discharge
models, such as the proposed by Tremblay (2009)
and Jackey (2007).
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