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∗Departamento de Engenharia de Computação e Automação - DCA
Programa de Pós-Graduação em Engenharia Elétrica e de Computação - PPgEEC

Universidade Federal do Rio Grande do Norte - UFRN
Campus Universitário, CEP. 59078-900, Natal-RN, Brazil

Emails: ichihara@dca.ufrn.br, cetdorea@dca.ufrn.br, samuel@dca.ufrn.br

Abstract— In this paper, a stochastic algorithm called Coupled Simulated Annealing (CSA) is used to develop
a Nonlinear Model Predictive Control (NMPC) strategy that can deal with model parameter uncertainties. The
adopted approach consists in formulating the NMPC as an optimization problem and using CSA to search for
the solution. The computation of the control input is performed in two steps: first, based on past states and
inputs data, CSA is used to minimize the states prediction error over the set of model parameters. The model
is then updated and CSA is used to minimize a cost function over the predicted states and inputs. Simulation
results show the effectiveness of the proposed controller for a model of highly nonlinear reactor with parametric
uncertainties.

Keywords— Nonlinear model predictive control (NMPC), Coupled simulated annealing (CSA), Adaptive
strategy, Processes Control.

1 Introduction

Model Predictive Control (MPC) is a model-based
control technique that predicts the behavior of the
process over some future time interval. An op-
timal sequence of control actions is determined
based on these model predictions by minimizing
an objective function (Camacho and Alba, 2007).
In order to make accurate predictions, the process
model needs to be fairly accurate and the opti-
mization algorithm should be efficient. In many
cases, the dynamics of the system is higly nonlin-
ear, so the optimization problem often becomes
nonconvex, which is usually harder to solve than
convex optimization problems. Moreover, most
physical systems is subject to parametric uncer-
tainties or unmeasurable parameters, which must
be accounted for in the computation of the con-
trol law, since mismatch between the process and
model may degrade the performance of MPC.

The problem of adaptive MPC is still open
and has received very little attention as reported
recently in Mayne (2014). Adaptive schemes de-
veloped for nonlinear systems are even fewer and
more challenging. Adetola et al. (2009) devel-
oped a technique, for parameter affine systems,
that combines a parameter adjustment mechanism
with robust MPC algorithms, ensuring the non-
increase of the estimation error. Aswani et al.
(2013) presented a learning-based model predic-
tive control (LBMPC) scheme for robust, adap-
tive MPC. The developed technique uses two lin-
ear models of the system. The first is an approx-
imate model with bounds on its uncertainty used
to provide robustness to poor model updates. The
second is an updated model identified by statisti-
cal methods used to improve performance. Wang
et al. (2014) presented an adaptive nonlinear MPC

algorithm based on accurate online support vec-
tor regression (AOSVR). The accuracy of exist-
ing SVR model with respect to the new sample is
evaluated before it is used to provide predictions.
However, the model is only updated if the new
sample is accurate enough to represent the pro-
cess dynamics at current operating point. Finally,
a nonlinear optimization problem is solved to yield
control sequence and new samples for model up-
dating.

When dealing with highly nonlinear systems,
another important issue to consider in nonlin-
ear MPC (NMPC) is the optimization algorithm.
Gradient based deterministic methods such as
Sequential Quadratic Programming (SQP) have
been widely used to solve nonconvex optimiza-
tion problems. However, gradient based methods
may not provide the global optimum for a mul-
timodal function, giving poor solutions. In con-
trast, stochastic optimization algorithms such as
Genetic Algorithms (GAs), Simulated Annealing
(SA) and Particle Swarm Optimization (PSO) are
gradient independent techniques that are suitable
for constrained, nonlinear optimization problems
mainly due to their global perspective.

Some approaches that use stochastic opti-
mization to solve NMPC problems can be found
in the literature, such as Aggelogiannaki and
Sarimveis (2007), Onnen et al. (1997), Sarimveis
and Bafas (2003), Venkateswarlu and Reddy
(2008), Yousuf et al. (2010) and Yuzgec et al.
(2006). These works have shown the superior per-
formance of stochastic optimization based NMPC
over linear MPC and NMPC based on SQP in
terms of global optimality, control accuracy and
computational costs. One common limitation of
these methods is that they are often suitable only
for processes with slow dynamics. The main rea-
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son is that due to the numerical complexity of
these optimization methods they may be unable
to deliver the solution before the next time step
for problems with high dimension. Nevertheless,
the literature has shown that a SA-based stochas-
tic optimizer requires much less computational ef-
fort than SQP as shown in Li et al. (2000) and
Venkateswarlu and Reddy (2008). There is also
an indication that these methods only enjoy their
full capabilities if the optimization algorithm is de-
signed properly for the specific application. This
is mainly due to the lack of robustness associated
with initialization parameters, since the choice
for such parameters affects the ability to find the
global optimum.

This paper presents an adaptive NMPC
scheme based on a stochastic optimization al-
gorithm named Coupled Simulated Annealing
(CSA). The information shared through the cou-
pling in CSA reduces the influence of the initial-
ization parameters. The adopted approach con-
sists in formulating the NMPC as an optimization
problem and CSA is used to search the solution.
Futhermore, CSA is also adopted to deal with
model uncertainties by minimizing a cost func-
tion that represents the states prediction error.
Differently to other adaptive NMPC approaches,
no particular structure is assumed for the system
model.

The motivation of this approach is to present
a method that can (a) be free of problem reformu-
lation or model approximation, making the tech-
nique portable as it is easier to apply in differents
problems, (b) reduce the computational burden
due to the inherent parallelism of CSA, allowing
the use in faster applications (c) update the sys-
tem model with a simple strategy that can even
allow the use in time-variant systems.

The rest of this paper is organized as follows.
Section 2 presents the problem formulation. Sec-
tion 3 briefly describes CSA and summarizes their
main properties. In Section 4, simulation results
are provided. Conclusions are given in Section 5.

2 Problem Formulation

In this section, we discuss the design of a NMPC
controller using CSA to update the nonlinear
model of the process over a specified model update
horizon and to calculate the sequence of future
control actions over a specified control horizon.

2.1 NMPC: General Principles

MPC algorithms are based on the following prin-
ciples (Camacho and Alba, 2007):

• Use of an explicit process model to predict
the future outputs of the process over a finite
time period called prediction horizon;

• Calculation of a control sequence that mini-
mizes an objective function;

• Receding horizon strategy: only the first ele-
ment of the control sequence is applied to the
plant, the horizon is moved one step forward
and the calculation is repeated.

In this paper, we consider a continuous-time
nonlinear model as follows{

ẋ(t) = f(x(t), u(t), θ)

y(t) = g(x(t), u(t))
, (1)

where f(.) and g(.) are nonlinear functions, x(t)
is the state vector, u(t) is the input vector, y(t) is
the output vector, and θ is a vector of parameters
in which each element corresponds to a param-
eter in the model. NMPC requires the compu-
tation of the future states predicted by the model
(1). This procedure is performed numerically and,
therefore, samples of state, input and output vari-
ables, x(kTs), u(kTs) and y(kTs), respectively, are
used, with Ts being a fixed sampling period and
k an integer value. Moreover, it is assumed that
all state variables are measurable. The purpose of
NMPC is to minimize the error between the pro-
cess outputs and the output reference signals by
applying control signals to the process. The qual-
ity of the control can be evaluated at each time
step, k, by a performance index in the form of an
objective function such as the following quadratic
function:

J =

Hp∑
i=1

[ŷ(k + i) − r(k + i)]T Q [ŷ(k + i) − r(k + i)]

+

Hc∑
i=1

∆u(k + i− 1)TR∆u(k + i− 1),

(2)

in which Hp is the prediction horizon, i.e., time
in the future up to which the output is predicted
using the model; Hc is the control horizon, that
directly determines the dimension of the optimiza-
tion problem; Q and R are symmetric positive def-
inite weighting matrices that penalize the track-
ing error and control effort, respectively; ŷ(k+ i),
i = 1, . . . ,Hp, are the future process outputs pre-
dicted by the model; r(k + i), i = 1, . . . ,Hp, are
the output references; u(k + i), i = 0, . . . ,Hc − 1,
are the future control signals calculated by an
optimization technique, e.g., CSA in this case,
in which only the first input is actually applied
to the system (receding horizon technique); and
∆ is the difference operator, i.e., ∆u(k + i) =
u(k + i) − u(k + i − 1). If there are no distur-
bances or modeling errors, the predicted process
output is exactly equal to the actual process out-
put. However, parametric uncertainties on the
system structure often exist and may degrade the
performance of the controller. Therefore, it is de-
sirable that the NMPC algorithm use some mech-
anism to update the model parameters as shown
in next subsection.
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2.2 Model Update

In order to deal with uncertain parameters in the
model, CSA is used to compute the parameter vec-
tor θ̃ which minimizes the mismatch between the
measured states and those predicted by the model.
The optimal parameters are calculated by solving
an optimization problem for each time step over a
model update horizon d. The cost function of the
update problem, P , is given by:

P =

d∑
i=1

n∑
j=1

[x̃j(k − d+ i)− xj(k − d+ i)]
2
, (3)

in which d is the model update horizon; n is the
number of state variables; x(k−d+i), i = 1, . . . , d
are the last d measured states of the process ob-
tained from the last d control signals u(k−d+i−1),
i = 1, . . . , d; and x̃(k − d+ i), i = 1, . . . , d are the
states predicted by the process model over the
horizon d based on past states and inputs data.
Thus, to obtain x̃(k−d+1), we consider the state
x(k − d) and the control signal u(k − d) as ini-
tial conditions. Each one of the remaining states,
x̃(k − d + i), i = 2, . . . , d, is obtained starting
from the last predicted state, x̃(k − d + i − 1),
i = 2, . . . , d, applying the actual control signal,
u(k − d + i − 1), i = 2, . . . , d, that was applied
to the process. Hence, this procedure for updat-
ing the model parameters must start after at least
d+ 1 process measuremants, since these measures
are used to obtain the d states x̃ and to evaluate
the cost function P .

A set of solutions can be used to initialize the
algorithm, since the CSA considers several SA op-
timizers running simultaneously. Thus, the vector
θ̃(k − 1), initially filled with the nominal values
of model parameters, is used to initialize the first
SA optimizer. The others optimizers are initial-
ized by vectors that are variations around θ̃(k−1),
obtained through a normal distribution. With this
approach, a greater exploration is made in the
cost function and, therefore, better solutions are
always sought without affecting the optimization
time. The optimal vector, θ̃(k), is then used to
update the model parameters at each time step.
This updated model is then used for the compu-
tation of control inputs (see Section 2.3). As a
result, the controller uses a process model that
captures the actual system behavior over time.

2.3 Computation of the Control Input

The proposed method formulates NMPC as an op-
timization problem and CSA is used to find the
vector of solutions that minimizes (2). Therefore,
the solution at each instant k is represented by:

∆U∗(k) = [∆u(k), . . . ,∆u(k +Hc − 1)]
T
. (4)

In the preceding equation, the first element,
∆u(k), is used to obtain the control signal to be

applied in the process, making u(k) = u(k − 1) +
∆u(k). The others Hc − 1 elements are reused
to initialize the optimization at next time instant
k + 1, as given in:

∆Uk+1
initial =

[
∆uk2 , . . . ,∆u

k
Hc−1,∆u

k
Hc−1

]T
, (5)

where ∆uki , i = 2, . . . ,Hc are the Hc− 1 elements
of ∆U∗(k). The last two elements of (5) are equal,
since it is necessary to keep the solutions vector
size with Hc elements. As in the model update
procedure, a set of solutions can be used to ini-
tialize the optimization algorithm. In this way,
the first SA optimizer is initialized with the solu-
tion given by (5), while the others optimizers are
initialized by vectors that are a variation of the
first one. Once again, these vectors are obtainted
through a normal distribution.

The prediction of future states is done as fol-
lows: x̂(k + 1) is the result of applying the in-
put signal u(k) starting from x(k). The predicted
states x̂(k+ i), i = 2, . . . ,Hp, are the result of ap-
plying the input signal u(k+ i), i = 1, . . . ,Hp − 1
starting from x̂(k + i − 1), i = 2, . . . ,Hp. We
consider that the control input does not change
beyond control horizon, i.e., u(k+ i) = u(k+Hc)
for Hc ≤ i < Hp.

3 Coupled Simulated Annealing

Xavier-De-Souza et al. (2010) developed a
stochastic algorithm that benefits from parallelism
called Coupled Simulated Annealing (CSA). The
method consists basically in a group of Simulated
Annealing (SA) optimizers coupled to each other
by a term in the acceptability probability func-
tion. This coupling creates a cooperative behav-
ior through the exchange of information that helps
deciding on the acceptance of movements based on
the current solutions of all the optimizers.

In CSA, the procedures of generation and
evaluation of the possible solutions are controlled
by two temperatures: the generation temperature
T and the acceptance temperature T ac. The first
is used to generate new solutions and is responsi-
ble for the degree of similarity between the prob-
ing solutions (in vicinity) and the current solution,
that is, high values of T imply wide distributions
of solutions. The latter has influence on the ac-
ceptance probabilities of optimizers. In CSA, this
probability is a scalar function satisfying

0 ≤ AΘ(γ, xi → yi) ≤ 1, (6)

for every xi ∈ Θ, yi ∈ Ω, and Θ ⊂ Ω, with Ω de-
noting the space of solutions, Θ denoting the set of
current solutions, xi and yi being the current and
probing states, respectively, with i = 1, . . . ,m and
m being the number of elements in Θ. Finally, γ
is the coupling term, which is a function of energy
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of the elements in Θ ≡ {xi}mi=1,

γ = f [E(x1), E(x2), . . . , E(xm)] . (7)

The algorithm accepts each probing solution
yi, with probability 1 if E(yi) ≤ E(xi), otherwise
xi := yi only if AΘ > r, where r is a random vari-
able sampled from a uniform distribution [0, 1].
Then, the acceptance probability function is cho-
sen as follows

AΘ(γ, xi → yi) =

exp

(
E(xi)−max

xi∈Θ
(E(xi))

Tac

)
γ

, (8)

where the couplig term γ is given by

γ =
∑
∀x∈Θ

exp

E(x)− max
xi∈Θ

(E(xi))

T ac

 . (9)

The coupling term also reduces the influ-
ence of initialization and choice of the param-
eters through control of the variance of accep-
tance probabilities using the acceptance tempera-
ture T ac. The control of the probability variance
prevents that optimizers with similar solutions be
restricted to look for very similar solutions. When
this case is checked, the temperature is increased
and the optimizers tend to spread again in the
search space. A simple control can then be for-
mulated as follows

ifσ2 < σ2
D, T

ac = T ac(1− α),

ifσ2 > σ2
D, T

ac = T ac(1 + α),
(10)

where σ2
D is the desired variance value and α is

the rate for the increase or decrease of temper-
ature, tipically in the range of (0, 0.1]. In or-
der to control probability variance, it is neces-
sary to find the threshold measure that is the best
for the algorithm. Xavier-De-Souza et al. (2010)
showed experimentally for different cost functions
that the optimization performance improves with
σ2
D around 99% of its maximum value. There-

fore, although CSA introduces two new parame-
ters, α and σ2

D, these have a well-defined oper-
ating range and are much less dependent on the
optimization problem. In addition, with variance
control the initial acceptance temperature can as-
sume any value. This is very important because
initializing the parameters in the original SA af-
fects the ability to find the optimal global. The
complete algorithm with the variance control can
be found in Xavier-De-Souza et al. (2010).

4 Simulation Results

In this section, simulation results are provided
to demonstrate the performance of the proposed
NMPC based on the CSA approach. The routines
were implemented in MATLAB R2013a applying

the NMPC proposed technique in a model of a
highly nonlinear reactor taken from Arslan et al.
(2004). The Continuous Stirred Tank Reactor is
a process widely found in Chemical and Biochem-
ical Engineering. The following set of nonlinear
differential equations describe the process:

ẋ1 = −x1 +Dar(x1, x2)− (xf − 1), (11)

ẋ2 = −x2 +BDar(x1, x2) + β(u− x2), (12)

y = x2, (13)

r(x1, x2) = (1− x1)exp

[
x2

1 + x2

φ

]
, (14)

where x1, x2, u and xf are reagent conversion,
the dimensionless temperature (output), the di-
mensionless coolant temperature (input) and di-
mensionless feed concentration respectively. The
nominal values for the parameters in the preced-
ing equations are Da = 0.072, B = 8, β = 0.3,
xf = 1 and φ = 20. One can notice that this sys-
tem could not be treated by the adaptive NMPC
approaches of Adetola et al. (2009) and Aswani
et al. (2013).

The simulations were performed for a series
of setpoints changes between 0.8860, 2.762 and
4.705 during 40 min with a maximum interval be-
tween each sample of 6 s. The experiments were
performed using a prediction horizon Hp = 6,
control horizon Hc = 3, update horizon d = 5,
and the weighting matrices Q and R are chosen
equal to the identity matrix, I, and 0.01I, respec-
tively. The initial conditions were x1(0) = 0.1440,
x2(0) = y(0) = 0.8860 and u(0) = 0. In the case of
CSA, the parameters were initialized with accep-
tance temperature T ac = 0.01; generation temper-
ature T = 0.01 in the first iteration and T = 0.1
for the others iterations; the desired variance was
σ2
D = 0.99; the rate for the increase or decrease

temperature was α = 0.05; the maximum number
of cost function evaluations was 1000 in the first
iteration and 300 for the others. The number of
function evaluations is divided for each optimizer
in the CSA. The number of SA optimizers consid-
ered in the CSA was 4 for the strategy of model
updating and 5 for the computation of the control
signal. As mentioned in Sections 2.2 and 2.3, the
vector of model parameters θ̃ and vector of solu-
tions ∆U are initialized with the nominal values
of the parameters and zeros, respectively.

The future process outputs predicted by the
model were obtained using the ode45 solver of
MATLAB. This function was also used to obtain x̃
of the model update strategy and also to generate
the process output, y, since the proposed method
was simulated in the computer. However, the
plant parameters were considered different from
those of the model and their nominal values were
Da = 0.05, B = 8.4, β = 0.6, xf = 0.4 and
φ = 22.

XIII Simpósio Brasileiro de Automação Inteligente

Porto Alegre – RS, 1o – 4 de Outubro de 2017

1272



The control results of the proposed approach
are shown in Figs. 1, 2 and 3. The methodol-
ogy without updating the model was also used to
compare the performance. The model update ap-
proach results in superior tracking performance as
shown in Fig. 1, but more control effort is spent
to eliminate the tracking error as shown in Fig.
2. In contrast, without model update the control
effort is smaller, but the error is much larger. The
steady-state offset error presented in this case can
be attributed to the plant-model parameters mis-
matches.
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Figure 1: Output responses for multiple changes
in temperature setpoint with model update strat-
egy (blue) and without updating strategy (red).

0 5 10 15 20 25 30 35 40
−10

−5

0

5

10

15

Time (min)

C
on

tr
ol

 S
ig

na
ls

 

 
no model update
model update

Figure 2: Control signals with model update
(blue) and no model update (red).

The plots in Fig. 3 show the behavior of the
estimated model parameters updated throughout
the simulation. It can be observed that the model
parameters do not necessarily converge to those of
the plant. Nevertheless, it was possible to achieve
zero steady-state error wich is the goal of the
adaptive scheme. The average time spent by CSA
to perform the model update and then compute
the next control signal was 2.55 s, which is within
the sampling period of 6 s. In the case where the
model was not updated this time was 1.39 s.

In order to quantitatively evaluate the per-
formance of the controllers we used three perfor-
mance indexes presented in Burnham and James
(1993). The first index measures the control effort
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Figure 3: Dynamical behavior of model parame-
ters during simulation (blue) and the actual values
of the parameters (red).

used to achieve the desired response and is given
by:

ε1 =
∑
|u(k)|/N, (15)

where N is the number of control signals applied
to the process and u(k) is the sequence of control
input. The second index represents the variance
of the actuators and is given by:

ε2 =
∑

(u(k)− ε1)2/N. (16)

The third index is the deviation of the pro-
cess output in terms of the integral absolute error
(IAE) and is given by:

ε3 =
∑
|r(k)− y(k)|/N. (17)

These indexes are combined into a single per-
formance measure ε given by:

ε = α1ε1 + α2ε2 + α3ε3, (18)

where α1, α2 and α3 are the weighting factors re-
flecting the importance attributed to control ef-
fort, the use of actuators and product quality, re-
spectively. These weighting factors were chosen as
α1 = 0.15, α2 = 0.05 and α3 = 0.8. The latter
had a greater weight due to the relevance of refer-
ence deviation. Table 1 presents the performance
indexes for the simulations presented in this Sec-
tion.

Table 1: Performance indexes
NMPC based on CSA ε1 ε2 ε3 ε

with model update 5.0922 10.1091 0.0825 1.3353
without model update 4.8536 8.5574 0.2454 1.3522

Table 1 shows that the nonlinear predictive
controller based on CSA presents a better perfor-
mance in aspect of a smaller tracking error (ε3)
when the model update strategy is used. How-
ever, a greater energy is spent (ε1) and a greater
use of the actuators (ε2) is demanded with the up-
dating of the model. The indexes reflects what is
presented in Figs. 1 and 2.
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5 Conclusion

This paper presented a NMPC approach based
on Coupled Simulated Annealing optimization
(CSA). The proposed approach uses CSA to
search the global optimal control solutions to solve
NMPC problem. Moreover, this optimization
technique is also used for online adjustments of the
nonlinear model parameters to improve the sys-
tem performance when parametric uncertainties
are present. In both optimization problems, sev-
eral SA optimizers are used in a cooperative way
to search for the global optimum solution. The
entire procedure is performed with the nonlinear
model and does not require any kind of problem
reformulation or model approximations. As a re-
sult, the technique proposed in this paper is com-
pletely portable, which means that it can be easily
applied in other nonlinear systems. In addition,
there is no great effort to initialize the optimizer
parameters, since CSA is less sensitive to param-
eter initialization, that is, the method does not
need to be tightly adjusted to suit specific appli-
cation.

To emphazise the usefulness of proposed con-
troller, we applied it to the model of a highly
nonlinear process. The simulation results showed
the effectiveness and characteristics of the strategy
considering mismatch between model and process.
Although the method proposed has been applied
for a system with slow dynamics, the inherent
parallelism of CSA should allow real-time appli-
cations for processes with faster dynamics. This
is the target of our ongoing research.
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