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Abstract— The main objective of this work is to develop and evaluate a mechanism of updating a population
in the SPEA2 algorithm. Usually, the SPEA2 uses the traditional operators from genetic algorithms. We
propose an adaptive approach that chooses between genetic algorithms, differential evolution, and particle swarm
optimization to perform the task of updating the population during the execution. Benchmarks functions, such
as ZDT1, ZDT2, ZDT3, Schaffer 1, Schaffer 2, and Fonseca & Flaming have demonstrated that the adaptive
approach presents better results than each one of the algorithms used in a separate way. Furthermore, an ANOVA
test proved that the differences between the adaptive algorithms and the other ones are meaningful, especially
in the functions ZDT1, ZDT2, ZDT3, and Fonseca & Flaming that work with many variables.
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1 Introduction

Since 1993 many multiobjective Pareto-based ap-
proaches have been proposed, e.g., Multiobjective
Genetic Algorithm (MOGA) (Fonseca and Flem-
ing, 1993), Non-dominated Sorting Genetic Algo-
rithm (NSGA) (Srinivas and Deb, 1994), Strenght
Pareto Evolutionary Algorithm (SPEA) (Zitzler
and Thiele, 1998) , Pareto Archived Evolution
Strategy (PAES) (Knowles and Corne, 1999),
NSGA-II (Deb et al., 2000), SPEA2 (Zitzler et al.,
2001), etc. Between those approaches and despite
its age, the SPEA2 has presented good results in
several fields of applications such as reinsurance
optimization (Wang et al., 2015), water distribu-
tion (Meng et al., 2016), and placement of capac-
itor banks (Onaka et al., 2016).

Regardless the applications, improvements on
multiobjective algorithms have played an impor-
tant role as hardware evolves and, consequently,
more complex problems have been tackled by
those new architectures. However, as everybody
knows, there is no free lunch, i.e., a new algorithm
that is good for solving a particular problem might
be not so good for another one, because different
algorithms explore and exploit the search space
differently.

In this context, this work proposes an im-
provement of the SPEA2 algorithm adding an
adaptive strategy that select between three ap-
proaches: genetic algorithms (GA), differential
evolution (DE), and Particle Swarm Optimization
(PSO) to update the population in execution time.
Adding the adaptive capability, we try to improve
the ability to explore and exploiting the search

space. In other words, adding the adaptive strat-
egy, we seek to improve the capacity of the algo-
rithm on solving a wider range of problems.

Adaptive and self-adaptive algorithms have
been applied, mostly, to discover the best com-
bination of parameters during the execution of
an evolutionary/swarm algorithm. For instance,
Förster et al. (2007) use an ant colony algorithm
that adapts his parameters while solving the prob-
lem of allocation in vehicle networks; Huang et al.
(2016) apply an adaptive approach of the genetic
operators probabilities in solving a flexible job
shop scheduling problem; Carvalho et al. (2016)
choose between four crossover and three mutation
operators while solving single-objective bench-
mark functions; Yang et al. (2016) can change
both the probabilities of the genetic operators and
the order in which they are executed, adaptively.
Regarding the SPEA2, Zhao et al. (2016) proposes
a set of different crossovers and mutation, includ-
ing a differential evolution approach. At the best
of our knowledge, there are no other works dealing
with adaptation os SPEA2 in execution time.

This papers is divided as follows: Section 2
shows the fundamentals of the multiobjective
problems; Section 3 presents the SPEA2 algorithm
and our proposal for selecting different ways of
updating the population; Section 4 illustrates the
experiments and discusses the results; finally, Sec-
tion 5 presents the conclusions of this work.

2 Multiobjective Basics

A multiobjective optimization problem has to
deal with two or more conflicting objective func-
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tions (Deb, 2001) at the same time. These func-
tions must be in conflict in order to build a
Pareto frontier, where there are no solutions bet-
ter than others; otherwise, the answer to the
problem would be only one point in the search
space (Cortes et al., 2014).

Assumption: a solution to a multiobjective
problem is a vector in a search space X with m el-
ements; thus, a function f : X → Y evaluates the
quality of a solution mapping it into an objective
space.

Definition 1: a multi-objective problem is de-
fined as Equation 1, in which f is a vector of objec-
tive functions, m is the dimension of the problem
and n represents the number of objective func-
tions.

Max y = f(x) = (f1(x1, ..., xm), ..., fn(x1, ..., xm))
(1)

Definition 2: a solution belongs to a Pareto fron-
tier if given two vectors x, x∗ ∈ < and x 6= x∗,
x dominates x∗ (denoted by x � x∗), fi(x) is
not worse than fi(x∗),∀ i, and ∃ at least one i
where fi(x) > fi(x∗) in maximization cases and
fi(x) < fi(x∗) otherwise.

In other words, a solution x is Pareto optimal
if there is no solution that dominates x, i.e., x is a
non-dominated solution. Mathematically, assum-
ing a set of non-dominated solutions ℘, a Pareto
frontier(pf) is represented as pf = {fi(x) ∈ R|x ∈
℘}.

3 SPEA2

The SPEA2 is a sophisticated multiobjective algo-
rithm proposed by Zitzler et al. (2001). In order to
save memory, the size of the archive containing the
Pareto set is narrowed, and it is always filled up
whether there are enough non-dominated points
or not (Wang et al., 2015). Figure 1 outlines how
the SPEA2 works.

As other meta-heuristics, the SPEA2 starts
initializing an empty archive of size n and a ran-
dom population for k objective functions (k ≥ 2).
Then the first Pareto front is assigned to the vari-
able archive based on the initial population. Af-
ter that, a combination of the population and the
archive is assigned to Rt. Afterwards, the algo-
rithm computes the s vector using Equation 2 ,
which is how many solutions i dominates in Rt.

s(i) = |{j|j ∈ Rt ∧ i � j}| (2)

The next step is to obtain the raw vector,
which stores the strengths of each dominator as
presented in Equation 3, i.e., if a solution i is
dominated by solutions j1, j2 and j3, its raw
would be raw = s[j1] + s[j2] + s[j3]. As a conse-
quence, we can claim that all non-dominated so-

archive size← input size(n)
archive← ∅
pop← init population(funk, pop size, dim)
archive← non dominated sol(pop)
for (i=1 to max iterations) do

Rt← mix(pop, archive)
s← compute s(Rt)
raw ← compute raw(s)
d← compute density(Rt)
fitness← raw + d
indexes← (fitness < 1)
archive tmp← Rt[indexes, ]
if (len(indexes) == archive size) then

archive← archive tmp
else if (len(indexes) < archive size) then

archive← archive tmp
archive← fill(Rt, fitness)

else
archive← clustering(archive tmp)

end if
pop← gen operators(pop)

end for

Figure 1: SPEA2

lutions present raw = 0, and a high raw[i] value
means to be dominated by many individuals.

raw(i) =
∑

j∈Rt,j≺i
s(j) (3)

Although the raw fitness assignment provides
a sort of niching mechanism based on the concept
of Pareto dominance, it may fail when most indi-
viduals do not dominate each other (Cortes et al.,
2014). Therefore, additional density information
is incorporated to discriminate between individ-
uals having identical raw fitness values (Zitzler
et al., 2001) as shown in Equation 4, where σ
is the distance to the kth individual, where the
population has been ordered by their euclidean
distance. Usually, k is calculated according to
k = |

√
pop size|.

d(i) =
1

σk
i + 2

(4)

Thus, the final Rt fitness is equivalent to
fitness = raw + d. Being d < 1 and raw = 0
in all non-dominated solutions, therefore all non-
dominated solutions will present fitness < 1.
The statement indexes ← (fitness < 1) is a log-
ical indexing of the fitness vector that returns all
indexes satisfies the condition, i.e., who belongs
to the temporary Pareto frontier (archive tmp).
Hence, to fill up the archive three cases are taken
into account:

1. If the size of the temporary archive is the
same as the original archive, then the tem-
porary archive replaces the original one
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prob← [0.333, 0.333, 0.333]
cumulative← cumsum(prob)
Chose one algorithm(prob)
while (stop criterion not reached) do

SPEA2
if (new front dominates previous front )

then
if (alg == ”AG”) then

prob[1]← prob[1] + 0.01
prob[2]← prob[3]← prob[]− 0.005

else if (alg == ”DE”) then
prob[2]← prob[2] + 0.01
prob[1]← prob[3]← prob[]− 0.005

else
prob[3]← prob[3] + 0.01
prob[1]← prob[2]← prob[]− 0.005

end if
end if
Choose one algorithm(prob)

end while

Figure 2: Selecting algorithm pseudo-code

2. If the temporary archive is less than original
one then it is completed with dominated so-
lutions in an ascending order

3. If the algorithm provides more non-
dominated solutions than the archive
capacity, all non-dominated solutions are
clustered; then, the closer individuals are
eliminated, maintaining the diversity within
the archive.

Finally, the population undergoes genetic op-
erators, aiming to search for new non-dominated
solutions. Normally, these operators are crossover
and mutation, i.e., the same ones originated from
genetic algorithms can be applied.

3.1 Adaptive SPEA2

Our proposal lies in the fact that updating the
population of the SPEA2 using other algorithms
can lead to a better exploration and exploitation
of the search space. Moreover, being adaptive we
also increase the range of problems that the algo-
rithm can solve without further modifications.

The idea of the adaptive algorithm is to
choose between DE, GA and PSO for modifying
the population in execution time. The selection
of the algorithm to perform the modifications is
stochastic and uniformly distributed in the begin-
ning (33,3% for each one). As iterations go on and
better Pareto frontiers are created, the probabil-
ity of choosing the algorithm that generates the
new front increases. Figure 2 illustrates how the
adaptive process works.

As we can notice, the algorithm to change the
population is selected almost randomly in the be-
ginning. Then, as generations increase, the prob-

ability of one algorithm being selected tends to
increase as well, whereas the probability of the
other ones decreases. It is important to notice
that for this particular algorithm, the new Pareto
frontier dominates the old one, if more than 50%
of the solutions from the new front dominates the
old one.

4 Experiments

All tests have been conducted in a i5 processor
with 2.7 GHz and 6 GB of RAM. The algorithms
are compared using the metric hypervolme as de-
picted in Equation 5, which represents the area
that the Pareto frontier dominates. Consequently,
the bigger the hypervolume, the better the result.
Also, tests were performed using 31 trials due to
the central-limit theorem, which claims that if the
number of samples is bigger than 30 the distri-
bution of an independent variable tends to be a
normal distribution (Baron, 2013), consequently
it is possible to perform parametric tests such as
Analysis of Variance (ANOVA). Thus, the hyper-
volume in next tables represents the mean of the
31 executions.

hv = volume(

|Q|⋃
i=1

vi) (5)

The experiments were performed using mul-
tiobjective benchmark functions presented in Ta-
ble 1, in which we can see the name, the function,
the domain of each gene, and the number of genes
also known as dimension. For all experiments the
archive stores 50 solutions in the Pareto frontier.

The GA, DE, and PSO algorithms use the fol-
lowing parameters:

• GA: pc = 0.8, pm = 0.2;

• DE: F = 1.0, DE/best/01;

• PSO: c1 = c2 = 2.0, w = 0.9.

Table 2 presents the hypervolume (HV) dis-
covered by the adaptive SPEA2 compared against
the real one (Real HV). As we can notice, the
Pareto frontier found by the adaptive SPEA2 is
very close to the real one. Unfortunatelly, Schaf-
fer and Fonseca & Fleming do not provide the real
frontier.

Figure 3 shows how the Pareto frontier of the
adaptive SPEA2 fits into the actual Pareto for
functions ZDT1, ZDT2, and ZDT3, respectively.
As we can observe, the adaptive algorithm find
solutions over the real Pareto frontier; hence, the
bigger the archive, the better the match. Unfor-
tunately, Schaffers and Fosenca & Flaming do not
provide the actual Pareto frontier.

Table 3 compares the average HV of the adap-
tive SPEA2 against each algorithm used to update
the population. Furthermore, the table presents
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Table 1: Multiobjective Benchmark Functions
Name Function Domain Dimension

ZDT1
f1 = X1

[0,1] 30g(x) = 1 + 9
n−1

∑n
i=2 xi

f2 = g ∗ (1−
√

f1
g )

ZDT2
f1 = x1

[0,1] 30g(x) = 1 + 9
n−1 ∗ (

∑n
i=2 xi)

f2 = g(x) ∗ [1.0− ( x1

g(x) )
2]

ZDT3
f1 = X1

[0,1] 30f2(x) = g(x)[1−
√
x1/g(x)− x1/g(x) sin(10πx1)]

g(x) = 1 + 9/(n− 1)(
∑n

i=2 xi)

Schaffer 1
f1(x) = x2

[-5,10] 1
f2(x) = (x− 2)

2

Schaffer 2 f1(x) =


−x, if x <= 1
x− 2, if 1 < x <= 3
4− x, if 3 < x <= 4
x− 4, if x > 4

[-5,10] 1

Fonseca and Fleming
f1(x) = 1− exp (−

∑n
i=1(xi − 1/

√
n)2)

[-4,4]
3

f2(x) = 1− exp (−
∑n

i=1(xi + 1/
√
n)2)

Table 2: Hipervolume: adaptive and actual ones
Func. Real HV HV Err
ZDT1 120.6574 120.6339 0.0235
ZDT2 120.3244 120.3013 0.0231
ZDT3 128.7736 128.6130 0.1606

Schaffer 1 - 118.0132 -
Schaffer 2 - 118.9087 -

Fon. and Flem. - 117.8563 -

a comparison against a completely random algo-
rithms for choosing the updating mechanism. As
we can observe, the adaptive SPEA2 presents bet-
ter results than the others approaches for ZDT1,
ZDT2, ZDT3, Schaffer 1, Schaffer 2, and Fonseca
& Flaming, excepting in Fonseca & Flaming using
PSO as an algorithm to modify the population.

Table 4 shows the resume of an ANOVA test
comparing the results of all strategies together
with a significance of α = 0.05, considering as null
hypothesis that means that are the same. The
Fcritic value represents the boundaries in which
the significance is meaningful, i.e., values outside
[−2.68017, 2.68017] represents meaningful differ-
ences. Thus, taking the ANOVA results into ac-
count, we can notice that the differences between
the adaptive SPEA2 and the other approaches
are meaningful for functions ZDT1, ZDT2, ZDT3,
and Fonseca & Flaming, probably because Schaf-
fer functions use only one variable for their dimen-
sions.

5 Conclusions

This paper presented an adaptive strategy for up-
dating the population on SPEA2. The proposed
approach outperformed the GA, DE and PSO

Table 3: Differences between the HV of GA, PSO,
DE, and Adaptive

Func. Adaptive GA Diff.
ZDT1 120.6339 120.3308 0.3032
ZDT2 120.3013 119.6625 0.6387
ZDT3 128.6130 128.5973 0.0157

Schaffer 1 118.0132 117.8449 0.1683
Schaffer 2 118.9087 118.7018 0.2068

Fon. & Flem. 117.8563 111.0085 6.8479

Func. Adaptive DE Diff.
ZDT1 120.6334 120.4430 0.1909
ZDT2 120.3013 119.7607 0.5406
ZDT3 128.6130 128.3936 0.2194

Schaffer 1 118.0133 117.9862 0.0271
Schaffer 2 118.9087 118.7554 0.1533

Fon. & Flem. 117.8563 108.6346 9.2217
Func. Adaptive PSO Diff.

ZDT1 120.6334 120.3089 0.3251
ZDT2 120.3013 119.8063 0.4950
ZDT3 128.6130 128.5804 0.0326

Schaffer 1 118.0132 117.9315 0.0817
Schaffer 2 118.9087 118.8609 0.0478

Fon. & Flem. 117.8563 118.6718 -0.8155

Table 4: ANOVA comparing the HV of GA, PSO,
DE, and Adaptive

Func. F p-value Fcritic

ZDT1 23.6953 4.1e-12

2.68017

ZDT2 19.6462 1.99e-10
ZDT3 2.7239 0.0473

Schaffer 1 1.3406 0.2645
Schaffer 2 1.2920 0.2803

Fon. & Flem. 213.1465 6.74e-48
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Figure 3: Comparison of the adaptive SPEA2 on
the actual Pareto front for ZDT1, ZDT2, and
ZDT3

strategies in ZDT, Schaffer, and Fonseca & Flam-
ing functions, excepting in the Fonseca & Flaming
using the PSO that presented better hypervolume
than the adaptive approach.

Future work includes: parallel versions of the
adaptive algorithms considering cooperative and
competitive approaches, the use of fuzzy to control
the selection mechanism, and testing the adaptive
strategy in solving real-world multiobjective prob-
lems.
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