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Abstract— This paper addresses the problem of designing a strategy for a differential drive soccer robot. The
objective is to develop an efficient attacker, that is capable of scoring goals in two ways: pushing the ball and
“kicking” it. The robot should also avoid obstacles, i.e., the opponent’s robots and the ones from our team.
Since the system is underactuated and nonlinear, we can not use a classical control approach, and trajectory
optimization led to good results in this case. We also show simulation results that validate the proposed approach.
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1 Introduction

The Very Small Size (VSS) competition is a
robotic soccer where two teams with three au-
tonomous mobile robots each compete (7th Latin
American IEEE Student Robotics Competition,
2008). Each robot is constrained to fit inside a
cube of side 7.5 cm, thus differential drive robots
are typically used. All robots’ poses are obtained
through a vision system which includes an over-
head camera. Moreover, computationally inten-
sive algorithms, including computer vision, deci-
sion making and motion planning, run in a central
computer.

To score a goal, a VSS attacker should be
able to quickly move throughout the field while
avoiding other players. This paper describes an
trajectory planning approach for a VSS attacker
that considers the full nonlinear and underactu-
ated dynamics of the robot, while reasoning about
the constraints involved. Therefore, the resulting
trajectories usually consist of very aggressive ma-
neuvers that takes the robot’s performance close
to its hardware’s limit.

This research is part of the ITAndroids VSS
team’s development effort. ITAndroids is the
robotics competitions group from Aeronautics In-
stitute of Technology (ITA). Our VSS robots may
be seen in Figure 1.

Figure 1: ITAndroids’ VSS team of robots.

The algorithm here presented is intended to

be used during actual soccer games, but only for
dead ball situations, where enough time is present
to make an elaborate plan. Furthermore, note
that this computation will be carried out in the
central computer, so we are not restricted by the
processing power embedded in the robots. Hence,
nonlinear trajectory optimization (Betts, 1998) is
suitable.

Trajectory optimization for planning highly
dynamic motions for robots has been an active
topic of research in the last years. This tech-
nique has been recently used for a humanoid
robot (Dai et al., 2014), an unmanned aerial vehi-
cle (Barry, 2016) and even differential drive ones
(Yunt and Glocker, 2005).

Using the state-of-the-art nonlinear optimiza-
tion solver SNOPT (Gill et al., 2005), we were
able to achieve reasonable processing times for
dead ball situations. Nevertheless, real-time per-
formance is currently out of reach and an ac-
tual robotic soccer implementation still requires a
faster motion planner for moving ball situations,
when real-time replanning is needed. Fast mo-
tion planning techniques (e.g. RRT (Bruce and
Veloso, 2002)) may be more adequate for these
fast evolving cases, but if optimization-based mo-
tion planning for real-time replanning in this do-
main is feasible is a question that certainly worth
investigating. Additionally, to compensate for im-
perfect modeling and state estimation, executing
the planned trajectory in a real robot will require
a feedback controller, which may be designed as
shown in (Maximo, 2015).

The paper is organized as follows. Section 2
models the robot dynamics. Section 3 presents
trajectory optimization. Sections 4 and 5 present
the how the trajectory optimization was framed
in this project for getting to a goal inside the field
and scoring a goal, respectively. Section 6 shows
results obtained in simulation. Finally, Section 7
concludes and shares our ideas for future work.
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2 Modeling

A differential drive robot is clearly underactu-
ated (Tedrake, 2016), since it is unable to walk
sideways. Its capabilities are only to walk for-
ward, rotate around its axis or do both at same
time. A general dynamical model for differential
drive robots has been proposed by (Dhaouadi and
Hatab, 2013). Figure 2 pictures both the local and
global frames used by the model equations based
on (Dhaouadi and Hatab, 2013). R is the radius
of the wheel, Iw the wheel’s inertia moment, d is
the distance between the center of mass and the
axis that connect both the wheels, L is the half-
distance between the wheels, ϕr and ϕl are the
angles of the left and the right wheel, τr and τl are
the torques applied to the right and left wheels, I
the moment of inertia of the robot with respect to
the center of mass, m the mass of the robot and
mc the mass of the robot minus the mass of the
wheels and actuators:

Hd

[
ϕ̈r

ϕ̈l

]
+ Cd

[
ϕ̇r

ϕ̇l

]
= I2

[
τR
τL

]
(1)

where:

Hd =

[
Iw + R2

4L2 (mL2 + I) R2

4L2 (mL2 − I)
R2

4L2 (mL2 − I) Iw + R2

4L2 (mL2 + I)

]
(2)

Cd =

[
0 R2

2Lmcdθ̇

−R2

2Lmcdθ̇ 0

]
(3)

and In denotes the identity matrix of size n. More-
over, from (Dhaouadi and Hatab, 2013), we have
the following kinematics relations:ẋẏ

θ̇

 =

R
2 cosθ

R
2 cosθ

R
2 sinθ

R
2 sinθ

R
2L − R

2L


︸ ︷︷ ︸

Hk

[
ϕ̇r

ϕ̇l

]
(4)

Then, if we take the derivative of Eq. 4, we
can incorporate all the equations in a single sec-
ond order system. However, in order to guarantee

Figure 2: Local and global coordinates

that the Eq. 4 is valid at all times, besides en-
suring that its derivative holds, we also impose
that at t = 0 the kinematics relations are valid
(Eq. 9). Hence, we can define the state vector
q = [x y θ ϕr ϕl]

T and rewrite the full dynamics in
the standard manipulator form, with u = [τr τl]

T :

H(q)q̈ + C(q, q̇) = B(q)u (5)

where:

H(q) =

[
I3 −Hk

02×3 Hd

]
(6)

C(q, q̇) =


R
2 θ̇sinθϕ̇r + R

2 θ̇sinθϕ̇l

−R
2 θ̇cosθϕ̇r − R

2 θ̇cosθϕ̇l

0
R
2Lmcdθ̇ϕ̇l

− R
2Lmcdθ̇ϕ̇r

 (7)

B(q) =

[
03×2

I2

]
(8)

with the following initial conditions:ẋ(0)
ẏ(0)

θ̇(0)

 =

R
2 cosθ

R
2 cosθ

R
2 sinθ

R
2 sinθ

R
2L − R

2L

[ϕ̇r(0)
ϕ̇l(0)

]
(9)

In the equations above, the notation 0m×n

refers to a null matrix of size m × n. Adding the
motor dynamics is also important for creating a
model that represents the real robot. As described
in (Okuyama et al., 2015), we can neglect the cur-
rent dynamics, because it is much faster than the
mechanical dynamics, considering the motors used
by ITAndroids’ VSS team. Hence, we have the fol-
lowing equations for the motor:

Resi = V −Kϕ̇
τtotal = τwheel + τmotor = Ki

τmotor = Imϕ̈+ bϕ̇

τwheel =
KV

Res
−
(
K2

Res
+ b

)
ϕ̇− Imϕ̈

(10)

Res represents the electrical resistance of the
motor, i is the electrical current, V is the voltage
in the motor’s terminals, τtotal is the total torque
generated by the actuator, τmotor is the torque lost
in motor viscous friction and motor inertia, τwheel

is the torque applied to the wheel as in Eq. 1, ϕ̇
is the angular velocity, K is the torque constant,
Im is the moment of inertia of the motor and b
is the viscous friction. In order to add the motor
dynamics we only need to substitute the torque
inputs by voltage inputs using Eq. 10. We also
took into account the gear ratio, which was incor-
porated in the motor constants. The resulting H,
C and B matrices are:

H(q) =

[
I3 −Hk

02×3 Hd + ImI2

]
(11)
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C(q, q̇) =


R
2 θ̇sinθϕ̇r + R

2 θ̇sinθϕ̇l

−R
2 θ̇cosθϕ̇r − R

2 θ̇cosθϕ̇l

0
R
2Lmcdθ̇ϕ̇l + ( K2

Res
+ b)ϕ̇r

− R
2Lmcdθ̇ϕ̇r + ( K2

Res
+ b)ϕ̇l

 (12)

B(q) =

[
02×3
K
Res

I2

]
(13)

3 Trajectory Optimization

In order to score the goal, we needed to find a
policy that would, from a initial state, indicate
what the inputs should be taken in order to ac-
complish this task. For approaching this problem,
we have chosen a technique known as Trajectory
Optimization (Betts, 1998). The formal definition
of this problem is given by Eq. 14.

minimize
x

J(x)

subject to constraints g(x) ≤ b
(14)

In Eq. 14, x is the vector of decision vari-
ables, J is known as cost function and g is the
vector function that imposes constraints to the
system. In Trajectory Optimization, one funda-
mental constraint is the dynamics of the system,
i.e. the decision variables that represent the state
of the system must follow the dynamics of the sys-
tem.

There are some reasons for using Trajectory
Optimization in this problem: note that we are
not looking for a solution for all the initial states,
we need only a trajectory for the robot’s current
state. Besides that, we know how to write all the
constraints of the problem. The computational
cost should also scale for this kind of problem.

Unfortunately, we cannot write this problem
as a convex optimization, since the dynamics are
non-linear and some constraints are non-convex
as we will show. This leads to some drawbacks of
non-convex optimization: we have no guarantees
of finding global minimum and we cannot guar-
antee that the problem is actually infeasible even
when the solver says so (Alpert et al., 2008). This
is an important issue of this technique, however,
it is not a major concern, since if the robot fails
to score the goal, it does not necessarily condemn
its performance at the game.

Since in this work different planning objec-
tives are discussed (such as kicking and conducting
the ball), only the constraints common to all the
problems will be defined in subsection 3.2, how-
ever the cost functions and additional constraints
are specific for each problem and will be defined
in Secs. 4 and 5.

3.1 Decision variables

Defining xi = [qT
i q̇T

i ]T and ui = [Vr,i, Vl,i]
T

as
the state and the input of the robot, respectively,

at the time step i and ∆ti as the time between
instants i−1 and i, we can formulate the problem
with the following decision variables:

∆ti, i = 1, ..., N − 1

xi, i = 1, ..., N

ui, i = 1, ..., N − 1

(15)

3.2 Constraints

In this subsection, we will talk about the con-
straints used for all the objectives. Some con-
straints are specific to some objectives and will
be presented in the next sections. Initially, there
are constraints in the time steps and the dynamic
constraints:

0 ≤ ∆ti ≤ ∆tmax, i = 1, .., N

Tmin ≤
N−1∑
k=1

∆tk ≤ Tmax

xi = f(xi−1,ui−1,∆ti−1), i = 1, ..., N

(16)

Notice that in Eq. 16, function f is a result of
the first order Euler Integration of the dynamics
constraints. Some constraint limit the maximum
step size of the optimization in order to obtain
higher integration accuracy. Some constraints en-
force that the robot was inside the field and that
the input voltages were limited by the battery
voltage:

xmin ≤ xi ≤ xmax

ymin ≤ yi ≤ ymax

−Vmax ≤ Vr,i ≤ Vmax

−Vmax ≤ Vl,i ≤ Vmax

(17)

Some constraints were also added in order to
avoid the obstacles. In our model, we have con-
sidered only obstacles that move in a straight line
with constant velocity. We consider that we know
their initial position and velocity. These con-
straints indicate that the robot has to avoid the
obstacle j at time step i are written as:

(xi − (xobsinit,j + vx,j

i∑
k=1

∆tk))2+

(yi − (yobsinit,j + vy,j

i∑
k=1

∆tk))2 ≥

(Rrobot +Robstacle +Rsafety)2,∀i, j

(18)

Where vx,j and vy,j are respectively the ve-
locities of the obstacle j in the directions x and y.
Similarly, xobsinit,j and yobsinit,j are the initial x
and y coordinates of the obstacle j, respectively.
Rrobot and Robstacle are the radius of the robot
and the obstacle, and Rsafety is a safety margin
to avoid collision due to imperfect modeling and
state estimation.
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4 Go to Goal Controller

Before actually accomplishing the objective of
scoring a goal, a first step was developing con-
trollers that could make the robot go from a initial
state to a predefined final state while avoiding the
obstacles. For testing purposes, we defined the fi-
nal state as being the origin and then added the
constraints in Eq. 19.

xN = yN = ẋN = ẏN = ωN = 0

tan θN = tan(θdesired)
(19)

In Eq. 19, the first two constraints represent
that the robot should reach the desired position
at the last time step and the third states that
it must have a predefined orientation at the last
time step. Notice that the function tan states that
any θ that distances an integer multiple of π from
θdesired would satisfy the equation. This allows
behaviors like turning and reaching the state back-
wards. This explores the robot symmetry, which
means it does not actually matter if they reach a
state frontwards or backwards. For this controller,
two approaches were made: fixed time step and
variable time step.

4.1 Identical Time Step

For the identical time step approach, the time
spent between two consecutive instants in the op-
timization (∆t = ∆tk = ∆tj , ∀k, j = 1, ..., N),
but the value of ∆t was not fixed. The cost func-
tion used for this controller is given by Eq. 20.
This cost function aims to make the robot stay
close to the origin, by penalizing the distance from
there, while also penalizing large control inputs,
which leads to less oscillatory trajectories.

J =

N∑
i=1

x2i + y2i + k(V 2
r,i−1 + V 2

l,i−1) (20)

4.2 Variable Time Step

The controller design procedure in this section was
very similar to the one in the previous section.
The main difference is the objective, which is now
represented by Eq. 21 and the time steps were
not fixed anymore, only a maximum total time
was set.

J =

N−1∑
k=1

∆tk (21)

5 Scoring a goal

5.1 Kicking the ball

For kicking the ball, the basic strategy is to con-
strain that, at the instant N, the player will reach
the ball and will be pointing to the goal. We would

also desire that it happens within a small time in-
terval and that the robot reaches the ball with a
high speed. Then, we developed a cost function
represented in Eq. 22. The constant k balances
the punishment for taking a long time for reaching
the ball and the reward by having a high speed to
hit it. The constant vmin establishes a minimal
velocity for the robot when kicking the ball.

J =

N−1∑
k=1

∆tk − k(ẋ2N + ẏ2N ) (22)

tan θN =
ygoal − yball
xgoal − xball

xN = xBall, yN = yBall

ẋ2N + ẏ2N ≥ v2min, ẋN > 0

(23)

We can also add some constraints to ensure
that there will be a free path for the ball towards
the goal, by verifying if the distance of the ball to-
wards the moving obstacles is greater then a fixed
amount. The collision was modelled as perfectly
elastic, thus, assuming that the ball is initially in
rest, the velocity of the ball, after the collision is
given by Eq. 24.

vball =
2mrobot

mrobot +mball
vrobot,before collision (24)

Then, let d be the distance from the ball to the
goal. The time the ball will take to reach the goal
is d/vball. Since the velocity of the robot while
reaching the ball will be no less than vmin, we can
calculate vmin,ball and then, for a given d calculate
the maximum time that the ball will need to reach
the goal, then add the constraints in Eq. 25, in
which M = 1, 2, ..., ceiling(d/(vmin,ballT )).

(xball + vball,xMT − (xobsinit,j + vx,j(

N−1∑
k=1

∆tk +MT )))2+

(yball + vball,yMT − (yobsinit,j + vy,j(

N−1∑
k=1

∆tk +MT )))2 ≥

(Rball +Robstacle)
2

(25)

5.2 Pushing the ball

Another common way of scoring a goal in this
game is pushing the ball in the direction of the
goal. For the purpose of doing this with only one
trajectory optimization, we need to add two con-
straints to the problem. First, the position of the
robot should be the same as the ball position in
some time index. Second, the robot should lie in-
side the goal area in the final time step. As we
wish to do this as fast as possible, we use the cost
function of Eq. 21. The constraints are respec-
tively in Eq. 26.

xN/2 = xBall, yN/2 = yBall

−Lgoal

2
≤ yN ≤

Lgoal

2
, xN =

Lfield

2

(26)
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Table 1: Robot parameters
m 0.3 kg Imotor 4× 10−5 kg m2

mw 0.011 kg b 5× 10−4 N s
R 0.03 m Ic 3× 10−4 kg m2

L 0.0375 m Im 2.5× 10−6 kg m2

Res 4.5 Ω Vmax 7 V
mc 0.2780 kg k 0.0659 N m A−1

Iw 5× 10−6 kg m2 I 4.1× 10−4 kg m2

d 0 m

In Eq. 26, Lfield and Lgoal are respectively
the length of the field and the length of the goal.

6 Results

In order to validate our approach, we used a sim-
ulator with the dynamics described in 2 imple-
mented in MATLAB and Drake (Tedrake, 2014)
as a tool to implement the optimization. To sim-
ulate the robot, we used the parameters values
described in Table 1. We used N = 100 as the
number of waypoints of the Trajectory Optimiza-
tion, Tmin = 0 s and Tmax = 10 s.

Figures 3, 4 and 5 show respectively the go
to goal, kicking the ball and pushing the ball ac-
tions. The green color depicts the orientation of
the robot at each time step, that was planned by
the optimization. The red lines shows the previ-
ous positions of the obstacles.

One can see that in fact the planned trajec-
tory succeeds in avoiding the obstacles and in
achieving the targeted state. In the case of the go
to goal controller, the desired state is to be still
at the origin with angle of 90◦. For kicking the
ball, the parameter k in the cost function was set
to 0.1. Figure 6 presents the velocity of the robot
and the voltage inputs over time for the pushing
the ball case. The input saturation indicates that
the controller is using all the hardware potential.

6.1 Practical Considerations

There were some practical issues when doing the
Trajectory Optimization. One of them is the fact
that the constraint consistency is only checked in
the instants t[n] =

∑n−1
k=1 ∆tk. This means that

the robot can collide with the obstacles between
the time steps. This problem was solved by adding
the Rsafety distance and limiting the maximum
time step to 50 ms. This makes the robot safe
even if the distance constraints are not always true
between the optimization waypoints.

The solver had a major impact on the results.
Initially, MATLAB’s fmincon was used and took
a long time (usually more than one minute) to
solve even the simplest objectives and returned
infeasible with more complicated ones. Then, we
switched to SNOPT, which was able to solve prob-

lems that returned unfeasible when using fmincon,
taking only a few seconds to solve them.

7 Conclusion and Future Works

We can conclude that this approach led to very
satisfactory results with relatively simple problem
formulation, modeling and implementation.

One key point of this work is that not only
the modeling is important, but also having a good
optimization solver. On non-linear optimization,
the performance of the solvers can vary drastically.
Another challenge is developing an efficient way
to run the navigation when the solver fails to find
a solution. One possible idea for that is using
potential field to navigate the robot until it finds
a feasible solution.

The main contribution of this paper is show-
ing that it is possible to obtain very aggressive
trajectories for differential drive robots in envi-
ronments with moving obstacles by the use of
optimization techniques and considering the dy-
namics. The results obtained in this work have
shown very realistic and optimized behavior for
the robots. In future works, the performance
of this technique could also be evaluated on real
robots, in order to validate both the technique and
the model used. Moreover, issues such as robust-
ness to state estimation and model errors, such as
the ones due to friction, must be better evaluated.
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Figure 3: Go to goal with minimum time.

Figure 4: Kicking ball.

Figure 5: Pushing ball to goal.
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