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São José dos Campos, SP, Brazil

†Electronic Engineering Division, Aeronautics Institute of Technology
Praça Marechal Eduardo Gomes, 50, Vila das Acácias, 12228-900
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Abstract— This paper presents the application of the stochastic filtering techniques known as Extended
Kalman Filter and Uscented Kalman Filter in the tracking and state estimation of differential drive robots. This
work presents and describes these algorithms, the stochastic modeling for this specific problem, the results from
implementation using real robot’s data and performance evaluation from simulations.
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1 Introduction

Mobile robotics is a rich and growing field in mod-
ern technology. Recently, it has been achieving
huge technical advancements and at the same time
finding several interesting applications from mili-
tary to domestic scenarios. A key element in the
robotics field is the movement tracking and the
state estimation of robot agents throughout the
environment. As can be seen in some recent so-
phisticated robots, these tasks play an essential
role in the development of advanced autonomous
machines.

One particular class of mobile robots is the
differential drive robots, which can be widely seen
in several applications due to its hardware sim-
plicity and versatility. In this way, an interesting
challenge involving these robots is the IEEE Very
Small Size competition. VSS is a soccer based
challenge with autonomous robots with maximum
dimensions of 7.5cmx7.5cmx7.5cm. Each team
has three robots in the field and is allowed to have
a camera fixed above it and also develop a vision
system. Most of the processing occur in a exter-
nal computer which communicates with the agents
using wireless interface.

This work is based on our recent efforts for the
development of a tracking system for the ITAn-
droids’ VSS team. ITAndroids is a robotics re-
search group at Technological Institute of Aero-
nautics which was refounded in mid-2011 after
some few years of inactivity. The group par-
ticipates in several national and international
competitions. In particular, ITAndroids’ VSS
team has participated in the 2014 and 2015 edi-
tions of the Latin American Robotics Competi-
tion (LARC) and Brazilian Robotics Competition
(CBR), which happen as one single event, achiev-
ing the 4th place in the latest edition.

Tracking is a particularly important task con-
cerning not only the VSS challenge but many
other applications. Finding the motion of an ob-
ject can be useful in navigation, video surveil-
lance, satellite control, missile guidance etc. We
have experienced a great progress in the proba-
bilistic approach ()(S. Thrun and Fox, 2005) and
(Brookner, 1998)) using Bayesian filtering to deal
with tracking. Many problems can be cast into
the problem of estimating the state of a dynamic
system from discrete noisy measurements. There-
fore, the standard formulation includes the state
space and discrete-time approach (Arulampalam
et al., 2001), using the world famous non-linear
Gaussian filters (EKF and UKF) and the non-
parametric Particle Filter. In addition to the po-
sition estimation, in several situations, it is also
necessary to extract the velocity estimates from
the measurement of the position alone. For exam-
ple, one can mention some feedback control mod-
els and trajectory planning algorithms which de-
mand an optimal velocity estimation. Some for-
mulations of these bayesian filters aims to solve
this issue, as can be seen in (Palumbo et al., 2010)
and in (Bruno and Pavlov, 2004).

Therefore, the purpose of this paper is to
present the application of the Extended Kalman
Filter, Uscented Kalman Filter and the linear
Kalman filter in the described VSS tracking prob-
lem, as well as assessing its performance based on
the Root Mean Square Error (RMSE) calculated
for several simulations and also applying it to real
data. In this work, Section 1 gives a presentation
and an overview of the subject, Section 2 describes
the mentioned techniques introducing the corre-
spondent algorithms and Section 3 provides the
stochastic model of the differential drive robots
in the tracking problem. Section 4 describes the
procedure used in the covariance calibration pro-
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cess. Section 5 presents some implementation re-
sults using the vision data from a real robot and
also some simulation tests. Finally, in Section 6
we can see the main conclusions and final consid-
erations.

2 Probabilistic Localization

In the state-space and discrete time approach to
the tracking problem, we represent the robot’s
pose at time k ∈ Z by its state vector xk ∈ Rn.
From a probabilistic formulation, we define its
state as a vector of random variables, and for rep-
resenting its state uncertainty we are interested in
the probability density function (pdf) of xk.

In order to use the concept of bayesian fil-
tering, two models are needed (Arulampalam
et al., 2001). A model describing the dynamic
evolution of the state, called the movement model,
represented in equation (1), and a second model
relating the noisy measurement to the state, called
the measurement model, represented in equation
(2).

xk = f(xk−1,uk−1,wk−1) (1)

zk = h(xk,vk) (2)

In equation (1), f is the propagation function,
uk is the vector of control commands and wk is the
process associated random perturbations. Mean-
while, in equation (2), h is the function that trans-
forms the state space into the observation space,
with an associated random noise vk. We shall con-
sider that wk and vk are independent and have
null mean and covariance matrices Qk and Rk,
respectively. The estimate of xk will be denoted
by x̂k|k and its covariance matrix by Pk|k.

Given these models, the Bayesian approach
aims to construct the posterior state distribution
function p(xk|z1:k) given all the current measure-
ments up to k. In the next subsections, brief re-
views of two famous techniques widely used in the
attempt to construct such distribution are pre-
sented. They are both non-linear extensions of
the well known Kalman Filter, which provides the
optimal estimator in the case in which the equa-
tions (1) and (2) are linear and the noises and
the initial distribution are Gaussian and mutually
independent.

2.1 Extended Kalman Filter

The Extended Kalman Filter (EKF) extends the
original Kalman Filter by linearizing the models
given by equations (1) and (2) around the current
estimate. The extended Kalman Filter, despite
the non-linearities, still assumes that the state
probability function is Gaussian, even though that
is not true in general for non-linear functions. The

Extended Kalman Filter, in contrast with the lin-
ear one, may not be optimal and may produce un-
desirable results for highly non-linear functions.

For smooth non-linear functions, in which the
linearization gives a good local approximation of
the function, the Extended Kalman Filter usu-
ally has good performance. Equations (3) to (6)
show precisely how the linearization is performed.
The complete EKF algorithm is presented in Al-
gorithm 1.

Fk =
∂fk(x,uk−1,w)

∂x
|w=0
x=xk−1|k−1

(3)

Lk =
∂fk(x,uk−1,w)

∂w
|w=0
x=xk−1|k−1

(4)

Hk =
∂hk(x,v)

∂x
|v=0
x=xk|k−1

(5)

Mk =
∂hk(x,v)

∂v
|v=0
x=xk|k−1

(6)

Algorithm 1 EKF

Initialization
x̂0|0 = x̂0

P0|0 = P0

for k ← 1 to N do

Prediction Step
x̂k|k−1 ← fk(x̂k−1|k−1,uk−1,0)

Fk ← ∂fk
∂x |x=x̂k−1|k−1

Lk ← ∂fk
∂w |x=x̂k−1|k−1

Pk|k−1 ← FkPk−1|k−1F
T
k + LkQkL

T
k

Filtering Step
Hk ← ∂hk

∂x |x=x̂k|k−1

Mk ← ∂hk

∂v |x=x̂k|k−1

Sk ← HkPk|k−1H
T
k + MkRkL

T
k

Kk ← Pk|k−1H
T
k S
−1
k

x̂k|k ← x̂k|k−1 + Kk(zk − h(x̂k|k−1))
Pk|k ← (I−KkHk)Pk|k−1

end for

2.2 Unscented Kalman Filter

The EKF may perform poorly when the predic-
tion and observation functions are highly nonlin-
ear. The Unscented Kalman Filter (UKF) uses a
deterministic sampling technique, known as the
unscented transform (UT). This method better
approximates the posterior’s true mean and co-
variance (Julier and Uhlmann, 2004). Therefore,
the UKF often provides better estimate than the
EKF with similar computational cost. Addition-
ally, the UKF does not require Jacobians com-
putations, which may be a hard task for very
complex models. The UT carefully picks samples
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(called sigma points) around the mean and prop-
agate them through the nonlinear function, from
which the mean and covariance of the estimate
are computed. Algorithm 2 shows a pseudocode
for the UKF, where the sigma points are selected
using the function DrawSigmaPoints, presented in
Algorithm 3.

In the function DrawSigmaPoints, α and β
are constants, where α determines the spread of
the sigma points around the mean and is usually
set to a small value (we use α = 10−3) and β =
2 is the optimal value for gaussian distributions.
Moreover, λ = α2 (n+ κ), where κ is an auxiliary
constant usually set to 0. The notation

√
P means

the square-root matrix of P, i.e. the matrix F such
as FFT = P. The square-root of a matrix may
be computed using the Cholesky decomposition.
Moreover, F:,i is the i-th column of the matrix F.

Algorithm 2 Unscented Kalman Filter

Initialization
x̂0|0 = x̂0

P0|0 = P0

for k = 1, . . . , N do
Prediction

xa =
[
x̂Tk−1|k−1 0Tm

]T
Pa = diag(Pk−1|k−1,Mk)
[χ, ωm, ωc] = DrawSigmaPoints(xa,Pa)
for i = 0, . . . , 2n do

χ
(i)
k|k−1 = fk(χ

(i)
x , εk−1,χ

(i)
w )

end for
x̂k|k−1 =

∑2n
i=0 w

(i)
m χ

(i)
k|k−1

Pk|k−1 =
∑2n
i=0

{
w

(i)
c

(
χ

(i)
k|k−1 − xk|k−1

)
×(

χ
(i)
k|k−1 − xk|k−1

)T}
Filtering

xa =
[
x̂Tk|k−1 0Tr

]T
Pa = diag(Pk|k−1,Rk)
[χ, ωm, ωc] = DrawSigmaPoints(xa,Pa)
for i = 0, . . . , 2n do

γ
(i)
k = hk(χ

(i)
x ,χ

(i)
v )

end for
ẑk =

∑2n
i=0 w

(i)
m γ(i)

Pzz =
∑2n
i=0 w

(i)
c

(
γ

(i)
k − ẑk

)(
γ

(i)
k − ẑk

)T
Pxz =

∑2n
i=0

{
w

(i)
c

(
χ

(i)
k|k−1 − xa

)
×(

γ
(i)
k − ẑk

)T}
Kk = PxzP

−1
zz

x̂k|k = x̂k|k−1 + Kk (zk − ẑk)
Pk|k = Pk|k−1 −KkPzzK

T
k

end for

Algorithm 3 Function DrawSigmaPoints.

function DrawSigmaPoints(xa, Pa)
χ(0) = xa

w
(0)
m = λ

n+λ

w
(0)
c = λ

n+λ +
(
1− α2 + β

)
for i = 1, . . . , n do

χ(i) = xa +
(√

(n+ λ)Pa
)

:,i

w
(i)
m = w

(i)
c = 1

2(n+λ)

end for
for i = n+ 1, . . . , 2n do

χ(i) = xa −
(√

(n+ λ)Pa
)

:,i−n

w
(i)
m = w

(i)
c = 1

2(n+λ)

end for
end function

ψ

ω

V

y

x

Figure 1: Diferential Drive Robot Geometry

3 Stochastic Modeling

In simple terms, differential drive robots consti-
tute a class of robots which only have two active
wheels. Figure 1 illustrates its geometrical and dy-
namical parameters. For tracking, we shall work
with two stochastic models for a differential drive
robot, each one with a different state representa-
tion.

In the first model, called Unicycle model, our
state is given by xk = [xk yk ψk vk ωk]

T
in which

xk, yk and ψk are the coordinates and orientation
of a fixed point between the robot’s wheels accord-
ing to a reference frame. In the tracking problem
of the opponent’s robot we do not have access to
it’s control inputs. However, this state formula-
tion and the robot’s kinematics are sufficient to
extract the velocity estimate, as described by the
differential equation which follows in (7).


ẋ
ẏ

ψ̇
v̇
ω̇

 =


v cosψ
v sinψ
ω
0
0

+


0 0
0 0
0 0
1 0
0 1


[

wa
wα

]
(7)

In Equation (7), the linear and angular ac-
celerations are modelled as the Gaussian random
vector [wa wα]T with covariance Q. In order to
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obtain the discrete movement model, a numeri-
cal method, such as Runge Kutta, can be used to
approximate the differential equation.

Considering the VSS competition, as de-
scribed in Section 1, the observation model is
given by the vision system, with the camera posi-
tioned above the field. This system provides ob-
servations of the robot’s position and orientation.
However, this data is noisy, and we assumed this
noise to be additive and Gaussian with covariance
R, as can be seen in Equation (8).

zk =

xkyk
ψk

+

vx,k
vy,k
vψ,k

 (8)

The second model for a differential drive
robot, which will be called Double Integrator
model, comes from a simpler formulation of its
dynamics, as shown in Equation (9), already in
the discrete form. In this case, the robot’s state
is xk=[xk yk vx,k vy,k]T . With this model, also
follows a simpler observation, given solely by the
agent’s position, as described in Equation (10).

In the VSS competition, it may not be pos-
sible to easily extract the opponent’s orientation
from the vision system, since the robot’s color pat-
tern used for identification can differ among differ-
ent teams. This fact was the main motivation to
elaborate a second stochastic model to deal with
this possible limitation. Further we will also com-
pare both models precision in the linear velocity
estimate.


xk

yk
vx,k
vy,k

 =


1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1




xk−1

yk−1

vx,k−1

vy,k−1

+


T2

2
0

0 T2

2
T 0
0 T


[
wa,x

wa,y

]

(9)

zk =

[
xk
yk

]
+

[
vx,k
vy,k

]
(10)

4 Covariance Calibration

In Section 3, we saw that, for the proposed models,
we have almost all of the parameters necessary
for the Tracking. However, one challenge while
implement tracking capabilities is how to adjust
the covariance in order to have good results.

When the ground truth is available (i.e. some
measurement that one can consider free from er-
ror), a procedure similar to the one described in
(Burchardt et al., 2011) could be used. Defining
a weighted norm ||x||2Σ = xTΣ−1x, in which Σ is
a positive semi-definite matrix, we can define the
total error of the tracker, given a constant set of
observations and prior, as described in Equation
(11). In this equation, N is the total number of
time steps, xi,filter is the estimated state by the
tracking filter at time step i and xi,gt is the ground
truth state at the same time step.

Err(R,Q) =

N∑
i=0

||xi,filter(R,Q)− xi,gt||2Σ (11)

Rcal,Qcal = argmin
R,Q

Err(R,Q) (12)

Then, to calibrate the covariances used by
the filter processing real data, it would be suffi-
cient to collect some observations and the ground
truth data to choose R and Q according to Equa-
tion (12). To solve the minimization problem, we
could, for instance use MATLAB’s fmincon as-
suming a positive definite structure for both Q
and R.

However, a very reliable tracking system to
provide the ground truth may not be available. In
order to use an idea similar to the one described
above, we propose to find some signal that con-
tains less error than the ones we obtained by the
ground truth using signal processing theory.

Since signal processing theory is well estab-
lished for 1 dimension signals, we decided to
choose some one dimensional signal, which was,
in this case, the linear velocity. We have rede-
fined the error calculation as in Equation (13),
in which v is the linear velocity of the robot

(v =
√
v2
x + v2

y).

Err(R,Q) =

N∑
i=0

(vi,filter(R,Q)− vi,gt)2 (13)

Because of the lesser noisy in the velocity in-
formation, a low pass filter was used on the raw
velocity information extracted by the computer vi-
sion system. Notice that the robot is band-limited
and the velocity is obtained by numerical deriva-
tion of the already noisy raw data, which amplifies
high-frequency noise. Then, since we could have
some sample velocity signals before hand, it was
possible to process it offline. By the use of a non-
causal high-order non pass filter with zero group
delay, a much smoother signal was obtained with-
out adding any delay to the shape of the signal
(Oppenheim and Schafer, 1989).

5 Simulation and Results

In order to verify the performance of the track-
ing techniques, we applied the Kalman filters us-
ing vision information collected from a test with
one differential drive robot from ITAndroids’ VSS
team. Also, a simulation was realized to compare
tracking and vision performance.

5.1 Results with real robots

In the test using the robot, we commanded move-
ments along the VSS’s field and extracted the
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Cartesian position and orientation provided by
the vision algorithm. Using this data, we imple-
mented the EKF and UKF for the Unicycle model
described in Section 3, with state xk=[xk yk ψk vk
ωk]T , and the linear Kalman Filter for the Double
Integrator model, with state xk=[xk yk vx,k vy,k
ψk ωk]T . The trajectory followed by the robot can
be seen in figure 2, which contains the observed
and estimated position by EKF and UKF for the
Unicycle model.

Figure 3 shows the linear (figure 3(a)) and
angular (figure 3(b)) speeds obtained by the EKF
and UKF for the Unicycle model, as well as the
speeds computed by numerical differentiation of
the position and orientation from the measure-
ment. In the same way, figure 4 presents the ve-
locity in x-axis calculated from the measurement
and by the Kalman filter for the Double Integra-
tor model. In that case, the velocity obtained in
y-axis has a similar behaviour. The covariances
are the ones obtained by the procedure described
in Section 4. The experiments results can also be
watched in https://youtu.be/3WVtdEw4jlE.

-1 -0.5 0 0.5 1

X (m)
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-0.4

-0.2

0
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0.4
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m
)

X-Y Trajectory

Camera

EKF

UKF

Figure 2: Observed and estimated trajectories us-
ing EKF and UKF

5.2 Simulation

Despite the good results observed in the experi-
ment with the robot and its real data, we can not
extract an exact evaluation of the precision im-
provement obtained by the tracker technique us-
ing this procedure alone. In the carried out tests,
we do not have a Ground Truth information of the
robot’s state, and consequently it is not possible
to directly compare the tracking information to
those from the camera.

Hence, we also made simulations to test the
tracking algorithms. As our purpose is also com-
pare both described models in the velocity esti-
mate, we used all filters for the same system sim-
ulation in order to compare the estimates with the
same ground truth. In that process, the evolution
of the actual state is given by the Unicycle model,
since this model is closer to the real dynamics of
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a)

Figure 3: Computed velocities from observation,
EKF and UKF:(a)linear velocity, (b)angular ve-
locity

the robot. In order to apply the Kalman filter
using the Double Integrator model, and EKF and
UKF using the Unicycle model for the same actual
and observed data, we used the covariance of wa,
already obtained by optimization, in wα, wv,x and
wv,y for the filters update and system evolution.
The covariance matrix R is the same used in the
real data test.

The simulations lasted total time of 30s, each
time step is constant T = 1

30s, which correspond
to the average camera frequency (30 FPS). In or-
der to estimate the RMSE, 1000 Monte Carlo re-
alizations were performed.

Since position information from the camera is
already very precise, again we will focus on the
velocities estimate. The simulation results can be
found in Figure 5, which shows in subfigure 5(a)
the RMSE for linear velocity, calculated from dif-
ferentiation of observation, EKF, UKF and KF for
their correspondent models. In subfigure 5(b) one
can see the RMSE for angular velocity, computed
only by observation and estimates from EKF and
UKF.

5.3 Discussions

All models and filters were very successful in ob-
taining a good estimate for linear velocity. In the
Unicycle dynamic model, we have a more com-
plete state including either orientation and angu-
lar velocity. In addition, this dynamic descrip-
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Figure 4: velocity in x-axis given by observation
and Kalman Filter

tion is more faithful to the real one performed by
the differential robot. For the tracking test, EKF
and UKF presented the same results, indicating
that there is no necessity for a more complex tech-
nique such as UKF, since we have a model without
strong non-linearities and that no analytical com-
plications are present. Therefore, EKF would be
preferable due to the simplicity and computational
cost.

In the double integrator model using linear
Kalman filter, despite the lower accuracy to rep-
resent the differential robot dynamics, we might
claim that it presented almost the same estimation
performance in comparison to EKF and UKF in
the Unicycle model. In the simulation performed,
EKF demonstrated an average RMSE only 1.5%
smaller than KF. Moreover, from this model re-
sults, we can conclude that it would successfully
estimate velocity for the case in which we do not
have the robot’s orientation.

6 Conclusions

From the analysis in Section 5, it is possible to
state that the stochastic model proposed, along
with Kalman Filtering is able to provide satisfac-
tory results in tracking a differential drive robot
and, especially, in estimating its velocity. In addi-
tion, we have introduced a method to calibrate the
filter’s covariance in the absence of ground truth
information.

The tracking results obtained with actual
robots confirm that those techniques can be suc-
cessfully applied in practical and real world prob-
lems, while the Monte Carlo simulation provides a
better assessment of the filter’s performance com-
pared to the observations solely. We have also
shown that in case of using a worse sensor than
the computer vision of the VSS league, the track-
ing can provide even larger relative error reduction
when compared to the raw sensor information.
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Figure 5: RMSE for the velocities calculated from
observations, EKF and UKF: (a)linear velocity,
(b)angular velocity
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