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Abstract— In this paper the problem of tuning PID controllers is addressed. The problem is formulated in
the state space form as a static output feedback problem. Differing from similar approaches, we do not use any
iteration procedure. The key point is the use of the coefficients of the transfer functions of the plant and controller
to formulate the static output feedback control. The stability is guaranteed by minimizing the feedback system
H∞ norm and a quadratic error function. The H∞ design is solved in terms of linear matrix inequalities (LMIs).
Examples are presented to show the usefulness of the proposed PID design approach.
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Resumo— Este trabalho trata da sintonia de controladores PID. O problema é formulado na forma espaço
de estado como um problema de realimentação estática de sáıda. Não é usada uma busca iterativa na obtenção
da solução, diferente de outras abordagens semelhantes. O ponto chave é o uso dos coeficientes das funções de
transferência da planta e do controlador para formular o problema de controle por realimentação estática da
sáıda. Garante-se a estabilidade através da minimização da norma H∞ e de uma função de erro quadrático. O
projeto H∞ é resolvido via desigualdades matriciais lineares (LMIs, das iniciais em inglês). Para exemplificar o
uso da abordagem proposta, controladores para três plantas são projetados.

Palavras-chave— Teoria de controle, controladores de ordem fixa, projeto H∞, PID

1 Introduction

Proportional-Integral-Derivative (PID) control is
one of the simplest and most widely used control
methods. The critical part of designing a PID
controller is the gain tuning to maintain stabil-
ity while meeting the desired performance require-
ments such as overshoot, settling-time and robust-
ness.

The first tuning methods were mainly fre-
quency based. Among them is the Ziegler et al.’s
(1942) method which became very popular and
has served as the basis for a number of tuning
approaches developed later. An automatic tuning
procedure was proposed by Aström and Hägglund
(1984). It was based on phase and gain margin
specifications.

Analytical methods have also been developed.
In Datta et al. (2000), the complete set of all sta-
bilising PID controllers is given for arbitrary order
plants. The approach given is based on the signa-
ture formulas of polynomials. In Kiam Heong Ang
et al. (2005), the control objective is expressed
by a cost function. Other design methods based
on optimum control criteria have also been devel-
oped (Prusty et al., 2015),(Sánchez et al., 2017).
They provide a systematic way to obtain the con-
troller’s gains while assuring the specified perfor-
mance, even in multi-objective cases. In Musch
and Steiner (1997), the PID gains are obtained
from the solution of an optimization problem,
where the objective function is the H∞ norm. In
that work, the problem is non-convex and is solved
via a sequential quadratic programming approach

(Gill et al., 1981). In Bevrani and Hiyama (2007),
an iterative linear matrix inequalities (ILMI) algo-
rithm is proposed to solve a multi-objective con-
trol problem. In that work, the PID design is for-
mulated as a static output feedback and the gains
are given by solving an optimization problem for-
mulated in terms of a mixedH2/H∞ performance.
Shimizu (2016), on the other hand, does not uses
iterative methods. The author rather focuses on
dynamic feedback for MIMO systems, which re-
sults in simpler LMIs compared to the static out-
put case.

In this paper, the fixed-order control prob-
lem is addressed. The problem is formulated in
the state space form in terms of the feedback sys-
tem H∞ norm by solving linear matrix inequali-
ties (LMIs) and the minimization of a quadratic
error function. The proposed design guarantees
stability and calculates the controller coefficients
without using any iterative search procedure, dif-
fering from most similar methodologies found in
the literature.

2 Main Results

Consider the following linear system:

ẋ = Ax + Be

y = Cx + De (1)

where A ∈ Rnx×nx ,B ∈ Rnx×ne ,C ∈
Rny×nx ,D ∈ Rny×ne are the system matrices,
x ∈ Rnx , e ∈ Rne and y ∈ Rny are the space
state, input and output vectors. Now, consider

XIII Simpósio Brasileiro de Automação Inteligente

Porto Alegre – RS, 1o – 4 de Outubro de 2017

ISSN 2175 8905 1814



that when the closed loop is performed:

e =: r− y (2)

where r is the reference signal. Then, we have:

ẋ = Ax + B(r− y)

y = Cx + D(r− y) (3)

which yields (assuming (I + D)−1 exists):

y = (I+D)
−1

Cx + (I+D)
−1

Dr. (4)

Therefore, we can write:

ẋ = Āx + B̄r

y = C̄x + D̄r (5)

where:

Ā =: A−B(I + D)−1C

B̄ =: B−B(I + D)−1D

C̄ =: (I+D)
−1

C

D̄ =: (I+D)
−1

D.

Thus, the closed loop transfer function is
given by:

M(s) =: C̄(sI− Ā)−1B̄ + D̄. (6)

Next, the problem of a fixed order controller
design is established in terms of the coefficients of
the transfer functions of the plant and controller.
The following lemma for the single input single
output case is the basis of the approach given.

Lemma 1 Consider the product between two
polynomials in s as:

f1∑
k=0

αks
k

f2∑
k=0

βks
k =

f1+f2∑
k=0

γks
k (7)

where f1, f2 ∈ N, αk, βk and γk ∈ R. Then,
V v = ν, where:

V =



α0 0 0 · · · 0 0 0
α1 α0 0 · · · 0 0 0
α2 α1 α0 · · · 0 0 0
α3 α2 α1 · · · 0 0 0
α4 α3 α2 · · · 0 0 0
...

...
...

. . . · · · · · · · · ·
0 0 0 · · · αf1 αf1−1 αf1−2

0 0 0 · · · 0 αf1 αf1−1

0 0 0 · · · 0 0 αf1



v =



β0
β1
β2
...

βf2−1

βf2


and ν =



γ0
γ1
γ2
...

γf1+f2−1

γf1+f2


with V ∈ R(f1+f2+1)×(f2+1), v ∈ R(f2+1)×(f2+1)

and ν ∈ R(f1+f2+1)×1.

The proof of this lemma is straightforward us-
ing finite induction and was omitted. Now, con-
sider the following fixed-order controller:

C(s) =:

∑mc

k=0 cks
k∑nc

k=0 dks
k

(8)

with mc and nc the order of the numerator and
denominator polynomials. Let us consider an ar-
bitrary plant without delay

G(s) =:

∑mG

k=0 bks
k∑nG

k=0 aks
k

(9)

and denote the open loop transfer function as:

L(s) =: C(s)G(s). (10)

Assumption 2.1 L(s) is strictly proper, anG
= 1

and
∑nc

k=0 dks
k = s and mc = nG −mG.

Under Assumption 2.1 and Lemma 1 the PID
control control can be formulated as the problem
of static output feedback. Therefore, it is possible
to use the controllable canonical realization of (10)
and Lemma 1 to obtain the state space matrices
of the open loop system denoted as Â, B̂, Ĉ, D̂ as
follows:

Â =



0 0 1 0 · · · 0
0 0 0 1 · · · 0
0 0 0 0 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
0 −anG −anG−1 −anG−2 · · · −a0



B̂ =


0
0
...
0
1

 , Ĉ = (JK)T , D̂ = 0, K =


c0
c1
c2
...

cmc



J =



b0 0 0 · · · 0 0 0
b1 b0 0 · · · 0 0 0
b2 b1 b0 · · · 0 0 0
b3 b2 b1 · · · 0 0 0
b4 b3 b2 · · · 0 0 0
...

...
...

. . . · · · · · · · · ·
0 0 0 · · · bmG bmG−1 bmG−2

0 0 0 · · · 0 bmG bmG−1

0 0 0 · · · 0 0 bmG


with Â ∈ R(nG+1)×(nG+1), B̂ ∈ R(nG+1)×1, K ∈
R(mc+1) and J ∈ R(mG+mc+1)×(mc+1). Using the-
ses open loop system matrices, we obtain the state
space matrices of the closed loop system with
static output feedback Ā, B̄, C̄ and D̄ :

Ā = Â− B̂(JK)T

B̄ = B̂

C̄ = (JK)T

D̄ = 0. (11)
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2.1 The H∞ norm LMI

Consider the transfer function as in Fig. 1.

Hwz(s)

z(s)w(s)

Figure 1: Arbitrary LTI transfer function.

Definition 2.1 (H∞ norm) For asymptotically
stable LTI systems, the H∞ is:

‖Hwz(s)‖∞
∆
= sup
ω∈R

σmax{Hwz(jω)} (12)

where σmax{·} is the maximum singular value of
Hwz(jω) (Doyle et al., 1989).

For a state-space system described as in (11),
the H∞ norm can be obtained by solving the op-
timization problem (Boyd et al., 1994):

‖M(s)‖2∞ = inf
ρ>0,P>0

{ρ : R1 < 0} (13)

where P ∈ R(nG+1)×(nG+1), P = PT , ρ ∈ R such
that ‖Hwz(s)‖2∞ = ρ and

R1 =:

[
ĀTP + PĀ + C̄T C̄ PB̄ + C̄D̄

B̄TP + D̄T C̄ D̄T D̄− ρI

]
.

The unknown matrix of interest in the sys-
tem (11) is K, then the problem of finding the
controller K can be solved by minimizing the H∞
norm in (13), which returns a solution that pro-
duces an asymptotically stable closed-loop system.

However, (13) is a bilinear matrix inequality
(BMI), which can be considered as a hard prob-
lem. By applying the Schur complement we can
rewrite (13) as the following LMI:

‖M(s)‖2∞ = inf
ρ>0,S>0

{ρ : R2 < 0} (14)

where

R2 =

SÂ
T

+ ÂS− Y T B̂
T
− B̂Y ∗ ∗

B̂
T

−ρI ∗
Y 0 −I


with S = P−1, Y = (JK)TP−1 and ∗ denotes
the transpose of the corresponding element of the
symmetric matrix. By solving this LMI based op-
timization problem we find S and Y and calculate
the controller coefficients Â using:

K = J−1S−1YT (15)

in case J is square and non-singular.
In general, the matrix J−1 is not square. To

find the controller, we need to solve the overde-
termined system JK = S−1YT by using a linear

least squares method. However, this can not en-
sure the stability of the system as there is no ex-
act solution and the solution obtained only takes
into account the mean square error of the coef-
ficients. To cope with this problem, we need to
solve a quadratic optimization problem with con-
straints in K. The constraints can be easily find
by using the Routh-Hurwitz criterion or the gener-
alized Hermite-Biehler theorem (Ho et al., 1999).
Alternatively, one can solve an optimization with
constraints on the eigenvalue of Â−B̂(JK)T , forc-
ing them to have negative real part. Thus, the
optimization problem can be formulated as:

min
K

1

2
‖JK− S−1YT ‖22 (16)

subject to:

Re{λ(Â− B̂(JK)T + σI)} ≤ 0

where λ(·) is the eigenvalue of Â− B̂(JK)T + σI,
σ ∈ R+ is usually a small value choose to ensure
that the real part of the eigenvalues will be equal
or less than −σ. Because of this minimization
procedure, the H∞ solution will be a suboptimal
solution.

To exemplify the application of Lemma 1 in
the H∞ optimization we solve next the PI con-
troller design.

2.2 The PI and PID design

One of the most popular fixed-order controller,
widely used in the industry, is the propor-
tional+integral (PI) controller:

C(s) =
Kps+Ki

s
. (17)

In this case mc = 1, thus (11) becomes:

Â =



0 0 1 0 · · · 0
0 0 0 1 · · · 0
0 0 0 0 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
0 −anG

−anG−1 −anG−2 · · · −a0



B̂ =


0
0
...
0
1

 , C = (JK)T , D = 0, K =

[
Ki

Kp

]

J =



b0 0
b1 b0
b2 b1
b3 b2
b4 b3

...
bmG

bmG−1

0 bmG


. (18)
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Another famous fixed-order controller is the
PID controller:

C(s) =
Kds

2 +Kps+Ki

s
. (19)

Now, mc = 2, thus (11) becomes:

Â =



0 0 1 0 · · · 0
0 0 0 1 · · · 0
0 0 0 0 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
0 −anG

−anG−1 −anG−2 · · · −a0



B̂ =


0
0
...
0
1

 , C = (JK)T , D = 0, K =

Ki

Kp

Kd



J =



b0 0 0
b1 b0 0
b2 b1 b0
b3 b2 b1
b4 b3 b2

...
bmG

bmG−1 bmG−2

0 bmG
bmG−1

0 0 bmG


(20)

3 Numerical Examples

In this section, we apply the proposed method to
three different plants. The main goal is to design
a controller to stabilize the proposed plants while
minimizing the H∞ norm. The PID controllers
are of the general form:

C(s) =
Kds

2 +Kps+Ki

s
. (21)

We decided to implement PI controllers for
the first two plants, so we madeKd = 0. The gains
are obtained via the solution of the optimization
problem described in (14). The algorithms were
implemented in Matlab using the packages Se-
DuMi (Sturm, 1999) and Yalmip (Lofberg, 2004).

3.1 Example 1

The first example is a second order plant with one
zero, given by:

G(s) =
3(s+ 1)

s2 + s+ 1
. (22)

Thus, the open loop transfer function is:

L(s) =
Kps+Ki

s

3(s+ 1)

s2 + s+ 1
. (23)

We can write the open loop as a canonical
realization using (20):

ẋ =

0 1 0
0 0 1
0 −1 −1


︸ ︷︷ ︸

A

x+

0
0
1


︸︷︷︸
B

u

y =


3 0

3 3
0 3


︸ ︷︷ ︸

J

[
Ki

Kp

]
T

x

The gains obtained were Ki = 0.1013, Kp =
0.1401 and the H∞ norm limitation is

√
ρ = 1.

The response to a unity step input, applied in
t = 0s and increased at t = 30s, is shown in Fig.
2. The settling time is approximately 10s. One
can see that the steady state error is null. The
frequency responses of the controller, open and
closed loop systems are shown in Fig. 3. The sys-
tem’s sensitivity function S(s) can be analyzed in
the bode diagram of Fig. 4, which shows a peak
around ω = 2rad/s.
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Figure 2: Step responses for Example 1
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Figure 3: Frequency responses for Example 1.
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Figure 4: Sensitivity function for Example 1.

3.2 Example 2

In the second example, a non-minimum phase sec-
ond order plant was chosen. The plant is given by:

G(s) =
2(s− 1)

s2 + s+ 1
(24)

which yields a open loop transfer function L(s) as:

L(s) =
Kps+Ki

s

2(s− 1)

s2 + s+ 1
. (25)

We represent (25) in state-space as:

ẋ =

0 1 0
0 0 1
0 −1 −1


︸ ︷︷ ︸

A

x+

0
0
1


︸︷︷︸
B

u

y =


−2 0

2 −2
0 2


︸ ︷︷ ︸

J

[
Ki

Kp

]
T

x.

The gains obtained were Ki = −0.0268, Kp =
−0.0828 and the norm limitation is ρ = 1. The re-
sponse for a unity step input applied at t = 0s and
increased at t = 80s, is shown in Fig. 5. There
is a small undershoot and the system is rather
slow. The latter is due to the chosen cost function
as minimizing the H∞ norm has an affect of di-
minishing the maximum system gain and slowing
down the response. If this is undesired, the prob-
lem can easily be solved by choosing a suboptimal
norm limitation. The bode diagram for the con-
troller, open and closed loop systems is shown in
Fig. 6. The system’s sensitivity can be verified in
the bode diagram of Fig. 7. The peak sensitivity
occurs around ω = 1.1rad/s.

0 20 40 60 80 100 120 140
0

1

2

3

time(s)

A
m

pl
itu

de

 

 

Reference
Output

0 20 40 60 80 100 120 140
0

1

2

time(s)

E
rr

or

0 20 40 60 80 100 120 140
−1.5

−1

−0.5

0

time(s)

C
on

tr
ol

 S
ig

na
l

Figure 5: Step responses for Example 2.
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Figure 6: Frequency responses for Example 2.
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Figure 7: Sensitivity function for Example 2.

3.3 Example 3

In this example, a non-minimum phase third order
plant was chosen. The plant is given by:

G(s) =
2(s− 1)

s3 + s2 + 2s+ 1
. (26)
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Combined with a PID controller, the open loop
transfer function L(s) yields:

L(s) =
Kds

2 +Kps+Ki

s

2(s− 1)

s3 + s2 + 2s+ 1
. (27)

We represent (27) in state-space as:

ẋ =


0 1 0 0
0 0 1 0
0 0 0 1
0 −1 −2 −1


︸ ︷︷ ︸

A

x+


0
0
0
1


︸︷︷︸
B

u

y =



−2 0 0
2 −2 0
0 2 −2
0 0 2


︸ ︷︷ ︸

J

Ki

Kp

Kd




T

x.

The resulting gains were Ki = −0.0276, Kp =
−0.1246, Kd = −0.0607 and the norm limitation
is ρ = 1. The response for a unity step input ap-
plied at t = 0s and increased at t = 80s, is shown
in Fig. 8. The time response is oscillatory due to
the complex poles in the closed-loop transfer func-
tion. The system also has a slow response and an
undershoot behavior. The bode diagram for the
controller, open and closed loop systems is shown
in Fig. 9. The system’s sensitivity function can
be verified in the bode diagram of Fig. 10 which
shows a peak around ω = 1.23rad/s.
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Figure 8: Step responses for Example 3.
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Figure 9: Frequency responses for Example 3.
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Figure 10: Sensitivity function for Example 3.

4 Concluding Remarks

In this paper we have shown a different approach
to PID tuning. The proposed method does not
require an iterative search for the solution as sim-
ilar works in the literature using H∞ norm do.
The problem was formulated as a LMI-based op-
timization, guaranteeing that a solution will be
found, given that one exists. Another advantage
of our methodology is the low computational cost
required by the LMIs solver and the ease with
which the algorithms can be implemented. The
numerical examples given illustrate the proposed
approach. Further works include the extension of
the proposed design scheme to general fixed order
controllers and the use of different performance
criteria such as H2 and mixed H2/H∞.
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