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Abstract— This paper presents a novel hardware implementation of robust array Kalman filter based on the
Givens rotation (GR) algorithm. In the robust filtering, a set of mathematical equations are involved and solved
with the use of inverse covariance matrices. To address the computation of inverse covariance matrices in robust
filtering, square root array algorithms are better solutions. The same square root array algorithm is used in
robust Kalman filtering. To the best of our knowledge, there is no FPGA-based implementation of robust array
Kalman Filter (RAKF). In this paper, hardware acceleration of RAKF is solved by using GR algorithm. In
addition, two-dimensional (2D) systolic array architectures of GR is developed for computing QR decomposition
(QRD) of small scale dimension matrix. The performance improvement of the robust filter can be observed
based on utilization of boundary and an internal processing element (PEs) of the QRD. The total boundary
and internal cells of PEs can be integrated into an Altera Cyclone V SOC 5CSEMA5F31C6 FPGA board. The
proposed architectures occupies about 1621 (6 % ) ALMs, and achieves by running at the maximum frequency

50 MHz.
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1 Introduction

In control and signal processing, an accurate es-
timation of a state by using a sensor fusion tech-
niques and its hardware computation are research
challenges (Brown and Hwang, 1997). Since 1960,
the Kalman filter (KF) has been widely used for
estimating the state of the system based on a given
measurements. The KF has been used as sensor
fusion technique that could play an important role
in many applications such as navigation, control
and guidance, economics, communications, other
areas and so on (Brown and Hwang, 1997). In KF,
state space models are used to describe the state of
system and its noises are assumed to be Gaussian.
In practice, the model parameter matrices are vi-
olated with uncertainty (Costa et al., 2006). In
this analysis, the performance of standard KF can
be limited. To address these issues, Costa firstly
proposed robust solutions when the model param-
eters are subject to uncertainty, simply known
as Discrete time Markovian Jump Linear System
(DMJLS), there in(Costa et al., 2006)(Kailath
et al., 2000). Later on, several robust estimation
techniques have been developed and widely used
in DMJLS, some of them are: (i) set valued esti-
mation (ii) guarantee cost (iii) H-infinity filtering
and (iv) regularized least squares method, more
detailed in (Sayed, 2001).

Over recent decades, robust techniques have
been made and achieved in the filtering, control
design and stability system analysis. Some pre-
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liminary results on robust Kalman filter for the
dynamic system have been developed based on
linear inequality (LMI) and recursive Riccati ap-
proaches (Sayed and Nascimento, 1999). In addi-
tion, robust filtering problems are solved based on
Riccati equations, there in, (Kailath et al., 2000).
In filtering, at each time step, recursive Riccati
equations may not give the guarantee and assured
the stability solutions. To overcome this issue,
square root array algorithms have been developed
and also implement a Riccati equations in array
algorithms to assure the stable solutions, there
in (Terra et al., 2007). Besides, the covariance
matrices can be positive at each step of recursive
equations. One of the key advantages of array al-
gorithm is that it reduces the dynamic range in
fixed point implementation. There is a need to
implement a square root array algorithm in hard-
ware.

FPGAs have been a popular choice for the
real-time implementation of the robust array
Kalman filter. The preliminary work of Kalman
filter and its floating-point FPGA implementa-
tions are reported in, (Bonato et al., 2007). In
which, KF equations are represented in the form of
Schur complement and then applying the Fadeev’s
algorithm as done in (Bigdeli et al., 2006) (Kailath
et al., 2000) (Yao and Lorenzelli, 2008). The
computational analysis of the array Kalman fil-
ter by using GR algorithm is reported in (Kailath
et al., 2000) (Gandhi, 2006). From (Kailath
et al., 2000)(chap.12), is the motivation to de-



velop an array KF and also used GR algorithms
for implementing an array KF, there in (Kailath
et al., 2000). To improve the computation speed
and numerical property of the array Kalman fil-
ter algorithm, systolic array architectures are the
better solution and are developed for calculating
the QRD by using GR. It is a straightforward so-
lution to evaluate the filter state information by
using a set of simultaneous linear equations by ap-
plying QR decomposition using GR, see (Kailath
et al.,, 2000) (Gentleman and Kung, 1982) and
(Terra et al., 2007), to obtain desired state vec-
tor and state covariance matrix of array Kalman
filter.

The main contributions of this work are high-
lighted as follows: (a) To the best of our knowl-
edge, it is the first FPGA-based architecture for
the robust array Kalman Filter based on GR algo-
rithm. (b) Two-dimensional systolic array archi-
tectures are developed for solving array KF equa-
tions using GR. (c¢) The row-based GR algorithm
is applied for computing the QR decomposition
for small-scale matrix operations to accelerate the
computation of array KF. (d) The synthesis re-
sults show that the proposed design architecture
can be improved in terms of acceleration.

The organization of the paper as follows: In
Section II, the preliminary theory of robust array
Kalman filter is presented. In Section III discussed
on GR algorithm for real-valued QR decomposi-
tion. In Section IV, systolic array architecture
based QRD and implementation results using GR
are explained. Finally, Section VI presents the
conclusions of the paper.

2 Recursive Robust array Kalman Filter
(RAKF)

We consider in this paper the following discrete-
time linear system with subject to uncertainties

Xip1 = (Fi + 0F;)x; + Biug, (1)

Yi = (Hi + 57’[1')331‘ + D;u;, (2)
for i =0,..., N, where x; € R" is the state vector,
y; € RP is the measurement process, u; € R™!
is the random disturbances, and v, € R? are mu-
tually independent zero-mean Gaussian random
noise sequences with variances E{w;u/ } = Q;0; €
R™2%™M2 and E{’Ui’UZT} = R;6; € RtXt, with d; =1
if i = and d;; = 0 otherwise. In each steps of re-
cursive array algorithm for DMJLS system is re-
ported, there in (Terra et al., 2007). An array
algorithm can be computed as based on Unitary
transform (Givens Rotation algorithm ( A)) as fol-
lows:
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Step:1 Compute initial conditions

2,2 = VM with j=1,.N. (3)
1/2 . 1/2
ZO/ = dzag(ZO’/j)
51/2
2 = ((0)s(0)")?
Step:2 Compute 72 using a J-unitary ma-

ili—1
trix Ay of appropriate dimension

1/2 T oz12
|z Fz) [po=] 22, 0] @
where Z; is given by
L1 My O . 0 0
0 0 Ly Ms... 0 0
0 0 Ly My
T
Ly = [Lir Lk L) (5)
My = M My, MNk]T (6)
Lk = p;;észkaf (7)
My, = pjl-;ézﬂil,éij (8)

Then, Zil) §2 can be computed using a J-unitary
matrix Ay of appropriate dimension

Ly Mp O 0 0

0 0 Ly Mg... 0 0

) . ) ) ) A=

0 0 Ly My
zZ? 0 0 .. 0 0
0 Z/ o0 o0.. 0 0
0 0 A

and a J unitary matrix is defined as J =
diag(I,—1I).

Step 3: Z;/f can be computed using a J-
unitary matrix A, of appropriate dimension

Zszl—/f HT(DiDiT)i 0 A
A ~ _ 2 =
0 ZiiaHT(D:DT); Ziulff
Zi + HI((DDT) 1Y 00
X Zi% 0

(9)



where, X = Z)*HT(D;DT)""HZ ! +
HT((D;DF)~'H))'/? and compute Zillﬁl and
Zzl‘ﬁl with a J Unitary matrix As and a unitary
matrix Az as

|z 22 | a=[ 22 o] ao
and 51/2 51/2
]:ZuéqAS = Zi|z/e1 (11)

More detailed on the RAKF is discussed in.
Where, Ay, Ay, As, Ag are the GR algorithm in
each step of iterations.

3 Real valued QRD using Givens
rotation (GR) algorithm

In many signal processing applications, there are
some decomposition methods commonly used for
solving the QR decomposition (QRD) (Karkooti
et al., 2005). Among the methods, GR is an ef-
ficient method to solve the QRD for a real ma-
trix, denoted A with dimension m x n (Munoz
and Hormigo, 2015), where m and n are the rows
and column of the matrix, respectively. In which
the use of GR to conduct a QRD is to efficiently
annihilate the elements located in the lower trian-
gular part of the matrix (Karkooti et al., 2005).
The RAKF, GR (A) needs to perform a desired
output of RAKF in terms of state and its co-
variance matrices with a finite precision numbers
(fixed point) of elements in matrix for hardware
implementation. This is an optimal solution to
reduce the filter complexity and also convert into
QR decomposition. The GR method is defined as
follows:

_ {005(9)

sin(0) —Sin(ﬁ)] (12)

cos(0)

In the GR algorithm, rotation angle needs to
be determined by departure angle from the posi-
tive x-axis(Chen and Yao, 1988). In this situation,
vector can be normalized, then a vector v and 6
are denoted as v = [vjv2]T and 6 = —arctan(2),
respectively. So that

—sin(f)| |vi]| [+ 03
cos(0) } |:’U2:| N [ 0 (13)
From this equation, we can calculate cos(0)

and sin(f) using trigonometric identities (Chen
and Yao, 1988),

ot

U1 —U2
2 2’ 2 2
VU1 + U3 VU1 + U3

Applying the GR algorithms for real values
matrix A we can generate a sequence of rotation

cos(0) = sin(f) = (14)

1846

XIIT Simposio Brasileiro de Automacao Inteligente
Porto Alegre — RS, 12 — 4 de Outubro de 2017

Algorithm 1 Pseudo code for Givens Rotation
for QR decomposition

1: fori=1ton—1do

2: for k=i+1tom do

3: c=A(i,i)//A(k, )2 + A(i, )2

4: s = A(k,i)//A(k,i)2 + A(i, )2

5: A([i, k], n) = [z ‘Cs} A([i, K], n)

& S T

o Qkim = | 7] Qs
n)

7 end for

8: end for

9o R=A

matrices. A pseudo code for Givens Rotation for
QRD is given in Algorithm 1.

Simple examples of 4 x 3 matrix illustration
diagram using GR for computing QR decomposi-
tion with column-wise from top to bottom matrix,
which is shown in Figure 1.

T
Q= (GNn...G2Gy) (15)
X X X X X X X X X% X X X
X X % X X X X X X 0 x x
Gy Gay G, Gy
X X xX|—|x x x|—|0 x x|—|[0 x x|[—
X %X X 0 x x 0 x x 0 x x
X x X X X X X X x
0 x x 0 x x 0 x x
& &)
0 x x 2 0 0 x 8 0 0 x
0 0 x 0 0 x 0o 0 0
Figure 1: Sequence of matrices via successive

Givens Rotation

An upper triangular matrix (R) can be com-
puted based on product of all rotations matrices
and given matrix, is expressed as

R=(Qn 'A...Gy7'AG;'4)  (16)

The GR algorithm complexity is equivalent to
3n(m — %) for floating point operations of m x n
matrices, without Q. If we consider Q, in the form
square matrices, the complexity of the algorithm
is 5n3. For more details, refers in (Gentleman and
Kung, 1982).

4 Systolic Array Architecture based QR
decomposition

The systolic array architecture based on the fixed-
point GR algorithm for an 4 x 4 matrix QR decom-
position. The architecture consists of two kinds of
process elements (PEs), (i) boundary cells (BC)
(circles) and the internal cells (IC) (squares), that
is shown in Figure 2. Each BCPEs requires two
multiplier, one adder, one square root, two di-
vider and one local memory. In the same way,
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of each element are processed in both boundary
and internal Processing elements arrays, the tim-
ing execution (i.e tg, t1, ta, t3 and t4) of each el-
ement in the array is tabulated in Table 1. After
54 iterations, we can achieve the result of QR.

4.2 Implementation results of RAKF based on
Givens Rotation

The systolic array architecture is designed to solve
all the equations of array KF algorithm based
on GR in the form of QRD for the 4 x 3 ma-
trix is modeled with Verilog and implemented on
5CSXFC6D6F31C6 Altera Cyclone SOC FPGA
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Figure 2: QR decomposition systolic array for an
4 x 4 matrix

each ICPEs requires four multiplier, one adder,
one subtractor and one local memory. In array
architecture, each BC row of PEs in the systolic
array performs a GR between the row of the up-
dated upper triangular matrix R and the elements
received by the input data stream in order to elim-
inate the lower triangular elements of the updated
matrix. In each GR, the BCPEs computes the ap-
propriate rotation angle () and the diagonal ele-
ment of the updated upper triangular matrix R.
At the same time, the rotation angle () that is
represented in algorithm 1, is sent to the ICPEs to
compute the rest elements of the updated upper
triangular matrix R and the updated transpose of
orthogonal matrix QT . Systolic array is applied
to compute the transpose of orthogonal matrix Q7
with the input matrix A, as shown in Eqn (16).
In the data-path of the QRD systolic array archi-
tecture, in order to represent the signed binary in-
termediate value, all variables in the architecture
are represented by the binary fixed-point numbers
(Munoz and Hormigo, 2015). Elements of the real
matrix A are represented by 16-bit fixed-point bi-
nary fractional numbers in the range of (—1,+1).

4.1

Table I gives the timing table of the QR decom-
position of systolic array architecture for achiev-
ing the upper triangular matrix R and orthogonal
matrix Q. In each time, 18 iterations are requires,
which is shown in Table 1. At t0, the elements of
first row and the second of input matrix A are pro-
cessed in the row of BCPEs and ICPEs, in order
element of as ;. In a similar manner, at each time
step, all elements in array processed and elimi-
nated elements in a updated matrix. The sequence

Timing Table
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configuration. It contains 41,910 logic utilization,
5662720 memory block, 499 DSP blocks are tab-
ulated. In this analysis, 32-bit fixed point input
data matrix used and stored into the triangular
form. In each triangular form, boundary cell (this
takes 52 clock cycles) and internal cell (this takes
20 clock cycles) can be processed. In this de-
sign, boundary cell and internal cell are simulated,
synthesized, place and route are also performed
using Model-Sim and Quartus 16.0, respectively.
The input, output signal, and clock signals are as-
sumed to be ideal, that are registered in the design
of systolic array.

In order to achieve a comprehensive hardware
performance evaluation, the dimensions and its
values of state and its covariance matrices are
selected as in (Bonato et al., 2007; Chen and
Yao, 1988), the resource utilized of the RAKF re-
sults are evaluated in terms of QR and which are
tabulated in Table 2. The Table 2 indicate that
1) the number of occupied ALMS by the archi-
tecture linearly decreased from 1621, out of 32070
and which occupies 8 out of 112 DSPs, the total
registers occupies 3198; 2) The latency is calcu-
lated in clock cycles in each PEs. For examples,
latency of square matrix and its size of 4 x 4, it
requires 4x(4-1)/2 elements, the delay is equal to
(524-20) x 4(4-1)/2=432 clock cycles. The details
of the architecture with (including the net delay)
are reported in (Chen and Yao, 1988). It is evi-
dent that the proposed architecture, except that
the first result needs to be computed after 72 clock
cycles, the other QR decomposition results can be
achieved in every 52 clock cycles at average max-
imum frequency is about 50 MHz.

Computational Complexity:

It is well known that computational complex-
ity of the RAKF depends on the dimension of state
and is equivalent to O (n?), where n is the state
dimension of the system. In array KF, state vec-
tors and its covariance matrices dimensions are as-
sumed to be 3 x 1 and 3 x 3, respectively. The read
and write controls operations are used to access
the data matrix and stored into external memory
devices to FPGA. In the KF design, the complex-
ity of a filter is reported in (Bonato et al., 2007).



XIIT Simposio Brasileiro de Automacao Inteligente
Porto Alegre — RS, 12 — 4 de Outubro de 2017

Table 1: Timing Table of systolic array architectures of QR Decomposition

* *

Time | Boundary Cell(BC) (0,75 ;) | Internal Cell (IC) (r;_,, .75 )

to BC{ago,a10} — {010,769} IC{ano, a12; agz; avs; aos, aat — {ri5, ri%, r6y. 1%, rearia

31 BC{T(tJ((])v a20} - {020’ 7“?1} Ic{r(tﬁv a21; rgcév 223 Té%’ a22} - {7%12’ 7«511, r(t)127 7‘312’ T(t)%arg%’)

" BC{riy,azo} — {030,771} IC{rgh, azi; gy, az2; rohs azs} — {1o1s 751 701, 751 03755
BC{ri},r"2a1} = {01,173} 1C{rgh, azi;7oh, a2} — {761, 5101, 7515 )

ts | BC{rii,rgi} — {01,711} IO{rys, r; 113, r} — {ris, r5hiria, 1535

ta | BC{ri,rgh} — {032,735, } IC{ryy, r5h} — {r3s,risi }

From this analysis, the desired output of array
KF is equivalent to (r+sn) x (r+sn) computations.
So the total number of complexity of algorithm is
equal to (nx 1) x (2 n®+n? ) (Bonato et al., 2007).
In each time step of recursion, KF arithmetic oper-
ations are involved and that are equivalent to 2 n?
FLOPS are required (Brown and Hwang, 1997).

Table 2: Implementation results of Processing el-
ements

Resources Boundary Cell | Internal Cell
Logic (ALMs) | 1621(32070) 1070(41,910)
Registers 3198 1794

DSPs 8(112) 4 (112)

Pins 161(457) 200(499)

5 Conclusions

This paper presents the hardware acceleration of
the RAKF based on GR algorithm. In addition, a
scalable pipeline 2D systolic array-based architec-
ture was developed for computing the QRD. The
functionality of RAKF was developed and verified
based on QRD core. In the proposed QRD archi-
tecture, the computation of boundary and inter-
nal cell processing elements (PEs) involved were
used to solve the robust array equations. The pro-
posed method found that the architecture can uti-
lize fewer hardware resources and as well improve
the latency of hardware.
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