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Abstract— This paper presents the comparison and implementation of state estimation and control strategies
for the attitude of a quadrotor. We’ve started by developing a mathematical model for the attitude of the device
using quaternions representation of attitude alongside the matrix algebra. Based on this model, we’ve proposed
three different control strategies based on PID control, Feedback Linearization and Backstepping control. The
controllers were implemented in the Crazyflie 1.0, an open-source development platform by Bitcraze. The results
were compared to the built-in control system and an improvement could be verified.
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1 Introduction

Over the last 20 years, remotely controlled vehi-
cles became very popular due to their usage ver-
satility. They can be employed for commercial,
military, and even recreational purposes (Gupte
et al., 2012). In this context, quadrotors stand
out because of their conceptual simplicity: one can
control such systems simply by properly changing
the speed of each of the four rotors. Despite be-
ing simple, achieving the desired stability may be
challenging, due to fast dynamics, high suscep-
tibility to external disturbances, non-linearities,
strong coupling and to under-actuation (Xiang
et al., 2016).

This paper presents the comparison and im-
plementation of state estimation and control
strategies for the attitude of a quadrotor, given
that the estimation and control of the attitude is
essential for controlling a quadrotor, as it is the
most inner loop (Mahony et al., 2012). We’ve
started by developing a mathematical model for
position and attitude of the device using quater-
nions. Based on this model, we’ve proposed
three different control strategies based on PID
control, Feedback Linearization and Backstepping
control. The controllers were implemented in the
Crazyflie 1.0, an open-source development plat-
form by Bitcraze. The results were compared to
the built-in control system.

This work is organized as follows. Section
2 presents the development of the mathematical
model using quaternions. In Section 3 we present
the development of the three proposed attitude
controllers. Section 4 shows the results of the im-
plemented estimator and controllers in the open-
source quadrotor Crazyflie 1.0. Finally, Section 5
brings the conclusions of this work. This work is
based on a final course undergraduate monograph
presented to the Instituto Militar de Engenharia

(dos Santos et al., 2015).

2 Mathematical modeling

In this section we present the model for the
quadrotor that is used in this work.

2.1 Quadrotor system model

The quadrotor will be approximated by a struc-
ture composed by four masses, representing the
four rotors, connected by weightless rigid rods, as
shown in Figure 1.

Figure 1: Physical model for the quadrotor.

The four masses M1,M2,M3 and M4 are
equally spaced constituting a square whose cen-
ter coincides with the center of mass of the struc-
ture. Two reference frames are defined: the Sys-
tem reference frame S = (e1, e2, e3) attached to
the quadrotor, and the Earth reference frame
E = (ex, ey, ez), as inertial reference frame. The
state of this system can be fully determined by the
(x, y, z) coordinates of the center of mass and by
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the orientation of the system relative to E. The
quaternion S

Eq = q0 + q1i+ q2j+ q3k describes the
orientation of the inertial reference frame E (Earth
frame) relative to the system reference frame, i.e.,
the rotation that should be applied to E in order
to match with S. It represents also the attitude of
the quadrotor. Quaternions are chosen over Eu-
ler angles because they avoid singularities in the
model and are computationally simpler (Conway
e Smith, 2003).

The quantities p, q, and r are the speeds of
rotations around the axis e1, e2 and e3, respec-
tively, and they ate related to the derivatives of
the quaternion elements by (Madgwick, 2010):

q̇0
q̇1
q̇2
q̇3

 = 1
2


−q1p− q2q − q3r
q0p− q3q + q2r
q3p+ q0q − q1r
−q2p+ q1q + q0r

 (1)

The motors located in the extremities of the
quadrotor exert the thrust forces f1, f2, f3 and
f4, which are responsible for the quadrotor lift
and for row and pitch orientations. Moreover,
the motors provide the torques τ1, τ2, τ3, τ4,
which are responsible for the yaw orientation. Let
τφ = (f2 − f4)l be the roll control torque, with
l the lenght of the moment arm. Similarly, let
τθ = (f3 − f1)l be the pitch control torque and
τψ = τ1 + τ3 − τ2 − τ4 be the yaw control torque.

The rotational dynamics is obtained by ap-
plication of Newton’s second law of rotation ans
Coriolis equation, (Beard, 2008), and can be writ-
ten as: ṗq̇

ṙ

 =


Jy−Jz
Jx

qr
Jz−Jx
Jy

pr
Jx−Jy
Jz

pq

 +

 τφ
Jx
τθ
Jy
τψ
Jz

 (2)

where Jx, Jy and Jz are the x, y and z moment of
inertia with respect to the center of mass, respec-
tively, assuming model symmetry.

Equations (1) and (2) combined give the
state space model, for which the state is x =
[q0 q1 q2 q3 p q r]

T and the system input is u =
[τφ τθ τψ]T . Note that there are no singularities in
this nonlinear model, with polynomial complexity.

The mechanical parameters of the CrazyFlie
1.0 used in this section were experimentally ob-
tained in (dos Santos et al., 2015) and shown in
Table 1.

Table 1: Mechanical parameters CF1.
Parameter Values Unit

m 1.8690× 10−2 kg
l 4.5000× 10−2 m
Jx 9.0359× 10−6 kg.m2

Jy 9.1268× 10−6 kg.m2

Jz 1.9368× 10−5 kg.m2

g 9.81 m/s2

2.2 Actual inputs

Even though the inputs are τφ, τθ and τψ, in
the implementation of the firmware, these torques
can’t be controlled directly. The only interface
to the motors is the PWM duty cycle control,
which is the actual control input. Therefore, the
thrust forces fi and the torques τi of the rotor Mi,
i = 1 . . . 4, are modelled as:

fi = aδi + b
τi = cδ + d

(3)

where a, b, c and d are constants experimentally
determined in (dos Santos et al., 2015), and δi ∈
[0, 1] is the PWM duty cycle control for rotor Mi.

The total thrust F = f1 + f2 + f3 + f4 and
rotational torques τφ, τθ and τψ , in terms of the
duty cycles, are:

F = a(δ1 + δ2 + δ3 + δ4) + 4b
τφ = la(δ2 − δ4)
τθ = la(δ3 − δ1)
τψ = c(δ1 + δ3 − δ2 − δ4)

(4)

Let the auxiliary variables k, m, n and o be
defined as follows:

k = δ1 + δ2 + δ3 + δ4 m = δ2 − δ4
o = δ1 + δ3 − δ2 − δ4 n = δ3 − δ1

(5)

Solving this system for δi:

δ1 = k−2n+o
4 δ2 = k+2m−o

4

δ3 = k+2n+o
4 δ4 = k−2m−o

4

(6)

Substituting equations (6) in equations (4),
the inputs are obtained in terms of the auxiliary
variables. This is helpful because the influence of
a single duty cycle in the system inputs can be
decoupled from the others.

F = a ·k + 4 · b τφ = l · a ·m
τθ = l · a · n τψ = c · o (7)

Equations in (7) should be replaced in equa-
tion (2) in order to change the inputs of the sys-
tem from torques to the auxiliary variables k, m,
n and o, which, through equations (6), provide
a parameter-independent way of determining the
actual inputs. The advantage of this step is that
(a) all the uncertainty of the quadrotor parame-
ters is concentrated in the model, not in the con-
version from control input to duty-cycle; and (b)
each control input acts over a different state, what
favors a control decoupling.

The parameters of the CrazyFlie 1.0 presented
in this section were experimentally obtained in
(dos Santos et al., 2015) and shown in Table 2.
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Table 2: Eletromechanical parameters CF1.
Parameter Value Units

a 8.4540× 10−2 N
b −1.4816× 10−2 N
c 1.7526× 10−1 adim.
d 4.4495× 10−4 N ·m
σq1 4.2102× 102 adim.
σq2 4.1683× 102 adim.
σq3 2.6284× 101 adim.
T 4 ms

2.3 Linearization

The non-linear equations that describe the model
can be summarized by ẋ = g(x,u), where x is the
state vector and u is the input vector. The equa-
tion for g can be expanded in Taylor series until
the first order, at the equilibrium point (x∗,u∗)
(Ogata, 2013).

At the equilibrium point, the derivatives van-
ish, resulting ẋ∗ = g(x∗,u∗) = 0. Defining
x̃ = x−x∗ and ũ = u−u∗, the following linearized
state space model can be derived ˙̃x = Ax̃ + Bũ
where A and B are real number matrices (dos San-
tos et al., 2015).

The chosen equilibrium point corresponds to
the quadrotor hovering at an arbitrary position,
with the thrust balancing its weight, i.e., x∗ =
[1 0 0 0 0 0 0]T and u∗ = [0 0 0]T . The quaternion
q = 1 is chosen since it represents the situation
which the reference frame E is matched with the
reference frame S and no rotation is necessary.

In order to implement a control algorithm in
the Crazyflie firmware, it’s necessary to discretize
the model, because the processing is executed pe-
riodically, with a sampling period T . The discrete
model is given by (dos Santos et al., 2015):

q0,k = q0,k−1 (8)

q1,k = q1,k−1 + T
2 pk−1 +

T 2σq1
4 mk

pk = pk−1 + Tσq1m,k

(9)

q2,k = q2,k−1 + T
2 qk−1 +

T 2σq2
4 nk

qk = qk−1 + Tσq2n,k
(10)

q3,k = q3,k−1 + T
2 rk−1 +

T 2σq3
4 ok

rk = rk−1 + Tσq3o,k
(11)

where equations (7) were used and σq1 = la/Jx,
σq2 = la/Jy and σq3 = c/Jz.

This representation of this system is not mini-
mal, since we have the restriction of a unit quater-
nion. Thus the equation (8) can be removed from
the system, and the value of q0,k is determined by
normalization. Note that equations (9), (10) and
(11) are decoupled and have the same structure.
This makes it possible to treat them as three in-
dependent systems and synthesize one single con-
troller structure for the three of them and adjust
the parameters.

3 Attitude controllers

3.1 PID

The proposed Proportional-Integral-Derivative
(PID) control system provides the following con-
trol laws (Ogata, 2013):

mk = Kq1
p (rq1k − q1,k)−Kq1

w pk +Kq1
i v

q1
k

nk = Kq2
p (rq2k − q2,k)−Kq2

w qk +Kq2
i v

q2
k

ok = Kq3
p (rq3k − q3,k)−Kq3

w rk +Kq3
i v

q3
k

(12)
Where Kqi

p and Kqi
w are calculated by means

of the following equation, when one wishes that
the transfer function denominator to be z2−fqz+
gq, where fq and gq would be obtained using some
pole placement technique:

Kqi
p =

4(1−fq+gq)
T 2σq1gq

Kqi
w =

1+fq−3gq
Tσq1gq

(13)
The terms vqik and rqik , i = {1, 2, 3}, are, re-

spectively, the integral error, which can be com-
puted by vqik = vqik−1+(rqik −qi,k), and the reference
inputs, i.e., the desired system attitude. The ref-
erence inputs for the quaternion can be obtained
from the desired attitude in Euler angles:

rq1k = s(
rφk
2 )c(

rθk
2 )c(

rψk
2 )− c( r

φ
k

2 )s(
rθk
2 )s(

rψk
2 )

rq2k = c(
rφk
2 )s(

rθk
2 )c(

rψk
2 ) + s(

rφk
2 )c(

rθk
2 )s(

rψk
2 )

rq3k = c(
rφk
2 )c(

rθk
2 )s(

rψk
2 )− s( r

φ
k

2 )s(
rθk
2 )c(

rψk
2 )
(14)

where s(·) = sin(·) and c(·) = cos(·).

3.2 Feedback linearization

One technique used to avoid working with the lin-
earized model directly is the Feedback Lineariza-
tion. Such controller considers non-linearities of
the system when applying the control inputs. In
order to take advantage of the simplicity of the
PID controller, we choose to apply the previously
projected PID controller after the feedback lin-
earization.

Let a nonlinear second-order system be:

ẍ = f(x, ẋ) + g(x, ẋ)u (15)

Define the input as following:

u = g(x, ẋ)−1[w − f(x, ẋ)] (16)

The resulting system will be ẍ = w, i.e., linear
for the new input vector w. This means that one
can choose any linear control technique, apply to
the virtual input w, and then obtain the physical
input u by means of equation (16). Note that this
technique can only be applied if the matrix B is
invertible.

From equations (1), we take the time deriva-
tive in order to obtain the second time derivative
of the quaternions. We also replace the first time
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derivatives ṗ, q̇ and ṙ by equations (2). Finally,
considering the symmetry of the quadrotor, we ob-
tain the following second order model:

2

q̈1q̈2
q̈3

 =

 q̇0p− q̇3q + q̇2r
q̇3p+ q̇0q − q̇1r
−q̇2p+ q̇1q + q̇0r

+

+

 q0 −q3 q2
q3 q0 −q1
−q2 q1 q0

σq1mσq2n
σq3o


(17)

that has the same form as (15).
Let the virtual control input w be given by

w = [m′ n′ o′], which will be the same PID control
as before. The control law can be calculated as:mn

o

 =


q0 +

q21
q0

q3 + q1q2
q0

−q2 + q1q3
q0

−q3 + q1q2
q0

q0 +
q22
q0

q1 + q2q3
q0

q2 + q1q3
q0

−q1 + q2q3
q0

q0 +
q23
q0


·

m
′ − q̇0p−q̇3q+q̇2r

σq1

n′ − q̇3p+q̇0q−q̇1r
σq2

o′ − −q̇2p+q̇1q+q̇0rσq3


(18)

Where q̇0, q̇1, q̇2 and q̇3 are obtained from (1); m′,
n′ and o′ are the same control inputs projected
for the PID controller in (12); and from m, n and
o it’s obtained δ1, δ2, δ3 and δ4 with support of
equations (6).

3.3 Backstepping control

Another control technique used to stabilize
non-linear systems is the Backstepping control
(Kokotovic, 1991). In this method, the system
is first represented in the strict-feedback-form.

ẋ1 = f1(x1) + g1(x1)x2

ẋ2 = f2(x1,x2) + g2(x1,x2)x3

...
...

ẋn = fn(x1,x2, · · · ,xn) + gn(x1,x2, · · · ,xn)u
(19)

The system x1 is known to be stabilized by
a control law α1(x1). It’s designed a control law
α2(x2) that stabilizes x2 to α1(x1). Next, it’s de-
signed a control law α3(x3) that stabilizes x3 to
α2(x2). This process is repeated until the control
u to stabilize xn to the control law αn−1(xn−1)
be designed. This way, stability was considered in
all steps.

The Backstepping controller implemented
here was based on the development of the Ideal
Backstepping Control of (Basri et al., 2014).

Let x1 be the error of the state (quaternion
coefficients) q = [q1 q2 q3]T trying to follow a
given desired reference qd (obtained by means of
equation (14)), i.e., x1 = qd − q. The dynamic
model for x1 is

ẋ1 = q̇d − x2 (20)

where x2 = q̇ is a virtual control for x1, whose
dynamic model is

ẋ2 = q̈ = f(~ω,q, q̇) + g(q)u (21)

the functions f(~ω,q, q̇) and g(q) are obtained
from equation (17).

Equations (20) and (21) describe a system in
the strict-feedback-form.

Let V1(x1) = 1/2xT1 x1 be a Lyapunov func-
tion for the system in equation (20). The time
derivative of V1 is V̇1 = xT1 (q̇d − x2).

If x2 tracks a control law defined as α1(x1) =
q̇d+k1x1, with k > 0, the system x1 is stabilized,
since V̇1 = −k1xT1 x1 ≤ 0. However, x2 can track
α1(x1) only with an error z2 = x2−α1(x1). Also,
let z1 = x1. The system in equations (20) and
(21) can be rewritten in terms or z1 and z2:

ż1 = q̇d − α1(z1)− z2
= −k1z1 − z2

ż2 = f(~ω,q, q̇) + g(q)u− α̇1(z1)
= f(~ω,q, q̇) + g(q)u− q̈d − k1ż1

(22)

Let V2(z1, z2) = 1/2 zT1 z1+1/2 zT2 z2 be a Lya-
punov function for the system. Evaluating the
time derivative of V2(z1, z2):

V̇2(z1, z2) = −k1zT1 z1 − zT1 z2 + z2(f(~ω,q, q̇)
+g(q)u− q̈d − k1ż1)

(23)
This system can be stabilized by choosing the

control input as:

u = g(q)−1 [q̈d + k1ż1 − f(~ω,q, q̇) + z1 − k2z2]
(24)

with k2 > 0. The time derivative will be
V̇2(z1, z2) = −k1zT1 z1 − k2zT2 z2 ≤ 0

Note that the control law has the format of
equation (16), with w in the following form w =
z1 + k1ż1 + q̈d − k2z2.

4 Results

The performance evaluation of the controllers was
done by analyzing the Euler angles step response,
in a controlled situation.

Three sets of tests were executed, one for each
controller (PID, Feedback Linearization and Back-
stepping). Each set of tests consisted of a step of
10◦ in the reference for roll and yaw angles sepa-
rately. The test for pitch angle was not performed
because of the great similarity with roll angle. It
was also used the RMSE as performance crite-
ria. The results and their comparison against the
built-in PD controller are plotted in Figures 2 to
4, for roll step, and in Figure 5, for yaw step.

The result of the PID controller performance
for the roll step is shown in Figure 2. The PID
constants used were: Kq1

p = 0.6, Kq1
w = 0.08,

Kq1
i = 0.1, Kq2

p = 0.7, Kq2
w = 0.1, Kq1

i = 0.6,
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Kq3
p = 1.0, Kq3

w = 0.2, Kq1
i = 0.1. It’s possible to

verify that the performances of the Built-In (BIN)
PD controller and the PID quaternion based con-
troller are very similar. Although, the PID was
able to reach the step faster then the Built-In, it
presented a higher overshoot. This is tunnable by
adjusting the PID constants. The proposed PID
presented a lower RMSE.

Figure 2: PID and BIN controllers comparison for
roll variation.

Figure 3: FBL and BIN controllers comparison for
roll variation.

Figure 4: BKP and BIN controllers comparison
for roll variation.

The result for the Feedback Linearization
(FBL) controller submitted to a roll step is shown
in Figure 3, for a step in Roll. From figure 3, it’s
possible to see that the FBL controller presented
a slower response to the step, although it used the
same constants as the PID. On the other hand, it
reduced the amplitude of the oscillations. In spite
of presenting a slower response, the FBL presented

a lower RMSE, due to the lower-amplitude oscil-
lations.

For the Backstepping (BKP) controller, the
roll step result is shown in Figure 4. The con-
stants described in section 3.3 had their values set
to kq11 = 0.07, kq12 = 0.12, kq21 = 0.07, kq22 = 0.12,
kq31 = 0.10, kq32 = 0.2. From figure 4, it’s possible
to verify that this controller presents a much faster
response to the step, however it also presents oscil-
lations with almost 5◦ of amplitude. Nevertheless,
the oscillations are centered in the reference with
better precision then others controllers, what can
be seen by the low RMSE despite the oscillations.

Figure 5: Comparison of all controllers for yaw
variation.

Figure 5 groups the performance of all con-
trollers to a step in the yaw angle. The Built-in
controller does not support a yaw angle control,
but only a yaw rate control. Thus, its result won’t
be shown. From the figure, it’s possible to note
that the faster controller was the BKP, followed
by the FBL with a performance slightly faster
the PID. However, the BKP presented the higher
overshoot. All of them were able to track the ref-
erence without steady state error. Also, note that
the oscillations presented by the BKP controller,
when submitted to a roll step, don’t occur for a
yaw step. In terms of RMSE, the BKP controller
presented the best performance.

The RMSE of the controllers is summarized in
table 3. For a roll step, the Feedback Lineariza-
tion controller presented the best performance in
terms of RMSE. For the yaw step, it was the Back-
stepping controller which presented the best per-
formance.

Table 3: RMSE for attitude controllers.
Angle RMSE (degrees)

BIN PID FBL BKP
Roll 2.117 2.096 2.041 2.057
Yaw − 1.886 1.415 1.161
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5 Conclusion

In this paper we’ve derived a mathematical model
for a quadrotor attitude that uses quaternions
to represent the attitude alongside the rotation
matrix algebra. This model presents polynomial
complexity and lack of singularities. Three dif-
ferent controllers were developed to the attitude
model based on PID, Feedback Linearization, and
Backstepping techniques.

In addition, the attitude controllers were
all implemented in an open-source quadrotor
(Crazyflie 1.0, by Bitcraze), used as development
platform and the results were compared against
the built-in controller (PD in Euler angles).

Among the attitude controllers, either tested
controllers and the built-in controller were able to
track the reference for roll and yaw angles. The
Feedback Linearization technique presented the
best performance for roll angle while the Back-
stepping technique was the best for yaw angle.
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