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São José dos Campos, SP, Brazil

Emails: mmaximo@ita.br, carlos@ita.br, rubensjm@ita.br

Abstract— Humanoid locomotion is a challenging research problem in Mobile Robotics. Walking algorithms
have to reason about a nonlinear, underactuated, and high-dimensional dynamics, while avoiding exceeding
contact and actuators constraints. The ZMP Preview Control framework has been successfully applied to many
real world humanoid robots, despite the resulting walking being energetic inefficiency. One of the reasons for
the energetic inefficiency is related to the fact that the reference ZMP trajectory is kept at the middle of the
support foot during single support, even though a ZMP motion from heel to toe is observed in human walking.
On the other hand, modern walking algorithms based on Model Predictive Control (MPC) generate more natural
walking patterns at the expense of solving costly constrained optimization problems online. Inspired by the
ZMP trajectory resulting from these optimization approaches, this paper describes how to achieve more natural
walking patterns in ZMP Preview Control through reference ZMP manipulation.

Keywords— Robot Control, Legged Locomotion, Humanoid Robots.

1 Introduction

Humanoid locomotion is considered one of the
hardest problems in Mobile Robotics. The non-
linear, underactuated, and high-dimensional dy-
namics of a humanoid robot with many degrees of
freedom make designing a stable walking challeng-
ing. Hence, techniques used in real-time control of
humanoid robots often reason about reduced or-
der models based on the center of mass (CoM)
dynamics, such as inverted pendulum (Kajita
et al., 2001; Kajita et al., 2003) or centroidal dy-
namics (Orin et al., 2013).

An important concept regarding walking
stability is the Zero Moment Point (ZMP)
(Vukobratović and Borovac, 2004): the ZMP sta-
bility criterion states that a legged robot is dy-
namically stable if the ZMP is within the sup-
port polygon. Many real world robots walk us-
ing ZMP-based techniques (Maximo and Ribeiro,
2016; Takenaka et al., 2009). A particularly suc-
cessful ZMP-based walking algorithm is the ZMP
Preview Control (Kajita et al., 2003), which tracks
a reference ZMP trajectory over a prediction hori-
zon. Despite presenting adequate performance
in flat ground, the resulting walking has low en-
ergy efficiency when compared to human walk-
ing (Collins et al., 2005). An important source
of inefficiency rests in keeping the ZMP at the
middle of the support foot during single support
(Kajita et al., 2003), while the ZMP moves from
heel to toe during single support in human walk-
ing (Erbatur and Kurt, 2009).

Model Predictive Control (MPC) is a mod-

ern control technique which permits direct inclu-
sion of dynamic system constrains by solving con-
strained optimization problems online over a re-
ceding horizon. Wieber (2006) proposed a model
predictive controller for walking which reasons ex-
plicitly about the ZMP constraints imposed by the
support polygon. Hence, close ZMP tracking is no
longer required and the optimization may pursue
more interesting objectives, such as velocity track-
ing. Therefore, this approach results in more nat-
ural walking patterns, where ZMP movement from
heel to toe naturally arises as the optimization so-
lution (Herdt et al., 2010). Nonetheless, the high
computational cost of solving numeric optimiza-
tion problems online restricts these techniques to
high cost hardware or to low sample rates.

In this paper, we show that a walking pat-
tern similar to the MPC solution may be obtained
by manipulating the reference ZMP trajectory fed
to the ZMP Preview Control scheme, thus com-
bining the natural ZMP motion of the MPC ap-
proach with the computational efficiency of the
ZMP Preview Control. Erbatur and Kurt (2009)
also attained a heel to toe ZMP motion by us-
ing adequate reference ZMP, but we bring impor-
tant contributions. First, we are using the ZMP
Preview Control framework, which takes into ac-
count the robot’s dynamical state in the walking
pattern generation. Moreover, they use the same
heel to toe motion regardless of the forward walk-
ing speed, which results in energetic inefficiency.
Finally, inspired by the MPC optimization solu-
tion, we also provide how ZMP manipulation may
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be done in the y direction.
The remaining of this paper is organized as

follows. Section 2 models humanoid walking dy-
namics, including future prediction. Section 3 de-
scribes the ZMP Preview Control and the MPC
with ZMP constraints, providing a comparison be-
tween these methods. Section 4 shows how ZMP
manipulation may be used in ZMP Preview Con-
trol to obtain a energetically efficient walking.
Section 5 presents simulation results to validate
the proposed approach. Finally, Section 6 con-
cludes the work and shares ideas for future inves-
tigation.

2 Predicting Future CoM and ZMP

As indicated by (Kajita et al., 2003), instanta-
neous changes in the support polygon due to the
robot feet breaking and making contact with the
ground require that the walking controller antici-
pates future ZMP input by moving the ZMP be-
fore a sudden reference change happens. In Model
Predictive Control (MPC), future input and state
are taken into account by predicting future system
behavior over fixed horizons through integration
of the dynamical system model. In this Section,
we will show how this future prediction may be
accomplished for walking dynamics. A derivation
only for the x coordinates will be presented, as ex-
tending it to the y coordinates is straightforward.

First, consider direct control over the robot’s
center of mass (CoM) jerk (i.e. the derivative of
the acceleration)

...
x , then the CoM evolution is

dictated by:

d

dt

xẋ
ẍ

 =

0 1 0
0 0 1
0 0 0

xẋ
ẍ

+

0
0
1

 ...
x . (1)

The equivalent zero-order hold discrete-time
model may be obtained by assuming constant jerk
...
x within a time step of duration T :

x[k + 1] =

1 T T 2/2
0 1 T
0 0 1

x[k] +

T 3/6
T 2/2
T

 ...
x [k],

(2)

where x[k] = [x[k] ẋ[k] ẍ[k]]
T

. Furthermore, if
the CoM height h is kept constant and the angular
momentum rate is neglected, the ZMP dynamics
follows the well-known linear inverted pendulum
model (Kajita et al., 2001):

zx[k] =
[
1 0 −h/g

]
x[k], (3)

where g is the acceleration of the gravity. Predic-
tion of the behavior of the system over a horizon
of N time steps can be carried out by:

X[k] =

 x[k + 1|k]
...

x[k +N |k]

 = Ppsx[k] + Ppu

...
X[k], (4)

Ẋ[k] =

 ẋ[k + 1|k]
...

ẋ[k +N |k]

 = Pvsx[k] + Pvu

...
X[k], (5)

Ẍ[k] =

 ẍ[k + 1|k]
...

ẍ[k +N |k]

 = Pasx[k] + Pau

...
X[k], (6)

Zx[k] =

 zx[k + 1|k]
...

zx[k +N |k]

 = Pzsx[k] + Pzu

...
X[k],

(7)
where:

...
X[k] =


...
x [k|k]

...
...
x [k +N − 1|k]

 , (8)

in which the matrices Pps, Ppu, Pvs, Pvu, Pas,
Pau, Pzs, and Pzu can be determined using (2)
and (3).

3 Walking Pattern Generators

This section presents the walking pattern gener-
ators considered in this work, namely the ZMP
Preview Control and a model predictive controller
with ZMP constraints. Additionally, we show a
comparison between these methods.

3.1 Walking using ZMP Preview Control

Kajita et al. (2003) proposed a walking pattern
generator based on Preview Control that tracks a
prescribed reference ZMP trajectory over a pre-
diction horizon. As stated in (Herdt et al., 2010),
this formulation may be interpreted as an un-
constrained model predictive controller. The cost
function balances jerk minimization and reference
ZMP tracking:

J
(...
X[k]

)
=
α

2
||

...
X[k]||2 +

γ

2
||Zr,x[k]− Zx[k]||2,

(9)

where the weights α and γ penalize jerk usage and
ZMP error, respectively. Moreover, Zr,x[k] is the
reference ZMP trajectory in x coordinates:

Zr,x[k] =

 zr,x[k + 1]
...

zr,x[k +N ]

 . (10)

For maximum stability, Kajita et al. (2003)
chooses a polygonal reference ZMP trajectory
which keeps the ZMP at the middle of the sup-
port foot during single support and moves the
ZMP between footholds during double support.
The implicit assumption made here is that the
ZMP tracking is good enough to keep the ZMP
always within the support polygon, as needed
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by the ZMP stability criterion (Vukobratović and
Borovac, 2004). This algorithm is used in con-
junction with a footstep planner which chooses
footholds based on a higher level objective, such as
position or velocity tracking. The jerk trajectory
is obtained by solving the optimization problem
defined by the cost function shown in (9), which
has the following analytic solution:

...
X[k] =

(
PT

zuPzu +
α

γ
IN

)−1
PT

zu (Zr,x −Pzsx[k]) ,

(11)
where IN denotes the identity matrix of size N .
Then, the CoM trajectory is constructed using (4).
Again, the equivalent derivation for y is omitted
for conciseness. It is noteworthy to point out that
the x and y coordinates are completely uncoupled
in this formulation, thus they may be solved sepa-
rately (Wieber, 2006), which is preferred for com-
putational efficiency reasons.

3.2 Walking using Model Predictive Control with
Constraints

Wieber (2006) enhanced the pattern generator
presented by (Kajita et al., 2003) through explicit
inclusion of the ZMP constraints imposed by the
support polygon. Considering the ZMP stability
criterion, the ZMP does not need to be close to a
reference, as long as the ZMP stays within the sup-
port polygon (Vukobratović and Borovac, 2004),
which is handled by the constraints in this case.
Therefore, despite a reference ZMP trajectory
may still be considered for safety reasons, a high
ZMP error weight is not required anymore, freeing
the optimization to pursue more interesting objec-
tives, such as CoM position or velocity tracking
(Dimitrov et al., 2008; Herdt et al., 2010). Math-
ematically, the ZMP constraints are written as:

[
dx (θi) dy (θi)

] [zx[k + i|k]− zr,x[k + i]
zy[k + i|k]− zr,y[k + i]

]
≤ s,

1 ≤ i ≤ N,
(12)

where dx (θi) and dy (θi) are column vectors con-
taining the x and y coordinates of the vectors,
which are normals to the edges of the support
polygon, respectively; zr,x[k+ i] and zr,y[k+ i] are
the reference ZMP in x and y coordinates at time
step i, respectively; θi is the support foot orienta-
tion at time step i; and s contains the maximum
ZMP errors allowed by the support polygon in
each direction (in practice, we use smaller bounds
than the actual support polygon here to account
for inevitable modeling and state estimate errors).
Generically, Equation (12) introduces coupling be-
tween x and y coordinates.

In many practical applications, e.g. robot soc-
cer, a higher level algorithm issues velocity com-

mands to the walking controller. Moreover, en-
ergy efficient is also an usual concern. Hence, in
the cost function, we will consider a trade off be-
tween velocity tracking, ZMP tracking, jerk mini-
mization, and acceleration minimization:

J (u[k]) =
α

2
||

...
X[k]||2 +

β

2
||Ẋr[k]− Ẋ[k]||2

+
γ

2
||Zr,x[k]− Zx[k]||2 +

δ

2
||Ẍ[k]||2

α

2
||

...
Y[k]||2 +

β

2
||Ẏr[k]− Ẏ[k]||2

+
γ

2
||Zy,x[k]− Zy[k]||2 +

δ

2
||Ÿ[k]||2

, (13)

where u[k] = [
...
X[k]

...
Y[k]]T and β is a new weight

that penalizes velocity tracking error. Since we
are concerned with computational efficiency, we
do not consider the automatic footstep placement
mechanism presented in (Herdt et al., 2010) to
avoid dealing with a larger optimization problem,
thus we still need a footstep planner to choose
footholds. The resulting optimization problem is
a quadratic program (QP):

u∗[k] = arg min
u[k]

1

2
uT [k]H[k]u[k] + fT [k]u[k]

subjected to Aineq[k]u[k] ≤ bineq[k]

,

(14)

which may be solved using a state-of-the-art com-
mercial solver, such as Gurobi (Gurobi Optimiza-
tion, Inc., 2015).

3.3 Comparing the Walking Pattern Generators

Using the methods presented in the sections 3.1
and 3.2, we generated patterns for walking for-
ward with 0.15 m/s. For forward walking, the
footstep planner used chooses swing foot displace-
ments of 2ẋrT , while keeping a lateral distance of
2ysep between the feet, where ẋr is the reference
forward speed and T is the step duration. Intu-
itively, the swing foot has to move the double of
the robot translation within a step, because it will
not move when playing the role of support foot in
the next step.

Table 1 shows the common parameters used,
which were motivated by velocity tracking as the
main objective and by the DARwIn-OP robot
(Ha et al., 2011). Regarding the control weights,
we used α = 10−10 s6/m2 and γ = 1 m−2

for the preview control. For the MPC, we used
α = 10−10 s6/m2, β = 1 s2/m2, γ = 10−6 m−2,
and δ = 10−2 s4/m2. Moreover, the robot is at
the beginning of a step, with the feet aligned in
x and separated by 2ysep in y, and with a static
CoM at the middle of its left foot, which is on the
ground.
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Table 1: Walking pattern generators parameters.

Meaning Symbol Value

Sample time T 0.01 s
Step duration Tstep 0.4 s
CoM height h 0.2 m
Half lateral distance
between feet

ysep 0.04 m

Foot length l 0.083 m
Foot width w 0.053 m
Prediction horizon
length

N 240

Double support ratio fds 0.2

Figure 1 presents XY views of the generated
patterns. In Figure 1(b), we may see that the
optimization decides to move the ZMP from heel
to toe in the x direction and to keep the ZMP
at the edge of the foot laterally, since a small
weight γ to penalize ZMP error was chosen. On
the other hand, the ZMP Preview Control main-
tains the ZMP at the center of the support foot
during single support, as shown in Figure 1(a).
Despite these results may suggest superiority of
the preview control scheme due to increased sta-
bility, this approach brings negative effects to ve-
locity and acceleration, as shown in Figure 2.

0 0.1 0.2 0.3 0.4

X (m)

-0.05

0

0.05

Y
 (

m
)

CoM

ZMP Reference

Actual ZMP

0 0.1 0.2 0.3 0.4

X (m)

-0.05

0

0.05

Y
 (

m
)

a)

b)

Figure 1: Walking patterns generated for forward
walking with 0.15 m/s using: (a) ZMP Preview
Control and (b) MPC with ZMP constraints.

In Figure 2(a), it is possible to see that the
MPC tracks the reference speed without any visi-
ble oscillations, while the preview controller needs
to accelerate and decelerate the CoM within a
step to keep the ZMP at the center of the support
foot. In the lateral direction, a torso sway move-
ment is essential to maintain the ZMP within the
support polygon, however this movement ampli-
tude is higher when using the preview controller,
as shown in Figure 2(b). As suggested by these re-
sults, we confirm in figures 2(c) and 2(d) that the
preview controller uses more acceleration in both
x and y directions. These unnecessary accelera-
tions and decelerations employed by the preview
controller result in wasted energy.
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Figure 2: Comparison of velocity and acceleration
trajectories generated for forward walking with
0.15 m/s using the ZMP Preview Control and the
MPC with ZMP Constraints methods.

On the other hand, the preview control may
be solve analytically, thus involving low compu-
tational effort, while the MPC requires solving a
quadratic program, i.e. a costly numeric optimiza-
tion problem. To compare these methods in terms
of computational cost, we solved the underlying
optimization problems 100 times in MATLAB for
generating the patterns shown in Figure 1. The
preview control took a mean time of 4.95 · 10−5 s
with a standard deviation of 1.33·10−4 s, while the
mean time for the MPC was 0.82 s with a stan-
dard deviation of 0.033 s. Therefore, the MPC
scheme is more computationally costly than the
preview control by orders of magnitude.

4 Efficient Walking through Reference
ZMP Manipulation

In a humanoid robot application, an embedded
computer usually shares its computing power with
many tasks, such as motion control, computer vi-
sion, high level decision making etc. Hence, a
walking algorithm with a low computational cost
is desired.

Inspired by the ZMP trajectory found by the
optimization shown in Figure 1(b), we may try to
manipulate the reference ZMP used in the preview
control scheme to obtain energy efficient walking
patterns while maintaining a low computational
cost. Moreover, looking at Equation (3), no CoM
acceleration is needed if the ZMP trajectory is the
same as the CoM trajectory.
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Therefore, our idea is to make the ZMP tra-
jectory follow the desired CoM trajectory, saturat-
ing the ZMP to the support polygon edges when
the CoM leaves the support polygon, both in x
and y coordinates. Moreover, note that translat-
ing this idea to an actual algorithm is straightfor-
ward.

Figure 3 shows the walking pattern generated
for forward walking with 0.15 m/s using ZMP Pre-
view Control coupled with this ZMP manipula-
tion strategy. We used the parameters presented
in Section 3.3. Despite not achieving the exact
same results as the optimization, the acceleration
amplitudes are close to the ones obtained with
the MPC scheme. Since the same computations
are performed, the computational cost is the one
needed by the ZMP preview control.
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Figure 3: Walking pattern generated for forward
walking with 0.15 m/s using ZMP Preview Con-
trol with ZMP manipulation: (a) XY view; (b)
CoM velocity; and (c) CoM acceleration.

5 Simulation Results

To provide a more realistic validation of the
proposed approach, we present results using a
full-body model of the DARwIn-OP robot (Ha
et al., 2011) in the Gazebo simulator. This model
was developed by ourselves using the parameters
provided in the robot’s documentation. Most of
the parameters used are the ones presented in Ta-
ble 1, except for two parameters: wysep, which
we enlarged to 0.05 m to avoid collision between
the legs and w, which we used a more conser-
vative value of 0.04 m, since using 0.053 m was
making the robot falls sometimes due to imper-

fections present in the full-body dynamics (Herdt
et al., 2010).

Some issues had to be addressed to imple-
ment the formulation in a full-body model. Since
DARwIn-OP has position-controlled joints, we de-
cided to use our controller as a pattern generator
to determine a desired CoM position trajectory.
Then, the CoM positions are used to compute
joints positions through Inverse Kinematics. Fur-
thermore, to damp the trunk’s angular oscillations
induced by the actuators dynamics, we use the an-
gular velocity measured by the gyrometer as feed-
back for stabilization (Maximo and Ribeiro, 2016).

The simulation experiments considered com-
mand the robot to move forward with 0.15 m/s.
Note that the robot has a preparation time of
1 s at the beginning of the simulation, where the
robot lowers its CoM to h and places it on the
center of the support foot.

Figure 4(a) and 4(b) show XY views of exper-
iments using the ZMP Preview Control with the
classical reference ZMP (i.e. reference ZMP at
the middle of the support polygon during single
support) and with the proposed reference ZMP
manipulation scheme, respectively. The experi-
ments outcomes are similar to the planned walking
pattern previously shown in figures 1(a) and 3(a),
but a lot of imperfection exists, which may be at-
tributed mainly to actuator dynamics and support
foot slippage. Additionally, Figure 5 shows a com-
parison of the CoM velocity in these experiments.
Again, the velocity is globally consistent, however
it is very noisy.
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Figure 4: Full-body dynamics simulation results
for forward walking with 0.15 m/s using: (a) ZMP
Preview Control with classical ZMP reference and
(b) ZMP Preview Control with reference ZMP ma-
nipulation.

For measuring energy consumption, we may
consider the following formulas:
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Figure 5: Comparison of actual velocity trajec-
tories obtained in the full-body dynamics simula-
tion for forward walking with 0.15 m/s using the
ZMP Preview Control with classical ZMP refer-
ence and the ZMP Preview Control with reference
ZMP manipulation.

Ediss =

∫ tf

t0

R||i(t)||2dt =

R

K2
tN

2η2

∫ tf

t0

||τ (t)||2dt,
(15)

Emech =

∫ tf

t0

τ (t)Tω(t)dt, (16)

Etotal = Ediss + Emech. (17)

where Ediss, Emech, and Etotal are the energy dis-
sipated on the electrical motors resistances of the
servos (DARwIn uses electric actuators), the me-
chanical energy used to drive the joints, and the
total energy consumption; R, Kt, N , and η are
the electrical resistance, torque constant, gearbox
reduction, and gearbox efficiency of the servomo-
tor, respectively; i(t), τ (t), and ω(t) are vectors
containing the currents, torques and speeds of all
joints (at the output axes) at time instant t; and
t0 and tf are the initial and final times considered
in the measurement. Using t0 = 0 and tf = 2.5 s,
we found Eclass

diss = 54.55 J , Eclass
mech = 30.98 J

and Eclass
total = 85.53 J when using the classical

reference ZMP, while the walking using the pro-
posed approach consumed Emanip

diss = 48.40 J ,

Emanip
mech = 26.10 J , and Emanip

total = 74.50 J . There-
fore, we have an energy consumption reduction of
about 14.8% in this case.

6 Conclusions

In this paper, we described how to manipulate
the ZMP reference in the ZMP Preview Con-
trol framework to achieve a more energy efficient
walking while maintaining a low computational

cost. The manipulated reference ZMP we pro-
posed was inspired by the ZMP trajectory ob-
tained when using computationally costly MPC-
based algorithms, which are able to optimize for
velocity tracking, since they directly reason about
the ZMP constraints imposed by the support poly-
gon. We have shown that the walking pattern gen-
erated using the proposed scheme indeed has a ve-
locity profile that resembles the walking patterns
generated by these more advanced techniques. For
future work, we intend to implement enhance-
ments to further reduce the energy consumption,
such as time-varying CoM height.
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XIII Simpósio Brasileiro de Automação Inteligente

Porto Alegre – RS, 1o – 4 de Outubro de 2017

2240


