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Abstract: This work addresses the allocation of closed-loop poles of a discretized system from
a continuous-time one with multiple input delays, aiming at its control through a computer. In
order to handle a practical challenge presented in Network Control System (NCS) approaches,
uncertain sampling period, distinct input time delays and parametric uncertainties in polytopic
form can be propagated from the original state space representation to the discretized state
model. The resulting discrete-time time-delay system has a very specific feature, so that it can
be converted into an augmented linear system without time-delay. In this context, the main
contribution of the present paper consists of a Linear Matrix Inequality (LMI) based control
synthesis condition composed of homogeneous polynomial matrices of arbitrary degree, which
ensures the continuous-time system stability and simultaneously the allocation of the closed-
loop poles of the augmented system in a D-stable region. Numerical simulations illustrate the

exposed.
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1. INTRODUCTION

An Network Control System (NCS) is a control system
in which plants, sensors, controllers, and actuators are
connected through communication networks. In design
of NCS, one considers important issues, e.g., uncertain
sampling period, network-induced delay, communication
constraints, and so on. In this context, this paper addresses
the modelling of an NCS with different time-delays in each
individual input channel, such that a discrete-time system
with multiple input delays is transformed into a delay free
one by using state augmentation techniques (Lian et al.
(2003), Zhou et al. (2010)). In order to handle a practical
challenge presented in NCS approaches, in addition to
distinct multiple input time delays an uncertain sampling
period is also considered.

In the context of multiple input delays, it is worth noting
that most research efforts have been devoted to design
of continuous-time feedback controllers. To the author’s
knowledge, there exists a lack of methods to design a
digital controller that assures the stability of the closed-
loop hybrid system (continuous-time plant and digital
controller).

* The second author acknowledges partial support from CNPq
(grant 306900/2018 — 1.

This work proposes a condition based on a set of Linear
Matrix Inequalities (LMIs) defined in terms of homoge-
neous polynomial parameter-dependent matrices of arbi-
trary degree (Oliveira and Peres (2007)) and the main aim
is to guarantee the stability of the continuous-time plant
with multiple input delays and closed-loop poles allocation
of the discretized system in a D-stable region.

In order to handle performance requirements, this work
uses a cardioid (region formed by the geometric locus with
the same damping ratio) approximation, defined as a disc
region D(4, 0) , centered in § + jO, with radius o, where
|0] + 0 < 1 (Furuta and Kim (1987)). In addition, both ¢
and p were parameterized from a given region in the left
half-plane (Leandro and Kienitz (2019)).

Polytopic uncertainties are considered, and additional
challenges are imposed to circumvent the difficulty of deal-
ing with exponential of matrices in the presence of poly-
topic algebraic structures, namely in cases where sampling
period is not sufficiently small so that the quadratic and
higher-order terms in the Taylor series expansion can’t be
neglected in the uncertainty representation. Therefore, this
work extends the results present by Braga et al. (2014),
who addressed the problem of uncertain sampling dis-
cretization of uncertain continuous-time systems without
considering multiple input delays and closed-loop poles
allocation to handle performance requirements.
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The remainder of this paper is organized as follows. Section
2 introduces definitions and preliminary lemmas. Section
3 brings definitions for a systematic discretization through
Taylor series expansion. Section 4 describes the state feed-
back control design condition for augmented model de-
rived from that proposed in Braga et al. (2014). Section 5
presents numerical examples. Finally, concluding remarks
are shown in Section 6.

1.1 Notation

IN*: denotes the set of non-zero natural numbers. I(0):
identity (null) matrix of appropriate dimension; diag: a
diagonal matrix of appropriate dimension; M T : matrix
M transpose; He{M}: denotes MT + M; % : denotes
the elements or symmetrical blocks with respect to the
diagonal of a symmetric matrix; T : denotes the sampling
period.

2. PRELIMINARIES

Consider the following continuous-time uncertain system
with distinct multiple input delays:

i(t) = E(ay)z(t) + Z Fi(on)us(t — 73), (1)

where E(ay) € R"*" Fi(a;) € R™*™ and the ith
control channel w;(t) € R"™*! is delayed by 7; > 0,
1€ {1, ---, r}. Suppose that matrices F(«a1) and F;(c)
belong to polytope 2 with N vertices defined by:

Q= (E,F)(Otl)\(EF)(al)ZZalj(EaF)j (2

where a1 = (@11,...,@1n) is a time-invariant parameter
vector, taking values in a unit simplex Ay:

N
Av=<SCeRND (=120 €{l,...N} ¢ .(3)

J=1

Moreover, consider the delayed input signal to be sampled
with uncertain sampling period, such that T'(«s) lies inside
the interval [Tyin, Tmaz] and can be written as a convex
combination of N = 2 vertices:

2
T(az) = ZQQiTiv az € Ag, (4)
i=1
such that A, is defined in (3). For simplicity, the multiple
input delays 7;, ¢ € {1,---, 7}, are supposed to be
constant and known, in accordance with the exposed by
Braga et al. (2014) and references. In this context, consider
an uncertain parameter vector, where o = («1,a9) €
(AN, X AN,), No = 2, which is a so-called multi-simplex
domain (see Oliveira et al. (2008)).
Assumption 1. For the multiple network-induced delay 7,
ie{l,---,r} and T(a2) € [Tmin, Tmax ], the following
relation holds:

OSTlSTQﬁ"'STTSTmin<TnLar~ (5)

Considering a zero order hold, the value of state z(t) at
sampling instants kT (as),k = 1,2, ..., is given by:

2(h1) = Al)e()+ 3 (Ba(@usl ~ 1)+ Bilaus(9),
- (6)

where instant kT'(as) is denoted by k for simplicity, and
the uncertain parameter-dependent matrices A(«), B;(«)
and By, («) are:

Aa) = eE(a1)T(az)7

Bd.(Oé) = Bla)(T(az)—m) (/Ti eE((,u)Sdg) Fi(a1>7
0

T(a2)—T;
Bi(a) = (/0 eE(O‘l)gd§> Fi(ay), i={1,---,r}
(7)

The aim of this work is to propose a condition based on a
set of LMIs defined in terms of homogeneous polynomial
parameter-dependent matrices of arbitrary degree, which
allows to guarantee the stability of (1) and the closed-loop
pole allocation in (6). The following lemmas were used in
the proof of the proposed condition.

Lemma 1. (Gahinet and Apkarian, 1994). Given a matrix
H = H" € R™*", and two matrices V and U of column
dimension n, consider the problem of finding some matrix
X of compatible dimensions such that:

H+V'XTU+UTXV <. (8)

Denote by Ny and Ny any matrices whose columns form
bases of the null spaces of U and V, respectively. Then (8)
is feasible for X if and only if

Ny HNy <0 and NJHNy < 0. (9)

In the context of this work, Lemma 1 is used such that the
LMIs in (9) certify the existence of a solution of (8). This
strategy will be used to demonstrate Theorem 3, presented
in section 4.

Lemma 2. (as cited by Boyd et al. (1994)). Given a scalar
A > 0 and any real matrices O and U of compatible
dimensions, then

OU+UTOT < OOT + X 'UTU. (10)

3. DISCRETIZATION OF UNCERTAIN SYSTEMS
WITH UNCERTAIN SAMPLING PERIOD AND
MULTIPLE INPUT DELAYS

The parameter-dependent matrices A(«), B;(«) and By, ()
described in (7), can be rewritten in terms of homogeneous
polynomial matrices Al9!(a), Bz[g] («) and Bc[lg,- (), formed
by a Taylor series expansion of degree g € IN* x IN*
and the residual discretization error AAY (a), ABY (a)
and ABlEli] (). Such reasoning was based on main ideas

presented in Braga et al. (2014), as follows:

A(a) = A (a) + AAU (), Bi(a) = Bl (a) + ABY(a),
By,(@) = B{) (@) + ABJJ(a).
(11)

The homogeneous polynomials are



o 2 (B A\ gy
a
A[.‘]] (Oé) — Z H Zajz nll T<a2)n’
n=0j =1 \z2=1 :
g 2 N gn n—1
Ela
s =T (e | #0
n=1j=1 \z=1
Vi) Fi(ar),
g g Ny 2g—s—n 9 g—n
Bc[ii] (O[) = Z Z (Z Oé12> Z Qgj X
n=0s=1 \z=1 Jj=1
Lls wi(O‘?) E(a )n+s—1F (al)
' n' 1 )
(12)
where ¥; (ag) =T (ag) — 713,40 € {1 ,---, r }. The residual

discretization errors are

AA) () = ePlanT(ez) _ Aldl(q),
(6] Yi(az) ) (o]
ABYa) = ([ eFeac ) Fifan) - BP(a,
0

ABc[igi] (a) _ eE(Oq)’l/Ji((w) (/ ' eE(a1)§d§> Fi(Oél) _ B([isz] (a)
0 ;

(13)
Considering that the matrix product is non commutative,
one can note the need for a notation that allows for a con-
venient generalization to represent the matrix coefficients
originated by such representation. Definitions that allow
for a systematic representation of Taylor series terms can
be found in Appendices A and B.

Bounds on the discretization errors described in (13) are
defined as

042 sup AA (a)‘ ,0B, £ sup ABl[g](a)’ ,
a€AN; XAz 2 a€An, XAy 2
0, 2 sup AB([f_](oz)’ yi=A{1,---,r},
¢ a€AN, XAz ‘ 2
(14)

where ||.||, represents the 2—norm, sup is the supremum
and
a

Qi

arg  sup

(xEAN1 X Ao

I-1]25

which is defined for each one of the norms in (14). An
approximation for (9,4,931.,03%) can be obtained by a
(N1 + 2)—dimensional off line search in a grid of values
of a € (ANl X AQ)

(15)

4. STABILIZATION

In this section, a new design condition is proposed to
allocate closed-loop system poles inside a desired disc
region in the z-plane.

Assumption 2. Consider F(a1) = [Fi(aq), -+, Fr(a1)] €
R™=*™u assume that the pair (E(aq), F(a1)) is stabiliz-
able and there exists a matrix K = [KlT, s KT ]T €

R™u*"= such that (E(Oél) + F(Oél)K) is Hurwitz.

From (11), the discrete time model (6) can be rewritten
as:

ok +1) = (A9(a) + AA (a))2(k) + Z {(BY )+

AB @)~ 1)+ (B0) + MBI @)}

(16)
which can then be recast into the following augmented
form:

2(k+1) = (A9(a) + AAY () z(k) + (BY (a)+

(17)
where:
z (k)
k-1
20 = uy ( ’ ) Aldl(a) = l:A[Q](a) B[g](a)}7
: 0 0
up(k — 1)
Bi@) = [B{a) - Bil(0)],
Al (q) = [AA[S](Q) AB%](a) ,
ABJ (o) = [ABJa) -+ ABJ o)),
. Bl (o
Bl ):[ (@] B9 (@) = [ B(@) - Bl ],
AB (0) = {AB[S’](a) ,
ABUY(q) = [Ang](a) - ABIY(a)].
(18)
Therefore, the state feedback control law is given by:
(k)
Klz Klul e Klur ul(k— 1)
u(k) = Kz(k) = | : ;
Kra; Kru1 Kru,,w Ur(k.— 1)
(19)

where K € R77uX(na+trny)

In face of augmented system matrices, an estimate for
the upper bounds of HAA[Q](a)Hz and HAB[Q] (a)H2 in the

same way as in (14) can be defined respectively as:

AA (a>H2, oy & AB) (@\

éA 2 sup

a€AN; XAz

sup
a€AN; XAz

.

(20)
In order to allocate closed-loop system poles in the z-plane,
a disc region D(d, ) was adopted as approximation to
cardioid (characterized by a constant damping ratio locus).
This region D(d, ) is centered in § + jO, with radius p,

ie, D = {z = (x+jv)|(x =8 +0? < 92} (Chilali and

Gahinet (1996)). The parametrization of § and ¢ from a
conic sector subregion in the s-plane closely follows that
presented in Leandro and Kienitz (2019), such that:

-0 -0
§ = @) cos(—¢), o= e'@®) sin(—¢), (21)
where ¢ is the internal angle of the cone region in the left
half-plane. The allocation of the closed-loop poles of (17)
in such a region D(J, 0) guarantees a transient response
limited by decay rate in the interval [0 — |g| , § + |o]].

The following theorem guarantees system poles of the
augmented system in (17) inside the region D(4, ¢) and the
stabilization of the continuous time system with r input
delays described in (1).



Theorem 3. Consider a positive definite symmetric matri-
ces Wy € R(atrmu)x(natrna) 'k e (N, q), ¢ € N2, G €
R(etrnu)x(netrnu) - 7 o Rrowx(natrmu) 5 discretization
degree g € IN* x IN*, a Pdlya’s relaxation degree p € IN?2,
w2 max{q+p,g+p}, w € N?, the pair (A4, ) € Rx R
and © 2 ()\Aéi + /\Béfg>, a disc D(4, o) centered in § + ;50
and with radius g, where |§] + ¢ < 1 and a given scalar

parameter £ € (—p, o), such that the LMIs in (22) and (23)
are feasible.

2
H Pn!
Xe= > k,, WL >0, Vk € Ko(N, g+ p), (22)
K €K (N,p)
LeL(p)
2 2
[T wa! [T (wn —ga)! _
My="=g—M+ > =M+
’ k'€K2(N,w—g) )
LeL(w—g)
2
H - qn

M <0, Yk € Ko (N, w),

Z = k!

k’eK2(N,w—q)

LeL(w—q)
(23)
where
0 —-¢GT 27 GT
| x —G=-G" z'" G"
M= * * gl 0 ’ (24)
* * * =gl
¢He {ALG — G+ BLz} ALG-6G+BLZ00
M = * 0 00
* * 00
* * % 0
(25)
M = diag( —o®*W, W, 0 0). (26)

Expressions for A, and By can be found in Appendix B,
namely in (B.1) - (B.6) and (B.7) - (B.10). Under the above
assumptions the gain K = ZG~! ensures the allocation of
the closed-loop poles of (17) in the region D(J, o) and the
stabilization of the continuous time system with multiple
delays described in (1).

Proof: The matrix W|_ in (22) can then be recast into the
following form:

N LAV P
(Z a1n> (Z a2n> Wl
n=1 n=1
(27)

Given that ; € Ay and as € As, Ay defined in (3),

if Xx > 0Vk € K2(N,q+ p), then Wld(a) > 0 holds
Va € (An, X Ag).

Now, define A(a) = Al(a) — 6T + BY(a)K and use
Lemma 1 for the following choice of matrices:

Oéka.

(@)= >

keK2(N,q+p)

I 00 I 00
r
| AT (a) KT T | =€¢100
No=1"0" " 10]"™=| 0 10" (@
0 0 I 0 01
U=[ATa) I K" I], V=[&100]

One observes that (8) is equivalent to multiplying (23)
by oK and to sum up for k € Ko(N,w). In or-
der to do that, In order to do that, assume H =
diag (—0*W(a) W(a) 00), X = G in (8) and consider
KG=27.

From matrices in (28) and considering NJHNy < 0 in
(9), one has

OI — *W(a) + 2Wl(a)) 0 0

0 -l 0
0 0 —XAal

<0.
(29)
For Wld(a) > 0 and © > 0, then |¢| < o.

Additionally from (28) the condition NJJHNy < 0 in (9)
can be written as

o1 — *Wll(a) 0 0

0 Xl 0 | +EWl(a)tE <o,
0 0 —Aal
E=[wWl(@)AT(a) W (a)KT Wld(a)].

(30)
For Wldl(a) > 0, using Schur’s complement and changing
the second and fourth columns, and doing the same for the
second and fourth lines, yields:

oI — P*Wlil(a) A()Wl(a) 0 0
W[q](a)AT(Oz) —W[‘J](a) W[Q](a) W[‘I](a)KT 0
0 Wlal(a)  —aal 0 <
0 Kwld(a) 0 —Agl
31

Multiplying by —I, applying Schur’s complement with
respect to Al and given that 6 = ()\AQA + )\392)
inequality (31) results in:

AW () — A 03T —A()Wd(a) 0
* W)  —wld(a) | -
* * Aal
—0pI A
Ae| 0 |[-6gI00]-
0
0
Wl (@)KT | A5 [0 —KWl(a) 0] > 0.

0

(32)
Considering Lemma 2 with

Ol =[-0p100],U=[0-KWW(a)0],\= Az,
(33)

and the upper bounds defined in (20), then inequality (32)

can be modified replacing O by ABI(a) to obtain the

more stringent, but more useful condition

AWl (o) = 031 —A()W (@) 0
* wld(q) —wld(a) | —
* * Aal
0 ABY (o)KW (a) 0
* 0 0 >0.
* * 0
(34)

Now, consider the same procedure from (32), apply Lemma
2, proceed in the same way for 64 and A[l[g](a), replace
A(a) by Al9l(a) — 6T 4+ Bl9(a) K, then one finds:



2wld(q) (A(a) — 61 + B(a)K)W!(a
[£We) (400) =31 L BOIWI@] 4  (

where A(a) and B(a) are defined in (11) and (18). In-
equality (35) can then be recast into the following form:

— 2wl (o) Al )W (a) = sWd(a
[ 0 Mi ( )A( )W_‘SV[)(I](OZ)W ( ):| <0) (36)

where A(a) = Al9)(a) + Bl (o) K. As show in Chilali and
Gahinet (1996), the augmented matrix A(«a) is D-stable if
and only if there exist W14 (a) > 0 such that

y@W (a)+ 50 AW (@) +8T @ A(@W1 ()T < 0.

(37)
(the symbol ® denotes the Kronecker product of matrices).
For a particular case where region D is a circle of radius o
and centre (4,0), then v and 3 are

=[] 5= [33)

Thus (37) is equivalent to (36), which ensures the closed-
loop pole allocation of the augmented matrix Aina region
'D((S, Q) Va € (AN1 X Ag) O

Remark 1. Tt is import to emphasize that for high values
of © and values of & very close to p, it is unlikely to find
Wld(a) satisfying condition (29).

Remark 2. Considering the Theorem 3 and Polya’s re-
laxation, as degree p increases, the condition converges
towards a solution whenever it exits, exploiting a gener-
alization of the Pdlya’s theorem for the case of positive

polynomials with matrix-valued coefficients (Oliveira and
Peres (2007)).

Remark 3. The proposed approach can be generalized to
inputs with different dimensions.

(38)

5. NUMERICAL EXPERIMENTS

Numerical experiments were implemented in MATLAB®
Software, version 7 (R2010b), using YALMIP (Lofberg
(2004)) and SeDuMi (Sturm (1999)).

Example 1. Consider a mass-spring continuous-time sys-
tem given by Iwasaki (1996) and described by (1). The
system matrices are:

0 0 10 0
0 0 01 0

E(/B): _5/2 5/2 00 7F: 1/2 s (39)
B/3 —=B/300 0

where 8 € [3.6, 5.4]. Consider both an uncertain sampling
period, such that T varies inside the interval [0.4, 0.6] s
and a network-induced time-delay 7, = 0.2 s, ¢ € {1}. This
example addresses the flexibility of Theorem 3 to handle
performance requirements. Thus, a damping factor of 0.2
is proposed.

In order to apply Theorem 3, the following parameters
were adopted: g = (6,6),gq=(1,1),p=(0,0), £ =0.
Considering g = (5, 5), Theorem 3 provides no feasible
solution for £ = 0 and ¢ = arccos(0.2). Considering g =
(6, 6), the bounds on the discretization errors according
o (20) are:

6,4 =0.0023, 05 = 1.0588 x 107°. (40)

The result obtained for ¢ =
(41):
K =1-3.9290 0.0247 —6.2386 —3.6061 —0.5676]. (41)

Now, considering the same parameters and ¢ = 90°, the
following gain was obtained:

K =10.0864 —1.2266 —2.3358 —1.790 —0.2415]. (42)

Figure 1 shows the closed-loop pole allocation with two
diferents gains (41) and (42), assuming ¢ = arccos(0.2)
and ¢ = 90°, respectively. As can be seen, all the closed-
loop poles associated with gain in (41) are inside the disc
region of radius ¢ = 0.7409 and centered at (0,0.1512),
which aproximates the cardioid related to damping factor
0.2.

arccos(0.2) is presented in

-1 -0.5 0

Figure 1 %: Open-loop system eigenvalues. o: Closed-loop
system eigenvalues of (17) settings ¢ = 90° in (21).
+: Closed-loop system eigenvalues of (17) settings ¢ =
arccos(0.2) in (21). - -: Region D(0.1512,0.7409). . .: Car-
dioid corresponding to damping factor 0.2. The eigenvalues
corresponding to polytope vertices are represented by o, ¢
and [.

Ezxample 2. Consider the continuous-time system with
multiple input delays described by (1) and borrowed from
Tsubakino et al. (2016), whose system matrices are

0 10 0 0
En)=|-3n0|,F = = -1, (43)
—623 1

where 1 € [2, 4]. The system is sampled with a period
belonging to the interval [0.1, 0.4] s and with input
delays 7 = 0.01 s and 72 = 0.09 s, i € {1,2}. The
aim is to design a robust state feedback digital controller
in face of the uncertain sampling period, such that this
controller ensures the stability of the uncertain continuous-
time system with distinct input delays and guarantees the
closed-loop poles of the correspondent discretized system
in a arbitrary region D(4, o).

In order to obtain 64 and fp sufficiently small g = (7, 7)
was adopted such that condition given by Theorem 3
results in a feasible solution. Bounds on discretization
errors are

04 =4.7541 x 1074, f5 = 6.2660 x 107>, (44)



Applying Theorem 3 with g = (7,7), ¢ = (1,1), p =
(0,0), & =0 and ¢ = 90° the following gain matrix K
was obtained:
K — {12.6578 —4.7023 —4.8667 —0.0056 0.0199]
[ 13.8717 0.1297 —6.3435 —0.0016 —0.4928 |
(45)
Additionally for ¢ = 86.5° one obtains:
% — [2.5992 —8.5972 —2.8334 —0.0711 0.3912 }
| 6.1343 —3.0540 —4.7234 —0.0176 —0.1851 | -
(46)
As an illustration, Figures 2 and 3 show the closed-loop
pole allocation in a region defined by ¢ = 86.5° and
transient response for (45) and (46), respectively. As can
be seen, the closed-loop responses for (46) presents better
transient responses with reduction in the settling time.

1
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-1 -0.5 0 0.5 1

Figure 2 +: Closed-loop system eigenvalues of (17) settings
¢ = 86.5° in (21). - -: Region D(0.0557,0.9101). . .
Cardioid related to damping factor 0.06. The polytope
vertices are represented by .

4 45

Figure 3 Evolution of the system states in Example 2
for ;1 = 0.2, ao = 0.8, g1 = 0.9, sy = 0.1 and
20 =[102]". Dotted line: transient response for ¢ = 90°.
Continuous line: transient response for ¢ = 86.5°

6. CONCLUSION

This work addressed robust D-stability via discrete con-
trollers for continuous-time uncertain systems. In this con-
text, multiple input delays and polytopic parameter un-
certainties in the original state space representation were

propagated to the discretized model, and LMI based con-
trol synthesis condition composed of homogeneous poly-
nomial matrices of arbitrary degree was used.

For illustration, two numerical examples were presented.
The first example highlighted the use of the proposed
condition in order to handle performance requirements.
In the second example, the closed-loop poles of the aug-
mented model were placed inside a desired disc region in
the presence of input delays.

Future work could be concerned with the design of robust
state derivative feedback control law taking into account
discretization employed herein.
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Appendix A. NOTATIONS AND DEFINITIONS

The following definitions allow the representation of a
Taylor series terms of an arbitrary degree.

Consider a vector of parameters (s = ((s1, .-, Csn, ) € An,,

s € {17...7(4)} and C = (C117"'7C1N17"‘7<w17"'7CwNw) c
(AN, X ... Xx An,), such that ¢! = (1! X -+ X Gy ! ¥
s X (1! X - x (v, ! For the sake of generality, a degree
9= (91, ~~~7gw) gs € IN* was adopted.

e Set IC( 6),g&) is glven by

svgs {k - 'kst)GINNS‘k51+"'
otk

(A1)

To exemplify, for w = 1 consider a dynamic matrix FE(aq)
in (1), such that

Ny

B(a1) =) 0B, on € A,

i=1
and a case with N7 = 2 and g; = 3, then
E(Oll)E(Oél)E(Oll) = Oé(l)la?QEgEzEQ + a%la%Q(ElEQEbﬁ*
EyE\Ey + EyFyFy) + atyoiy(E1E1 By + By Ey By +
E2E1E1) + a:floz(l)QElElEl.

(A.2)

(A.3)

The exponents of the parameters a; € Ay, are represented

as follows:
ke K(2,3) = {(03),(12),21), 30)}.  (A4)
e Set K (N,g) is formed by the Cartesian product of
all Ng-tuples of the w unit simplexes and is defined
by

ICUJ(N7g) £ {N: (va"' 7N0J)7g: (917"' agw)v
K= (ki1 kin, - kot kone) € NNV X Ne 4
"+ksN5:gs}~
(A.5)

To exemplify, consider T'(c2) in (4) and (A.2). Then, for

N7 = 2 the following product can be written

E(a1)T(02) = aj;0505,05, 1 Ty + o100, g0 B T+
af o009, Ea Ty + a9y gy o B T,

(A.6)
where
k € {(1010), (1001), (0110), (0101)}. (A7)
e Set R(ks1...ksn,) is formed by
Rksi---ksn,) Z{r=(v;---ty) € N9|Vie {1,

7Ns}7 kz :#{J € {17 7gs}|tj :7’}}7
(A.8)

where # denotes the number of elements of a set.

To exemplify, consider (A.3) and from the tuples in (A.4),
one has the sets
R(03) = {(222)}, R(12) = {(122), (212), (221)

1’
R(21) = {(112), (121), 211)}, R(30) = {(111)}, (A9

)

= gs} .

which correspond to the matrices subindex in (A.3).

Now, consider the set K, (N,g), g = (g1, .-, g ), formed by
the following (N1+...+N,)-tuples: (kyq...k1 - -Kl1 - KN ),
such that gs € IN, gs < gs. For each k € K,,(.), define:

e Set L£(g) is given by:

L(g) =

{L = (l11 "'llN1 sl ...lew) c NN XX N

|Vk/ € ICw(N7g)7L: k— k/alsi > O7Z € {17 aNs}}'
(A.10)

The set £(g) also depends on Kk, which was omitted
to its notation for clarity.

To exemplify, from (A.4) consider k; = (12). Assume

g1 = 1, yielding ¥ € K(2,1) = {(01),(10) }. Thus one
has
L e L(g1) = {(11),(02)}. (A.11)
o Set T (ks1...ksn,) is given by
T (ke kon.) 2 {is = (is1 ~.) € WNe|Vky; > 0,
jE{l NS},lsj_llgN_]_O}
(A.12)
To exemplify, from (A.11) set T is:
iy € T(11) = {(10),(01) },iy € T(02) = {(01)}. (A.13)

Appendix B. HOMOGENEOUS POLYNOMIAL
DISCRETIZED MATRICES

Using what was described above, one can present ex-
pressions for homogeneous polynomial matrices of degree
g € IN* x IN*. Factorizing the homogeneous polynomials in
(12) by oK, one has

l21l22
Tl T2

> X

lg] —
A¥e) = Z la1!20!
keK2(N,g) n=0k’eK2(N,g—n)
LeEL(g—n)
—n)h?
(v11...v14; )ER (11 l1Ny) ’
Ax
(B.1)
then, in a compact form
Ay = > kA (B.2)
keK2(N,g)
From (12) and (18), B" (o) can be written as
iy 1211/} l22
Bla= ¥ |y y o uhes
kElCz(N,g) n=1k'ekz(N,g—n) 21!l22!
LeEL(g—n)
—n)H?
Z Z ((g o D) EcFy |,
ileT(lll...llNl)(tllu.tlgl)ER(lll...llNl7i1) ’
Bik
(B.3)



then, in a compact form
Blal (a) = Z
ko €K(N,g)

By, ]. From (12) and (18), B;g] ()

X By, (B.4)

where By = [Blk
can be written as

9 9 _
RS SRR 0 opc
),(29,9)) )

keka((N1,2

Z Z Wi i

| |
K'€Ka((N1,2),(2g—n—i1,g—n)) i1; €T (I11--l1n, ) {21 llo!
LeL(2g—n—n,9g—n)
(2g—n—n)!(g —n)!
Z k! ErFij7
(t11...v14; JER(11.. lang —in)
Ba;y
(B.5)
then in a compact form
Bf()= > afBu,  (B6)

keK2((N1,2),(29,9))
where Bax = [Ba, - Ba, | Finally, polynomial aug-

mented matrices A9 (o) and BlY(a) have different de-
grees, thus should be homogenized as

All(q) = > ak Ay, (B.7)
keK2((N1,2),(29,9))
where
10!
X Z %AL Bdk
A = | Weka((N1,2),9.0)) ; (B.8)
LeL(g,0)
0 0
and
Bl(a) = Z o By, (B.9)
keK2((N1,2),(29,9))
where
g!0!
> ot o
. k'€K2((N1:2)7(gvo))
Be = LeL(g,0) (B.10)
Z (29)!9!1
k’!

k' eK2((N1,2),(29,9))

Appendix C. CLOSED-LOOP UNCERTAIN
CONTINUOUS-TIME SYSTEM STABILITY

Following the exposed in Braga et al. (2014), for any « €
(An, xA2) and a given sampling period T'(«s), the solution
of (1) over the interval ¢ € [kT(ag), kT (a2) + T'(v2)] is
given by

x(t) = eE(m)((k+1)T(a2)—kT(az))x(kT(a2)) + Z(
i=1

T(az2)

(C.1)

kT (a2)+T (a2)
/ BN (T (02)4T(02) =) B (4 s (c — 73)ds | -
k

Signal w;(t) is piecewise constant over the sampling in-
terval, then the delayed signal u;(t — 7;) is also piecewise
constant. Considering that u;(t — 7;) varies between sam-
pling instants, to evaluate (C.1) it is then convenient to
split the integration limits into two parts such that

i /kT(ag)-l-n
kT (cv2)

i=1
eBlen) (T (a2)+ T (@2)=<) g B (o Y ((k — 1) T () +

(@) +T ()
/kT )+ T (g eE(al)(kT(a2)+T("‘2)g)dgFi(ozl)ui(kT(ag))> ,
k

T(o2)+T5
(C.2)
where u;(.) is constant in each part. By means of a change
in variables, such that ¢ = kT'(aa)+7;—s and ¢ = kT (a2)+
T(a2) — s, equation (C.2) can be rewritten as

x(t) = eE(m)T(az)x(kT(a2)) n Z (eE(al)(T(OLz)—T,;) / i
i 0

(t) = eE(al)((k-i-l)T(az)—kT(az))x(kT(QQ))

i=1
T(QQ)—Tj,
P ds Fy (o )us ((k — 1)T(a)) —|—/ ePla)s s

0
Fl(al)ul(kT(ag))
(C.3)
Taking the supremum of (C.3) and using triangle inequal-
ity, one has:

()]l < sup
a€EAN

sup
te[ kT (o), (k4 1)T(cr2) |

(KT (a2))]| + Z sup

—, a€AN

[[us ((k = )T (a2)) || +

HeEml)T(az)

eEla)(T(az)—7:)

’ ePle)sdsFy (o)

[Jui (KT (2))|,

(C4)
where Ay = Ay, X Ag. From (C.4) and using (13)-(15) is
it possible to write

sup
1 a€EAN

T(ch)—T,;
/ eE(al)sdsFi(ozl)
0

1=

sup

)]l < |4 () + Al @)
te[ kT (az), (k+ 1)T () |

I

mew+iWﬂ@+Mﬂ@Mwwm%

11
Taz))| + Y || B (@) + ABY @) | (kT (02))
i=1
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(C.5)
Given that z(kT'(cz)) in (17) converge to zero, (kT (aw)),
u; (kT (o)) and u;(kT(a2) — T(a2)), @ € {1,--- ,r}, also
converges to zero when k — co. For any a € (An, X Ag),
I, IT and IIT will be always be bounded. In this way, from
(C.5), z(t) — 0 when t — oo and asyntotic closed-loop
stability of the uncertain system (1) is ensured by control
law in (19).





