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Abstract: The autonomy of electric vehicles is under investigation by the scientific community,
in which different solutions based on renewable energy resources, such as the photovoltaic, are
proposed. A solution under study is the utilization of regenerative braking developed by the
electric motor vehicles. In this work, the addition of a regenerative braking is proposed aiming
to increase the autonomy of electric bicycles. A two level, three-phase converter is applied to
drive a brushless DC motor (BLDC). A comprehensive modeling of current and speed control are
presented in order to operate the machine in quadrants I and IV. The behavior of the Lithium
battery charge is observed through its state-of-charge (SOC). Simulation results were obtained
by means of the SimPowerSystems R©/ Matlab/Simulink R© software.
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1. INTRODUCTION

The electric propulsion vehicles are becoming a sustainable
and economic alternative as a modern transportation
system. This occurs not only because the environment
sustainability appeal during global warming concern, but
also because these vehicles are a rapid and economic
means of transportation in urban area. Electric bicycles are
included in this reality. On the other hand, the combustion
vehicles inflict far more damage to the environment due to
the emission of carbon dioxide, which speed up the global
warming Ulrich (2005). Moreover, the usage of electric
vehicle (EV) returns economic benefits, since the electric
motors have an efficiency above 80 %, while a combustion
motor has an average thermal efficiency of only 40 %. In
addition, the electric motor maintenance is cheaper and
simpler than the combustion motor Bertoluzzo and Buja
(2011).

Regenerative braking can be used in electric bicycles
as a process to regenerate the energy converted during
the braking. During the regenerative braking, the energy
is returned from the motor to the batteries, when the
inertia of the bicycle forces the motor to enter in the
generator mode Nian et al. (2014). At the same time, the
electromagnetic braking torque is applied to reduce the
velocity of the vehicle Wang et al. (2012).

Previous works have discussed the recovery of the brak-
ing energy Bahrami et al. (2019)Min et al. (2007). The
regenerative braking process uses mainly the motor back
electromotive force (EMF), which is used as an energy
source to charge the battery. However, the EMF has to
be sufficiently larger than the battery voltage in order to
? FAPESP grants

inject current for charging the battery. Usually, the EMF
is lower than the battery voltage even during high speeds
of operation, thus, many articles propose bidirectional dc-
dc converters to boost up the EMF Wang et al. (1998). In
Dixon and Ortuzar (2002), the dc-dc converter is coupled
with supercapacitors that aid during the process of start
and charge of the batteries, since during these processes
the electric current grows fast, thereby reducing the bat-
teries life span. Works as Nian et al. (2014); Yang et al.
(2009); Naseri et al. (2016); Joy and Ushakumari (2018);
Mohammad and Khan (2015) employ pulse generation
techniques to change the gearshift of the EV during the
process of regenerative braking.

This paper focuses on the mathematical modeling, com-
pensation process of current and speed controllers, and the
effect of the load disturbance in the control loop of a drive
brushless DC motor employed in an electric bicycle. In
addition, a process of regenerative braking is investigated.
The regenerative braking is applied in order to convert
the energy of the motor windings to boost up the dc link
voltage, therefore injecting current to charge the battery.

2. BLDC MOTOR MODELING

The phase equations of a BLDC motor, taking into con-
sideration the self and leakage inductances are expressed
by:

Van = Raia +
d

dt
[Laaia + Lbaib + Lcaic] + Ea (1)

Vbn = Rbib +
d

dt
[Labia + Lbbib + Lcbic] + Eb (2)

Vcn = Rcic +
d

dt
[Lacia + Lbcib + Lccic] + Ec (3)
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where Van, Vbn and Vcn are the stator voltage phases;
ia, ib and ic are the stator electric current; Ra, Rb and
Rc are the winding resistances; Laa, Lbb are Lcc are self-
inductances of the stator; Lba, Lca, Lab, Lcb, Lac and Lbc

are the leakage inductances of each adjacent phase; and
Ea, Eb and Ec are the back electromotive force of each
phase.

Considering that the phase windings are equal, hence
Ra = Rb = Rc = Rs (where Rs is the general resistance of
the stator); Laa = Lbb = Lcc = L (where L is the general
self-inductance); Lab = Lac = Lba = Lca = Lcb = M
(where M is the general mutual inductance), whence one
can obtain:

Van = Rsia +
d

dt
[Lia +Mib +Mic] + Ea (4)

Vbn = Rsib +
d

dt
[Mia + Lib +Mic] + Eb (5)

Vcn = Rsic +
d

dt
[Mia +Mib + Lic] + Ec (6)

For a balanced system, then the currents ia + ib + ic = 0;

deriving the previous equation returns
dia
dt

+
dib
dt

+
dic
dt

= 0,

and: −da
dt

=
db

dt
+
dc

dt
, −db

dt
=

da

dt
+
dc

dt
, −dc

dt
=

db

dt
+

da

dt
; replacing the derivatives in (4), (5), (6), respectively,

yields:

Van = Rsia +
dia
dt

[L−M ] + Ea (7)

Vbn = Rsib +
dib
dt

[L−M ] + Eb (8)

Vcn = Rsic +
dic
dt

[L−M ] + Ec (9)

From (7),(8) and (9), it is possible to deduce the equivalent
circuit of the BLDC motor, as shown in Fig. [1].
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Figure 1. BLDC motor equivalent circuit.

The simplified stator equations can be obtained by doing
Ls = L−M , thus:

Van = Rsia +
d

dt
Lsia + Ea (10)

Vbn = Rsib +
d

dt
Lsib + Eb (11)

Vcn = Rsic +
d

dt
Lsic + Ec (12)

The total electromagnetic torque developed by the phase
currents is expressed by:

Te =
Eaia + Ebib + Ecic

ωm
(13)

The EMF induced in each phase is given as:

Ea = fa(θr)λpωm (14)

Eb = fb(θr)λpωm (15)

Ec = fc(θr)λpωm (16)

where λp is the flux constant and the functions fa(θr),
fb(θr) and fc(θr) represent the profile of Ea,Eb y Ec with
magnitudes closed to ±1, as expressed in (29).

By replacing (14), (15) and (16) in (13), the electromag-
netic torque, in N.m, is written as:

Te = λp[fa(θr)ia + fb(θr)ib + fc(θr)ic] (17)

The dynamic equation for a system with inertia J , friction
coefficient B, and load torque Tl is given by:

J
dωm

dt
+Bωm = (Te − Tl) (18)

whereat the rotor speed and position are related to each
other by:

dθr
dt

=
P

2
ωm (19)

where P is the number of poles, ωm is the rotor speed in
rad/s, and θr is the rotor position.

From the previous equations, the set of differential equa-
tions that represents the modeling of a BLDC motor is
expressed by:

dia
dt

= −Rsia
L

+
Va
L
− λpfa(θr)ωm

L
(20)

dib
dt

= −Rsib
L

+
Vb
L
− λpfb(θr)ωm

L
(21)

dic
dt

= −Rsic
L

+
Vc
L
− λpfc(θr)ωm

L
(22)

dωm

dt
= −Bωm

J
−Tl
J

+
λpfa(θr)ia

J
+
λpfb(θr)ib

J
+
λpfc(θr)ic

J
(23)

dθr
dt

=
P

2
ωm (24)

From (20), (21), (22), (23), (24), the model state equations

yields ẊT =
[

˙ia(t) ˙ib(t) ˙ic(t) ˙ωm(t) ˙θr(t)
]
, and:

Ẋ =



−Rs

L
0 0
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0

0 −Rs

L
0

λpfb(θr)

L
0

0 0 −Rs

L

λpfc(θr)

L
0

λpfa(θr)

J

λpfb(θr)

J

λpfc(θr)

J
−B
J

0

0 0 0
P

2
0






ia(t)
ib(t)
ic(t)
ωm(t)
θr(t)

+



1

L
0 0 0

0
1

L
0 0

0 0
1

L
0

0 0 0
−1

J


Va(t)
Vb(t)
Vc(t)
Tl

 (25)

which can be expressed in a vector form as:

di(t)

dt
= −Rsi(t)

L
+
v(t)

L
− λpf(θr)ωm

L
(26)

dωm

dt
= −Bωm

J
− Tl
J

+
λpf(θr)i(t)

J
(27)

dθr
dt

=
P

2
ωm (28)

The profiles of the ideal EMF for the three phases are
shifted from one another by 120◦. The function that
represents the a phase is:

f(θr) =



1, 0 ≥ θr <
2π

3

1−
6(θe −

2π

3
)

π
,

2π

3
≥ θr < π

−1, π ≥ θr <
5π

3

−1 +
6(θe −

5π

3
)

π
,

5π

3
≥ θr < 2π

(29)

Finally, for each b and c phase, (29) is shifted by 2π/3 and
4π/3 rads, respectively.

3. BLDC MACHINE CONTROL

By controlling the BLDC motor using a two level, three-
phase converter, two phases are always conducting current.
In this way, the currents are in opposite directions, which
can be expressed by:

ia = −ib = i;
dia
dt

= −dib
dt

=
di

dt
(30)

Thus, the line-to-line voltage uAB can be expressed by
replacing (30) in (7) and (8), such as:

uAB = 2Rs + 2(L−M)
di

dt
+ (Ea − Eb) (31)

Considering that no commutation occurs in the transient
part of the EMF, then the stationary part Ea and Eb

are equal in amplitude and in opposite directions, when
the phases A and B are operating. Hence, (31) can be
expressed as:

uAB = 2Rs + 2L
di

dt
+ 2Ea = Rai+ La

di

dt
+ keω (32)

From the previous expression, the equivalent circuit is
shown in Fig. 2, in which Ra, La are the equivalent
resistance and inductance expressed in similar fashion as
the DC motor with brushes.

+

-

La Ra

keω

i

uAB

Figure 2. Equivalent circuit of the BLDC motor with two
exciting phases.

Before applying the Laplace transform, it is possible to
verify that (26),(27),(28) are linear. Thus, the constant
ke = 2Pλp is defined from (32) and kt = 2Pλp is defined
from the torque equation of two conducting phases. By
applying such constants, replacing (32) in (26) and (27);
(28) becomes linear as:

di(t)

dt
= −Rai(t)

La
+
uAB

La
− keωm

La
(33)

dωm

dt
= −Bωm

J
− Tl
J

+
kti(t)

J
(34)

dθr
dt

=
P

2
ωm (35)

By applying the Laplace transform into (33), (34), and
(35), one has:

i(s)(Las+Ra) =
−keω(s) + uAB︸ ︷︷ ︸

VL(s)
(36)

ω(s)(Js+B) =
kti(s)− Tl︸ ︷︷ ︸

a(s)
(37)

where the state variable VL(s) is the winding voltage and
a(s) is the rotor acceleration.

Equations (36) and (37) are represented by a signal-flow
graph as:
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Figure 3. Signal-flow graph of the control system.

In the signal-flow graph shown in Fig. 3, it is observed the
state variables have as inputs the phase voltage uAB(s)
and the load torque Tl, and as outputs i(s) and θ(s).
The power converter is modeled as a first-order transfer

function Gc(s) =
kr

1 + sTr
, with gain kr = 0.65

Vdc
Vcm

; where

Vdc is the dc-bus voltage; Vcm is the maximum control

voltage of the modulator. In addition, Tr =
1

2fc
, where fc

is the converter switching frequency Krishnan (2017).

With the modeling of the power converter, it is possible to
close the inner current control and the outer speed control
loops, with unit feedback gain, by neglecting the feedback



gains in the signal-flux graph in Fig. 3. In Fig. 4, the signal-
flux graph is shown for the current and speed control, in
which the input is the speed reference ωref (s).

vL(s)

-ke

- lT

a(s)

Kt
kr 1 __

Ls+R
1__
sJs+B

__ 1

i(s) θ(s)ω(s)d(s)ei(s)e  (s)ω

ωref(s)
__
1+sTrCc(s)C  (s)ω1

-1

-1

Figure 4. Signal-flux graph of current and speed control.

3.1 BLDC machine current control

The current transfer function is obtained from the signal-
flux graph (Fig. 4) by using the Mason equation:

Giu(s) =
i(s)

uAB(s)
|Tl=0 =

Js+B

(Ls+Rs)(Js+B) +KtKe

(38)

In the signal-flux graph shown in Fig. 3, it is observed that
the system has two inputs. By applying the homogeneity
principle, the transfer function of the current control is
obtained (Fig. 3). It is worth noting that the torque
disturbances are considered as low frequency ones; which
are mitigated by the current controller due to its fast and
high gain characteristics at low frequencies.

Aiming to increase the cutoff frequency, speed, and phase
margin of the current control loop, also aiming to reduce
the maximum overshoot, a lead compensator is added
together with an integrator previously designed to achieve
ess = 0. The adopted cutoff frequency and phase margin
are Fc = 500 rad/s and MF = 70◦, respectively. The
Bode Graph is depicted in Fig. 5.
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Figure 5. Frequency response of the current compensator.

The capacity of the current control loop for rejecting load
torque disturbance is analyzed starting from the relation:

i(s)

Tl(s)
=

GiTl

1 + T (s)
(39)

where GiTl
is the transfer function that relates i(s) with

Tl(s), T (s) = Cc(s)Gc(s)Giu(s)Hi(s) is the loop gain,
wherein Cc(s) is the current compensator and Hi(s) is the
feedback gain.

Load torque disturbance is an unknown parameter with
respect to the time variable, which hinders the machine
efficiency performance during the interval of operation Li
et al. (2012). Fig. 6 shows that the rejection capacity of the
load torque in the current control loop is approximately
−30 dB. By increasing the controller gain, it is possible to
improve the rejection capacity of the load torque at low
frequencies.
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Figure 6. Disturbance rejection capacity.

3.2 BLDC machine speed control

The signal-flux graph used to obtain the speed control
loop is shown in Fig. 7. This graph shows two inputs
and one output, in which iref (s) is the input, wherein the
speed control operates. Therefore, it is necessary to have

knowledge of the transfer function
ω(s)

iref (s)
.
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Figure 7. Signal-flux graph of
ω(s)

iref (s)
.

The other input is Tl, which is considered as a disturbance
input that acts over the electromagnetic torque produced
by the BLDC machine. This disturbance input has low
frequency and time-variant characteristics, thereby being
attenuated by the compensator. In order to achieve the
compensation goal, Mason method is applied to the trans-
fer function, which yields:

ω(s)

iref (s)
|Tl=0 =

Cc(s)krke
((Las+Ra)(1 + Trs) + krCc(s))(Js+B) + ktke(1 + Trs)

(40)

Fig. 8 shows the Bode Graph of the open loop, compen-
sated, speed control system. Similarly with the current
control loop, the compensator consists of an integrator,
ensuring a ramp response; and also a lead compensator to
increase the phase margin and the system time response.
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4. SIMULATION AND RESULTS

This section shows the results of the current and speed
cascade control loops, as well as the regenerative braking
operating at the first and fourth quadrants. The simula-
tions presented in this section are based on the parameters
in Tab. 1.

Table 1. BLDC motor parameters

BLDC motor Value Unit

Stator Resistance 0.2 Ω
Stator inductance 8.5e-3 H
Inertia moment 0.089 kg.m.m
Viscous friction coefficient 0.005 N.m.s
Pole numbers 4 -
Torque constant 1.4 N.m

4.1 Motor operation mode

Fig. 9 shows the speed control without load on the shaft,
in which a ramp profile is imposed as the speed reference.
From Fig. 9, it is possible to see that the current control
tracks the rectangular references, which are a characteris-
tic of the BLDC motor. In Fig. 9.b, the ramp references
of the speed control is shown. It is verified that the speed
control follows the imposed reference. Moreover, Fig. 9.c
shows that the electromagnetic torque references are sat-
isfactorily tracked, imposing acceleration and deceleration
according to the speed profile command.

4.2 Regenerative braking operation mode

The regenerative braking is achieved by inverting the
direction of the current in the circuit formed by the
battery and the motor. In such circuit, the EMF operates
as a voltage source, which is lower the battery voltage
(at low speeds of operation). To achieve this goal, the
same two level, three-phase converter can be employed if
appropriate commutation is implemented Marchesoni and
Vacca (2007). In this work, the braking mode is achieved
by decelerating the speed profile in a way that the torque
sense is inverted, thus imposing the braking due to the
vehicle inertia.

In Fig. 10, three graphics are shown representing the speed
of the electric bicycle, the electromagnetic torque and the

0 0.5 1 1.5 2 2.5 3 3.5
-40

-20

0

20

40

0 0.5 1 1.5 2 2.5 3 3.5

0

200

400

0 0.5 1 1.5 2 2.5 3 3.5
-10

0

10

20

Figure 9. Current and speed control responses.

battery state-of-charge. Considering that the electric bicy-
cle is in a downhill slope and Tl = −5N.m, it is observed
that the BLDC motor operates in the fourth quadrant,
with positive speed and negative electromagnetic torque.

Initially, between [0s−0.4s], the electric bicycle is stopped.
However, the electromagnetic torque is negative because
the torque Tl = −5 N.m favors the imposed movement.
Thus, to keep the bicycle with zero speed, the controller
imposes the negative torque such as:

Te − (Tl) => Te − (−5N.m) = J
dω

dt
= 0 => Te = −5N.m

(41)

In the interval [0.4s− 1s], the speed of the electric bicycle
is gradually increased from 0 to 300 r/min. In this inter-
val, the electromagnetic torque presents a small braking,
thereby generating energy, as can be seen by the lithium
battery SOC. In the interval [1s − 1.4s], the speed is
constant at 300 r/min, which returns a null derivative

(
dω

dt
= 0). Hence, the electromagnetic torque has the

same magnitude as the load torque (Te = −5 N.m), as
shown in (41). In addition, due to this fact, the SOC slope
is increasing, which indicates that the battery is being
charged.
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Figure 10. Electric bicycle operation at the fourth quad-
rant



Continuing the assumption that the electric bicycle is in
a downhill slope, the operation at the first and fourth
quadrants are depicted in Fig.11. In the interval [2.5s −
2.9s], the BLDC motor operates at the first quadrant
(conduction mode) with positive electromagnetic torque.
Due to the conduction mode, the battery provides energy
to the motor, as can be seen by the positive electric
power and a decreasing SOC, which indicates energy
consumption. In the interval [2.9s − 3.7s], the BLDC
machine operates in the regenerative braking mode. The
power is negative and the SOC increases, which indicates
that the dc-link current direction was inverted and the
battery is being charged.
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Figure 11. Electric bicycle operation at the first and fourth
quadrant

5. CONCLUSION

This work presents the mathematical modeling and con-
trol design of a BLDC motor applied in electric bicycles
vehicles. The characteristics of current and speed com-
pensators are emphasized, as well as the capacity of the
controllers to reject disturbances. The response of the
designed current controller is effective, wherein an inte-
grator and a lead compensator are cascaded together to
increase the capacity of rejecting load torque disturbances
at low frequencies. On the other hand, the speed control
tracked satisfactorily the speed ramp reference, which is
characteristic of an acceleration and deceleration of electric
vehicles. In addition, the recovery of the energy dissipated
when the bicycle faces a downhill slope was analyzed. The
results show the effectiveness of the regenerative braking
during the deceleration, in which the energy is converted
back to charge the lithium battery, as highlighted by its
state-of-charge analysis and by the inversion of the dc-link
current direction.
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