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Abstract— It is proposed the use of Sliding Mode Control (SMC) with Linear Quadratic Regulator (LQR)
when augmented with integrators: the former guarantees robustness against model uncertainty and external
disturbance while the latter adds tracking capability with null steady-state error for step inputs. Besides, only
the first derivative of the reference is required for trajectory tracking. The η-reachability condition is studied
for a manifold based on the tracking error. The methodology of inserting integrators at the input of the linear
controller is also described, and the proposed control scheme is applied to a 2DOF Helicopter.
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1 Introduction

Sliding Mode Controllers (SMCs) are part of a
class of controllers known as Variable Structure
Systems (VSS), in which the control law is mod-
ified according to some rules. It presents robust-
ness to matched uncertainties, i.e., external dis-
turbances and model uncertainties that can be re-
lated to the control input in the state-space rep-
resentation (Hamayun et al., 2016).

However, this robustness is only guaranteed
while the switching function is zero and the sys-
tem is in the sliding phase. During the time taken
to reach the manifold, named reaching phase,
these properties do not stand, and the system
stays sensitive to matched uncertainties. Inte-
gral Sliding Mode Controllers (ISMC) appeared
to cope with this drawback and force the system
to slide throughout the entire time, with no reach-
ing phase (Utkin and Shi, 1996).

In both methods, the control signal is formed
by a linear and a nonlinear part. The first is re-
sponsible for the system performance while the
latter rejects perturbations. Applications are in-
fluenced by two factors: the first is due to smooth-
ing the switching function in order to limit high
frequency oscillations, the second is the necessity
of the second derivative of the reference when in
tracking mode.

An ISMC is applied to a Two Degrees of
Freedom (2DOF) helicopter in Butt and Asche-
mann (2015), with state estimation by discrete
extended Kalman Filter. Although good tracking
is achieved by feedback linearization, it still relies
on the second derivative of the reference. This
helicopter is also used in Ahmed et al. (2010) for
applying a 2-SMC super twisting algorithm, which
overcomes the chattering caused by the switching

function.

A 3DOF helicopter, an underactuated system,
is used in Rios et al. (2010) to compare the imple-
mentation of a quasi-continuous controller with
sliding mode differentiator and a classical PID
with sliding mode observer. To test Fault Detec-
tion and Isolation schemes in this same prototype,
Capello et al. (2016) uses SMC to stabilize the
plant. Lastly, a tracking control is developed in
(Liu et al., 2012) joining a nonlinear model predic-
tive control (NMPC) with a nonlinear disturbance
observer.

The SMC methodology is applied in Xu and
Ozguner (2006) to fully control a quadcopter,
in which the system model is divided into a
fully-actuated subsystem and an under-actuated
one. The complete and detailed model of a large
quadrotor is developed in Pounds et al. (2010),
along with its linearization, discretization, PID
control and indoor and outdoor tests. A switch-
ing model predictive attitude control based on the
piecewise affine quadcopter mode is presented in
Alexis et al. (2011).

It is proposed in this paper a control scheme
that combines the ISMC with LQR augmented
with integrators, formulated below.

2 Control Formulation

A widely known Sliding Mode Controller is de-
scribed in Slotine and Li (1991), which uses feed-
back linearization along with the part dependent
on the switching function. It proposes an Integral
Sliding Mode manifold in the following form:

σ(t) = ˙̃x(t) + 2λx̃(t) + λ2
∫ t

0

x̃(τ)dτ, (1)



with λ being a design positive constant that drives
the surface to zero and x̃(t) = x(t) − xd(t) being
the tracking error, i.e., the difference between the
actual state and the desired one. This equation
can be rearranged to

σ(t) =
[
2λ 1 λ2

]  x̃(t)
˙̃x(t)∫ t

0
x̃(τ)dτ

 , (2)

which has two interesting characteristics:

• it is in the form σ(t) = Gx(t), another SMC
design methodology based on the linear states
of the system (Hamayun et al., 2016);

• the state vector is equivalent to the one used
on Linear Quadratic Regulators (LQR) with
integrators inserted at the input.

2.1 LQR with Integrators

Consider the following state-space system

ẋ(t) = Ax(t) + Bu(t) (3)

y(t) = Cx(t), (4)

with x(t) being the state vector, y(t) the out-
put vector, u(t) the control signal and A, B and
C the state, input and output matrices, respec-
tively. The Linear Quadratic Regulator is an op-
timal controller, such that u(t) = −Kx(t), with
K being the feedback gain matrix that minimizes
the following index

J =

∫ ∞
0

(
xT (t)Qx(t) + uT (t)Ru(t)

)
dt, (5)

in which Q is a real symmetric positive semi-
definite matrix and R is a real symmetric posi-
tive definite matrix, and they weigh the relative
importance of the states’ errors and the energy
consumption by the controller. This is known as
Regulator Form, as presented in Fig. 1, since the
objective is stabilizing the states at the lineariza-
tion point.

Figure 1: Block diagram of the LQR in regulation
form.

As a matter of fact, it is possible to prove that
the optimal control law that satisfies the quadratic
performance index is given by (Ogata, 2001; Sko-
gestad and Postlethwaite, 2007)

u(t) = −Kx(t) = −R−1BTPx(t), (6)

with P being the solution of the following Riccati
equation

ATP + PA−PBR−1BTP + Q = 0. (7)

Integrators can be inserted to allow the sys-
tem to track a reference, as presented in Fig. 2.

Figure 2: Block diagram of the LQR with integra-
tor insertion.

The control signal is now defined as

u(t) = −Kx(t) + KIv(t), (8)

with KI being the integrator gain matrix and v(t)
the output integrator vector, and the integrator
equation is given by

v̇(t) = r(t)− y(t) = r(t)−Cx(t). (9)

The closed-loop equation can be written as[
ẋ(t)
v̇(t)

]
=

[
A−BK BKI

−C 0

] [
x(t)
v(t)

]
+

[
0
I

]
r(t),

(10)
from which it is possible to show that[
A−BK BKI

−C 0

]
=

[
A 0
−C 0

]
︸ ︷︷ ︸

Aaug

−
[
B
0

]
︸︷︷︸
Baug

[
K −KI

]︸ ︷︷ ︸
Kaug

.

(11)
Thus, an LQR controller can be designed for

the augmented state-space system, defined by ma-
trices Aaug, Baug, Caug =

[
C 0

]
and xaug(t) =[

x(t) v(t)
]T

. Moreover, the augmented control
law is given by

uaug(t) = −Kaugxaug(t). (12)

2.2 Integral Sliding Mode

Let a Linear Time-Invariant (LTI) system, already
augmented with integrators as presented in the
previous section, be written as

ẋaug(t) = Aaugxaug(t)+Baugu(t)+BaugDξ(t, x)
(13)

with xaug(t) being the state vector, u(t) the con-
trol signal, Aaug and Baug the state and input
matrices, respectively, and Dξ(t, x) represents the
model uncertainty or external disturbance. A typ-
ical sliding mode control law is

u(t) = ul(t) + un(t), (14)



in which ul(t) comes from the LQR with integra-
tor on the input and un(t) from a nonlinear one;
the former is chosen to be an LQR feedback gain,
while the latter corresponds to a switching func-
tion. Then,

u(t) = −Kaugxaug(t)− ρ(t, x)(GBaug)−1
σ(t)

‖σ(t)‖
,

(15)
and σ(t) is the sliding surface, G is a matrix to
be designed such that (GBaug)−1 is invertible and
ρ(t, x) such that guarantees the sliding condition.

Let us propose a surface σ(t) dependent on the
tracking error, i.e., on the difference between the
actual states xaug(t) and the desired ones, xd

aug(t):

σ(t) = G
(
xaug(t)− xd

aug(t)
)
. (16)

Differentiating this equation yields

σ̇(t) = G
[
ẋaug(t)− ẋd

aug(t)
]

(17)

= G [Aaugxaug(t) + Baugul(t) + Baugun(t)+

BaugDξ(t, x)− ẋd
aug(t)

]
,

(18)

and replacing (15) on its results, after some sim-
plification, in

σ̇(t) = G
[
(Aaug −BaugKaug)xaug(t)− ẋd

aug(t)
]
−

ρ(t, x)
σ(t)

‖σ(t)‖
+ GBaugDξ(t, x).

(19)

The linear controller should guarantee that
the first part of this equation tends to zero, al-
lowing us to simplify it to

σ̇(t) = −ρ(t, x)
σ(t)

‖σ(t)‖
+ GBaugDξ(t, x). (20)

Multiplying (20) on the left by σT (t) and us-
ing the fact that σT (t)σ(t) = ‖σ(t)‖2 gives us

σT (t)σ̇(t) = −ρ(t, x)‖σ(t)‖+ σT (t)GBaugDξ(t, x)

≤ ‖σ(t)‖ (−ρ(t, x) + ‖GBaugDξ(t, x)‖) .
(21)

So, choosing ρ(t, x) as

ρ(t, x) ≥ ‖GBaugDξ(t, x)‖+ η (22)

satisfies the multivariable version of the Sliding
Condition (η-reachability) (Hamayun et al., 2016)

σT (t)σ̇(t) ≤ −η‖σ(t)‖. (23)

For a single-input single-output (SISO) sys-
tem, (16) can be written as

σ(t) =
[
G1 G2 G3

]  x̃(t)
˙̃x(t)∫ t

0
x̃(τ)dτ

 , (24)

which, when changing to state variables, becomes

σ(t) = G1x1(t) +G2x2(t) +G3x3(t), (25)

and knowing that ẋ3(t) = x1(t) and ẍ3(t) =
ẋ1(t) = x2(t) gives us the following

σ(t) = G2ẍ3(t) +G1ẋ3(t) +G3x3(t), (26)

from which is possible to state that the sliding
manifold corresponds to a second order system.
Thus, matrix G defines the manifold dynamics.

For multivariable systems, one way of choos-
ing G would be such that it generates uncoupled
manifolds, even for coupled systems. As an exam-
ple, let us define a system with two outputs, a(t)
and b(t). Their sliding manifolds can be written
as

σ(t) =

[
Ga

1 0 Ga
2 0 Ga

3 0
0 Gb

1 0 Gb
2 0 Gb

3

]


ã(t)

b̃(t)
˙̃a(t)
˙̃
b(t)∫ t

0
ã(τ)dτ∫ t

0
b̃(τ)dτ


.

(27)
Another method is presented in Castanos and

Fridman (2006), which proposes choosing G in or-
der to avoid amplifying unmatched disturbances
and is given by

G =
(
BT

augBaug

)−1
BT

aug. (28)

3 2DOF Helicopter Application

A 2DOF Helicopter was used to apply the pro-
posed control technique. It is a good application
example as it has two inputs and two outputs
with coupled dynamics. Its nonlinear equation of
motion may be written as (Quanser, 2011; Neto
et al., 2016):

θ̈ =
KppApPWM p +KpyAyPWM y − α−Bpθ̇

Jeq p +mhelil2cm
,

(29)

α = mhelilcm cos(θ)
[
lcm sin(θ)ψ̇2 + g

]
; (30)

ψ̈ =
KypApPWM p +KyyAyPWM y + β −Byψ̇

Jeq y +mheli cos(θ)2l2cm
,

(31)

β = 2mhelil
2
cm sin(θ) cos(θ)ψ̇θ̇; (32)

in which θ and ψ are pitch and yaw angles, re-
spectively, mheli is the helicopter weight and lcm
the distance from center of mass to center of ro-
tation. PWM is the motor signal percentage, B
the air resistance factor and Jeq the inertia, with
subscripts p and y standing for pitch and yaw, re-
spectively, which are also used on Kab, standing
for the torque on ‘a’ produced by motor ‘b’ squared



velocity. PWM is related to the motors squared
speeds, Ω2

p and Ω2
y, by linear approximation, with

slopes being Ap and Ay.
By writing the state vector as x(t) =[

θ ψ θ̇ ψ̇
]T

and the input vector as u(t) =[
PWM p PWM y

]T
, the linearized version of

equations (29) to (32), around the operation point[
0 0 0 0

]T
, can be written as

ẋ(t) = Ax(t) + Bu(t) + BDξ(t, x), (33)

with

A =


0 0 1 0
0 0 0 1

0 0
−Bp

Jeq p +mhelil2cm
0

0 0 0
−By

Jeq y +mhelil2cm

 ,
(34)

B =



0 0
0 0

KppAp

Jeq p +mhelil2cm

KpyAy

Jeq p +mhelil2cm
KypAp

Jeq y +mhelil2cm

KyyAy

Jeq y +mhelil2cm

 ,
(35)

Dξ(t, x) =


−Kyyα+Kpyβ

Ap(KppKyy −KpyKyp)

Kypα+Kppβ

Ay(KppKyy −KpyKyp)

 . (36)

Fig. 3 displays the custom built 2DOF Heli-
copter1; it uses two Brushless DC motors (BLDC)
with fixed-pitch propellers as actuators, 2 rotary
encoders as sensors and a NXP FRDM-K64F de-
velopment board for embedded processing.

Figure 3: Custom built 2DOF Helicopter.

1A video of this plant can be watched on Youtube: www.
youtube.com/watch?v=E84x9rKRSSo.

The system parameters are presented in Ta-
ble 1.

Table 1: Helicopter Parameters

Parameter Value Unit

mheli 1.317 kg
lcm 0.038 m
Kpp 0.0180 N.m/%
Kyy −0.0033 N.m/%
Kpy −6.35× 10−4 N.m/%
Kyp 10.76× 10−4 N.m/%
Bp 0.1 N/%
By 0.1 N/%
Jeq p 0.384 kg.m2

Jeq y 0.0432 kg.m2

In order to reduce chattering and high-order
frequency switching of the nonlinear part of the
controller, the following sigmoidal approximation
is used

u(t) = −Kx(t)−ρ(t, x)(GB)−1
σ(t)

‖σ(t)‖+ δ
, (37)

being δ a small positive scalar.
The following test procedure is used:

• at 15s, a step reference of 0.35rad is given to
pitch;

• a −1rad reference in given to yaw at 30s;

• references for pitch and yaw are changed to
zero at 45s and 60s, respectively.

Fig. 4a presents the system response to the
test procedure and Fig. 4b shows the control ef-
fort. Figures 4c and 4d depict pitch and yaw slid-
ing manifolds, respectively, and then Figures 5a
and 5b show zoomed parts of each manifold.

The major manifolds peaks in Figures 4c and
4d are caused by the step references, but it is
clear that they quickly returns to zero. The minor
peaks from Figures 5a and 5b are mainly due to
sensor imprecision and derivative approximation
used to calculate axes speeds.

4 Conclusion

This work described the use of Linear Quadratic
Regulators (LQR) with integrators inserted at the
input of the controller along with a Sliding Mode
Controller. The proposed controller presents two
benefits: it is capable of guaranteeing null steady-
state error for step inputs and the second deriva-
tive of the reference signal is not required. A
2DOF Helicopter was used to obtain experimen-
tal results. It was observed that the controller was
able to perfectly track the reference signal. Future
work will deal with Output Sliding Mode Control.



(a) Controlled states. (b) Control effort.

(c) Pitch angle sliding mani-
fold.

(d) Yaw angle sliding mani-
fold.

Figure 4: Practical results from the controller ap-
plied to the built helicopter.

(a) Fig. 4c with zoom. (b) Fig. 4d with zoom.

Figure 5: Zoomed parts of pitch and yaw sliding
manifolds.
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