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Abstract: This paper tackles the trajectory tracking problem of a mobile robot with differential
drive by presenting the sum-of-squares (SOS) framework to reformulate the Lyapunov stability
theorem as SOS decompositions, thus enabling state feedback controller synthesis algorithmi-
cally. This is realized by implementing a SOS optimization program, as its solution will comprise
the controller gains and the Lyapunov function coefficients. The controller should asymptotically
stabilize the tracking error for different initial conditions and reference trajectories. Herein, a
circle and a lemniscate are tested. Also, since only polynomials have a SOS decomposition, the
nonlinear robot tracking model is recasted as a polynomial input-affine system to enable the
program implementation.

Resumo: Este trabalho aborda o problema de rastreamento de trajetérias de um rob6o movel
com tracao diferencial apresentando o framework de soma de quadrados (SOS) para reformular o
teorema da estabilidade de Lyuapunov como decomposigdes SOS, habilitando algoritmicamente
a sintese de controladores com realimentagao de estados. Isto é possivel ao implementar um
programa de otimizagao SOS, uma vez que sua solugao contém os ganhos do controlador e
os coeficientes da fungdo de Lyapunov. O controlador deve estabilizar o erro de rastreamento
para diferentes condigbes iniciais e trajetérias de referéncias. Para tanto, um circulo e uma
lemniscata sdo testadas. Além disso, como apenas polinémios possuem uma decomposigao SOS,
o0 modelo nao linear de rastreamento é convertido em um sistema polinomial afim na entrada
para possibilitar a implementacao do programa.
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1. INTRODUCTION

The unicycle-type mobile robot with differential drive is
widely-used given its simple configuration and capability
for several tasks, such as load transportation, wheelchairs,
surveillance and floor cleaning (Martins et al., 2008). In
order to perform them, a trajectory tracking function-
ality can be addressed as the control problem, allowing
the robot to describe a reference trajectory, although its
reference path cannot be arbitrary chosen as the robot is a
nonholonomic system Klancar et al. (2005) and as such it
falls into the non-slip constraints case (Sidek and Sarkar,
2008). The latter means that the mobile is not allowed to
move in certain directions. Herein, we consider the usual
case of the unicycle configuration where differential drive
kinematics is constrained to the lateral direction of the
wheel.

To enable this tracking funcionality, controllers are de-
signed and most of them considers only the robot kine-
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matics, but it becomes necessary to include the dynamic
properties, such as mass and inertia, for high-speed and
heavy load operation (Martins et al., 2008). This is usu-
ally neglected at moderate speeds leading to simplify the
control problem (Martins et al., 2008).

A tracking trajectory method was proposed in Klancar
et al. (2005) from the linearized tracking error model
between a reference virtual robot and the controlled robot,
as shown in the Fig. 1, where the closed-loop controller
gain is determined by comparing the desired and the real
characteristic polynomials.

In Burghi (2015) and Burghi et al. (2024) a nonlinear
tracking model is presented, leading to a closed-loop Lya-
punov stability analysis where a well-known nonlinear
state feedback law is applied to verify the asymptotic
tracking convergence. Exponential convergence fits in the
control law based on Global Terminal Slide Mode with
fuzzy control as in Benaziza et al. (2018) for a nonlinear
tracking model in which disturbances are considered.

In this paper, an approach inspired by the V-variant itera-
tive algorithm from Jarvis-Wloszek (2003) is provided for
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Figure 1. Trajectory tracking problem.

controller design. By employing a Lyapunov stability anal-
ysis under the sum-of-squares framework, an optimization
program is able to search the set of gains of a polynomial
state feedback controller that asymptotically stabilizes the
nonlinear robot tracking model around a nonzero equi-
librium point, where the tracking error converges. The
model development from Burghi (2015) is recast to obtain
a polynomial model.

The Lyapunov’s theory plays a leading role in the stability
analysis of dynamical systems as it translates the question
about the convergence of the system state trajectories into
a question of positive definiteness of functions (Majumdar
et al., 2013). For instance, a continuous time dynamical
system z(t) = f(z(t)), where z € R™, has, without loss of
generality, an asymptotically stable equilibrium point at
the origin (0,0) (Papachristodoulou and Prajna, 2005b).
The core lies on finding a Lyapunov candidate function
V satisfying V (z(t)) and —V (z(t)) to be positive definite,
which means V' is a scalar function that is positive and de-
creases along the system’s state trajectories, representing
an energy-like quantity.

The problem of finding V can be difficult since there is
no systematic method for its construction, as mentioned
in Tacchi et al. (2018), and hand-crafted constructions
are obviously limited to few states and one’s analytical
skill (Papachristodoulou and Prajna, 2005b). On the other
hand, convex optimization techniques like sum-of-squares
programming realizes to cast this search of V' as a semi-
definite optimization program solved by the interior points
method (Majumdar et al., 2013). Both of the Lyapunov
conditions are simply checkpoints on non-negativity, for
which one may alternatively checks its SOS decomposition,
i.e., a SOS condition is sufficient to infer their non-
negativity, although the opposite is not necessarily implied
(Prajna et al., 2002). Within this context any system lying
on polynomial vector fields, described by a polynomial
function f(z), comprises a SOS decomposition if it can be
written as a sum of squared polynomials f;(z),..., fm(z)
such as:
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f(z) = i": 2 = Z7(@)QZ(=), (1)

where Z(z) is some properly chosen vector of monomials
and () is a positive semidefinite coefficient matrix of
f(z), often called as Gram matrix (Papachristodoulou and
Prajna, 2005a). Therefore our condition reformulation to
SOS program constraints is valid.

This paper is organized as follows. Section 2 presents
the tracking model in the form of a polynomial control-
affine equation. Section 3 presents the control design
methodology based on Lyapunov stability analysis via
SOS programming. Section 4 shows the simulation results
to validate the design. The implementation was done in
MATLAB using SOSTOOLS, a free third-party MATLAB
toolbox for formulating and solving sums of squares (SOS)
optimization programs (Papachristodoulou and Prajna,
2005a). Section 5 deals with the concluding remarks.

2. ROBOT TRACKING MODEL

The trajectory tracking problem in this work is based
on the development in Burghi (2015) and Burghi et al.
(2024) which follows the virtual robot approach placed
in the desired reference tracking ideally describing the
reference trajectory. By this approach the real robot plays
the role of a second one needing to follow it until it
reaches the virtual robot’s motion, as depicted in Fig. 1.
For such purpose we define a global static frame Fj and
two local frames, F; and F, at the robots’ center of
masses, as also seen in Fig. 1. This allows to position the
origin of the robot’s frames w.r.t Fy as postures q.(t) =
(2e(8),e(2), 0o(£))T for Fy and q,(t) = (@, (), (£), 0, ()7
for F5, respectively. Also, F; and F3 velocities w.r.t its
own frames are n.(t) = (v5(t),vy(t), w(t))T and n,(t) =
(Ur,2(t), Ury(t), wr(t))T, respectively, but since this model
does not consider friction and lateral slip, the y-component
is null, thus the motion involves only the tangential and
angular velocities. Expressing both velocities in the Fjy
frame requires a nonlinear transformation by applying a
rotation matrix in order to obtain

gr(t) = R(0,(t))n:(t) (2)
Ge(t) = R(0c(t))nc(t), (3)

where
R(0) = |sin(0) cos(d) 0
0 0 1

A posture error e = (e, ea,e3)T of the virtual robot w.r.t
Fy can be defined considering ¢ relative position and 6
angles as depicted in Fig. 1, whose dynamics are later
derived from

e = R(—0.)(¢r — qc) = R(0:)T(qr — qc), (5)

where the following rotation matrix property R(—6) =
R(0)T = R(A)~! has been taken into account.

|fos (0) —sin(9) 0‘|

Time derivative turns (5) into

é=R(0:)T(qr — qe) + R(0)T(Gr — Ge), (6)

where
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_ —sin(6 ) . —cos(6,)0 )e 0

R(0:) = | cos(0.)0. —sin(0.)0. 0

0 0

cos(0.) —sin(6.) 01 [0 —w O
sin(0.) cos(0.) 0] lw 0 0] =R(0.)Qw), (7)

0 0 0 00

where () = —Q(6)7. From (5), (7) and another rotation
matrix property R(0;1)R(62) = R(6; + 62), equation (6)
becomes

6.1(15)
¢ = [e'g(t)] = Q(w)TR(0.)T(qr — qe) + R(0)T(dr — Ge)
ég(t)

=—-Qw)e+ R(0.)"¢ — R(6:)7 4
= _Q(w)e + R(_GC)R(QT)U’I‘ - R<ec>_1R(ec>nc
= Q(w>e + R(€3)77r — T

_Uz()
= 3(t))

e1(t) + v (t)sin(
wr(t) — w(t)

[w(t)_eggt) + v,-(t)cos(es(t))

(®)

where [v,(t),w(t)]T are the control inputs.

Trigonometric terms assure the nonlinear behaviour of the
tracking model (8). However, in the opposite direction of
the common approach that proceed to linearize it, our
approach recasts it as a polynomial model for the SOS
program. A useful technique to amend that is presented in
Papachristodoulou and Prajna (2005a) which essentially
consists of defining auxiliary states to each nonlinear
component. From (8), e4(t) = sin(es) and e5 = cos(e3) are
defined as the two new states. Note that time derivative
of both results in

(wr - U})65 (9>
é5 = —égsin(esz) = —(wr —w)sin(es) = —(w, —w)es (10)

Therefore, it is necessary to write the augmented model of
(8) as

€4 = é3cos(es) = (w, — w)cos(es) =

6:1(t) w(t)ea(t) + v (t)es(t) — vy (¢)
e-g(t) —w(t)er(t) + v, (t)eq(t)
é=|es(t)| = wy(t) — w(t) (11)
éa(t) (wr(t) = w(t))es(t)
és(t) (W(t) = wr(t)ea(t)

where e4 and e5 are evidently constrained by the trigono-
metric identity

Gle)=¢ej+e:—1=0 (12)
We recall to the fact that Lyapunov’s theorem verifies
stability at the origin of the system, which is not an
equilibrium point to (11), given that es = cos(es) —
1 when e3 — 0 and w(e) — 0 when e — 0. This
means that the system set of states and control inputs
has to be translated by the nonzero equilibrium (e, u)
to then realize stability about a new origin (é,4) where
Lyapunov’s theorem apply and thus check stability for the
original states outside the zero equilibrium. Note that (11)
converges to € = [0,0,0,0,1]7 as the global equilibrium
point. Therefore, the dynamics of the translated states can
be described as
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=fe+e)+gée+e)(a+a)
If the model (11) is written as in equation (13), then it
ultimately leads to return a state feedback control law (€)

when taken into the SOS program. This can be readily
rewritten w.r.t. the original set of states as

u(e) =ule —€)+a (14)
We aim the closed-loop asymptotic stability, which should
realize u(e) = @(e—e)+u — u and e — € as time increases.

(13)

As e3 is now decoupled from the other states and (9), (10)
and (12) redundantly describes é3, then its exclusion from
the model can be done without design loss, where the new
model in input-affine form is

e1(t) v (t)es(t) -1 ex(t)

é(t) = 6:2(t) _ | ve(t)ea(?) n 0 —e1(t)| |v2(t)
€4(t) wr(t)es(t) 0 —es5(t)| | w(t)
es(t) —wr(t)eq(t) 0 eqt)

(15)
The translation of states and inputs as in (13) makes (15)
into

61 vr(éf) + 1) -1 éQ

€2 _ VUr€q 0 —e1 Vg +0

al T len@+n| Tl o —@E+1) [~+a] (16)
6L5 —wré4 0 é4

We recall that at equilibrium
e=fe)+glEu=0
= 4= —g(&) " f(€) = [vr(t), wr (O]
If (17) and (18) are considered, we can rearrange (16) to

make f(0) =0, as the Theorem 1 later states, which leads
to

(17)
(18)

6?1 V€5 + Eolw —1 €o

6~2 o Uré4 - él(D 0 —él ’Dm

al = wees 0 —&5—1 [w] (19)
é 0 0 &

Note that [v,(t),w,(t)]T, consequently @, works as a time-
varying parameter, which makes model (19) also time-
varying.

3. STATIC STATE FEEDBACK CONTROLLER
DESIGN PROCEDURE

Given the nonzero equilibrium translated plant (19), the
task comprises on finding a polynomial state feedback
controller @(€), where @ € R™, such that u(e) = a(e—e) +
u € R™ is immediately found. Thereby, a stability analysis
is carried out by using the Lyapunov stability theorem,
which is stated in Theorem 1, to attain the conditions for
global asymptotic stabilization.
Theorem 1. (See Khalil (2014)) Let f(x) be a locally
Lipschitz function defined over a domain D C R™, which
contains the origin, and f(0) = 0, unless the last is
otherwise stated. Let V() be a continuously differentiable
function defined over D such that

V(0)=0and V(z) >0,V z € D — {0} (20)

-V(z)>0,Yz e D (21)

Then the origin z = 0 is a stable equilibrium point of
z(t) = f(x). Moreover, if

~V(z) >0,YzeD-{0} (22)
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then origin is asymptotically stable (AS). Furthermore, if
D =R", (20) and (22) hold for all = # 0, and

lz|| = 0o = V(z) — oo, (23)
then the origin is globally asymptotically stable (GAS).

If (20) and (22) applied to (19), which is also subject to
(12), are valid for € € R™, then the control law u, obtained
as u(e) = u(e—e)+u, can globally asymptotically stabilize
the plant (15) at & for all initial conditions e(0) € R™.
Then, Algorithm 1 can be used to write a sum-of-squares
feasibility program to find @ and V that guarantees the
GAS property for (16), hence @ and V that checks GAS
for (15).

Also, we denote @ as & = K z(€), where z € RP? is the vector
of p monomials and K € R™*P; V(&) as V(&) = VVT(é)-é
where ¢ is from (13); S_[€] as a SOS polynomial in &, Wthh
implies non-negativity (> 0).

Algorithm 1

Input: Consider model (19), [vr(t) w-(t)]T € R%, Wy €
Z[é], KuO S Rmxp B S R-{-; ZrnaL S N ( mmadt)

N2, (ay,ay) € RE, (nll,TLZQ) e N2
Output: u(é) < Kz(é )6 m o V(e) e R.
1: for k € {0,1,2,..., L 1}d0
i< k-dt;
Vi « ETIE:
while 1 < i < 4,4, do
2: (STEP 1) Find I3(é) € Y [€], s2(é) and K for a

fixed V = V,_1, subject to

—VVT(@)f(e) +g(e)Kz(e)]
—52(€)G(e) —la(e) € Yo[el; (24)
l2(8) — ay [le]*™= € Y[el; (25)

4: (STEP 2) Find V'(€) € > [e], l1(é) € >_[e], l2(é) €
>-l€], s1(é) and sz (é€) for a fixed K = K, subject
to

V(e) —si(e)G(e) —h(e) € X[e]; (26

l(e) — avlel*™ € Y[el; (27)
—VVT(©)f(e) + g(e)Kz(e)]

— 52(8)G(e) — la(€) € Xo[e];  (28)

l2(€) — ay [le]*™= € X[el; (29)

5: if max|Kg,; — Kgi—1| < 8 then
6: break

7: end if

8: 141+ 1;

9: end while

10: end for

The Algorithm 1 is an adaptation of the V-variant iterative
algorithm for state feedback controller design from Jarvis-
Wloszek (2003) comprising two steps since it has a bilin-
earity in the decision variables (@,V,l;,l2,51,52), as seen
n (24). In this case the algorithm searches over for two
variables by multiplying (VV and @). To avoid that, we
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alternate the search between two sets of decision variables,
(@,l2,82) and (V,l,l3,81,82), until a stopping criteria is
met or it reaches the last loop. The first set is solved
by fixing V' and the second, by fixing @. Thus, each step
is a different optimization program while both are inside
the same loop. Also, there is an outer for-loop iterating
through the trajectory points, as each one has a different
[vy-, wy]T, except for a circle and a line.

This approach requires a good guess for 1} as pointed out
in Majumdar et al. (2013). Herein we consider a quadratic
function V; = éT1é which may be sufficient. Also, to avoid a
random set of 4,4, that would necessarily run all iterations
as performed in Bisoffi et al. (2022), an stopping criterion
at the end of the while-loop was defined as the maximum
difference between the gain coefficients K from the current
u; and the previous loop u;_1 to be less or equal than an
arbitrary small and positive value. Such criteria does not
guarantee stability, yet implies the convergence of solutions
over iterations.

Furthermore, apart from V and 4, there are other decision
variables in (24) and (26) that comes from different con-
siderations. Therefore, the SOS polynomials I and I are
utilized to bound the polynomials V' and —V as follows
V-liedlle] =V-01L1>0= V>Il;>0 (30
—V—lyel[e] = —V-1>0 = V<—-I,<0 (31)
given that

li = Bllz)™: € X[l
for a small a > 0. Thus, AS is checked through SOS.

= 1; > f|l=||™ >0, (32)

Also, by employing the algebraic tool called Positivstellen-
satz as in Parrilo (2003), one formulates the convex matrix
inequalities through the use of multipliers, which explains
the use of polynomials s; and s; as the zero equality
constraint (12) multipliers in (24), (26) and (28).

4. SIMULATION RESULTS

We consider two different trajectories to emphasize the
ability of the proposed Algorithm 1 for successfully track-
ing the circle and lemniscate patterns. Both trajectories
were simulated under MATLAB environment. To describe
them, Klancar et al. (2005) shows that the reference path
must be defined in a time interval ¢ € [0,7] such that a
known ¢, (t) = [z,(t), y,(t), 0, (t)]T is at least C? € (R, R, R)
to make possible the determination of v,.(t) and w,(t) as
vr(t) = £/33(t) + 57(t) (33)
’LUT(t) _ x’f(t)y’f(t) — yT(t)%(t)
a2(t) + (1)
The trajectory points are generated by a first-order nu-
meric integration of the kinematic models (2) and (3).
To realize that, we set a initial condition ¢,.(0), ¢.(0), an

integration step of dt and the control inputs [v (t),w(t)]T
at each point, where t = k - dt for k € {0,1, ..., dt -1}

Also, Algorithm 1 is feasible for both trajectories with
monomials z of degree 1 to 4, variables (V, s1, s2) of degree
2 to 4, variables (I, l2) of degree 4 to 8, (n;,,n,) = (2,2),
(av,ay) = (1071°,107®), although §3 is set differently for
both: 8 = 0.1 for circle and g = 0.5 for lemniscate. The
codes are available at the (Silva Maciel, 2024).

(34)
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The circle trajectory is described as

2. (t) = R - cos(a - t) = cos(2t) (35) 15 1
e
yr(t) = R - sin(a - t) = sin(2t), (36) o
e
where oo = 2 rad/s and the radius R = 1 m. The controller " :‘; I
gains were found with an elapsed time of 487.31 s and
its response for Tg,, = 4 s and dt = 0.03 s from initial 05
conditions ¢,(0) = [0,—1,0]T and ¢.(0) = [0,0,—x/4]T
is shown in Fig. 2, Fig. 3 and Fig. 4. We remark that
Algorithm 1 was employed here without the for loop, as 0
[y, w,]T are constant at all times for a circle.
05
1 |-
Ky o os 5 2 25 3 35 4
N
05 Nt
+
% Figure 4. Error stabilization at [0,0,0,0,1]T for a circle.
or 1 T
L yr(t) =1-cos(a - t) = 2.5cos ﬁt , (38)
B
>-05F1 where o = {5 rad/s and the maximum distance from
center is I = 2.5 m. The controller gains were found with an
elapsed time of 10288.9 s and its response for Ty, = 20 s
7 and dt = 0.1 s from initial conditions ¢,(0) = [0,—1,0]T
Reference Robot and ¢.(0) = [-1,—2.5,0]T is shown in Fig. 5, Fig. 6 and
e a0 Fig. 7.
157 +  Real Robot
e 90
-1 -0.5 0 0.5 1
X (m) M
Figure 2. Circle trajectory tracking with ¢,.(0) = [0, —1,0]T 2l
and qC(O) = [Oa O, _7T/4]T‘
3r
v E
2.4 ‘ ] >
4+
v22 7 Reference Robot
= )
2 2 S +  Real Robot
[
1.8 L I | | i
0 0.5 1.5 2 25 3 3.5 4 -6
Time (s)
5 ; 9 ‘
2 1 0 1 2
@ 0 1 x (m)
S s : Figure 5. Lemniscate trajectory tracking with ¢.(0) =
[0,—1,0]T and ¢.(0) = [-1,—2.5,0]T.
% 0s 15 2 25 3 35 4
Time (s) 5. CONCLUSION
Figure 3. Control signals v and w for a circle. In this paper, an iterative sum of squares strategy to ob-
tain the controller gains that globally and asymptotically
F 1 . . described stabilizes the tracking error was succesfully implemented.
or a lemniscate trajectory, described as Thus, employing SOS programming to control design once
g N (T more proved to be a powerful tool as its solution outputed
zr(t) =1~ sin(2a - t) = 2.5sin < 5 t) (37) a polynomial Lypaunov function and a polynomial control
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Figure 6. Control signals v and w for a lemniscate.
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e2
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e4 [
e5

05 J

Figure 7. Error stabilization at [0,0,0,0,1]T for a lemnis-
cate.

law with satisfactory results for such application, although
it still does not work as an optimal generalized strategy for
arbitrary trajectories, as it needs different set of controller
gains at each instant.

Also, the usual nonlinear tracking model with trigonomet-
ric terms was recasted as a polynomial vector field of four
states with nonzero equilibrium, which does not explicitly
considers the orientation error yet it still converges to 0.
Thus, such model works as an alternative to other track-
ing models given its appliability to SOS-based strategies,
which would allow one to employ other analysis.

For future work, it is desired that the optimization pro-
gram constraints be linear in its decision variables and the
control law could be designed to deal with [v.(¢),w,(t)]T
as a time-varying parameter and input saturation. Also,
it would be of interest to include a disturbance analysis
and to verify the QSR-dissipative property of the model,
as its theory already provides a canonical controller for
assymptotic stabilization.
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