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Abstract: This paper presents an optimal adaptive method for slip ratio optimization in electric
vehicles using extremum seeking. The extremum seeking algorithm tracks the optimal slip ratio
value that maximizes the tire longitudinal force, which is observed using algebraic estimation.
Firstly, a wheel slip control based on a gain-scheduled proportional-integral-derivative controller
is proposed. A linearized slip ratio model is developed and utilized to allocate the desired
control dynamics, defining the control gains as functions of vehicle speed. Secondly, an algebraic
estimator is employed to estimate the longitudinal force applied to the tire, utilizing a gray-box
model of the wheel dynamics. Finally, the extremum seeking optimization method is applied to
maximize the longitudinal force, a gain dependent on the vehicle speed is proposed to account
for disturbances caused by road roughness and imperfections. The results of this application
are validated using the CarSim automotive simulator, along with MATLAB/Simulink. The
effectiveness of the implemented method is demonstrated for the study case.

Keywords: Adaptive control, slip regulation, tire force estimation, algebraic estimation,
extremum seeking

1. INTRODUCTION

In recent years, advances in automotive technology have
led to increasingly sophisticated control systems aimed
at improving vehicle performance, safety, and efficiency
(Chaudhari et al., 2022; You et al., 2022; Wei and Xuexun,
2015). A critical aspect of this endeavor is the real-time
estimation and control of key parameters, such as slip ratio
and tire forces (Castro et al., 2011; Sunusi et al., 2021;
Sado et al., 1999). These parameters exhibit nonlinear
behaviors and are sensitive to external disturbances, which
can undermine the effectiveness of the control strategy.
This issue is particularly evident when accounting for the
impact of road irregularities on the system (Cui et al.,
2017).

Since these parameters influence vehicle acceleration, op-
timizing tire forces becomes central to achieving optimal
acceleration. This optimization must carefully consider the
slip ratio to enhance overall vehicle performance. With this
in mind, the utilization of optimization methods in order to
determine the maximum value for tire forces is necessary.
Various methods have been proposed for this purpose,
including recursive square methods (Huang et al., 2017),
fuzzy logic (Ding et al., 2018; Gu and Cheng, 2011), and

⋆ The authors thank Fundação de Desenvolvimento da Pesquisa -
Fundep Rota 2030 - Linha V, for the Grant VHF-Urbano - Desen-
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extremum seeking (Zengin et al., 2020; Zhao et al., 2019).
The application of recursive square methods is highly
dependent on the vehicle model, which, in practice, may
exhibit uncertainties and strong nonlinearities. Conversely,
to operate effectively across a wide range of conditions,
traditional fuzzy logic designs rely on a large set of rules,
which can result in higher computational costs. Extremum
seeking, on the other hand, has demonstrated excellent
results without the high dependence on the vehicle model
and lower computational costs, which makes the extremum
seeking optimization method a great option for this article.

Even though the choice of applying extremum seeking
reduces the model dependency, to optimize the perfor-
mance, the longitudinal force needs to be used as input
to the algorithm. However, its value cannot be measured
directly. An alternative is to adopt a gray box model with
measurable variables to estimate the longitudinal force on
the tire. Many works in this field have used the Kalman
filter (Doumiati et al., 2012) and the extended Kalman
filter (Reina and Messina, 2019) for real-time estimation
of vehicle forces and parameters. While these methods
deliver excellent results, they can be costly due to the
requirement for expensive optical sensors, as discussed by
Liu et al. (2018). Conversely, it has been demonstrated
that algebraic estimators exhibit remarkable resilience to
disturbances (Fliess et al., 2006; Fliess and Sira-Ramı́rez,
2008; Aguilar-Ibanez et al., 2021). This is of significant
importance to deal with disturbances caused by road con-
ditions and nonlinearities of the system, impacting the tire
force and slip ratio. To address these challenges, this article
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employs an algebraic estimator. The developed work can
be presented in four distinct steps.

• The design of a gain-scheduled proportional-integral-
derivative (GS-PID) control to regulate the slip ratio.

• Development of an algebraic estimator capable of
estimating the real-time parameters to be considered
in the optimization of the system.

• The optimization of the vehicle acceleration utilizing
the extremum seeking method to locate the maximum
value for the estimated real-time tire forces to reach
the optimized slip ratio.

• Implementation and validation of these algorithms
through simulations, demonstrating their effective-
ness in improving vehicle acceleration, stability and
traction.

This article introduces a method for real-time estimation
of the optimal slip ratio by utilizing tire forces and employ-
ing adaptive control strategies. The method combines al-
gebraic estimation with extremum seeking optimization to
effectively estimate and optimize parameters, showcasing
excellent performance even under demanding conditions.
Additionally, the study enhances results by incorporating
a sigmoid function that depends on vehicle speed. This
function helps mitigate the effects of road imperfections,
which become more pronounced at higher speeds, a factor
often overlooked in most case studies.

In the following sections, the article demonstrates the gen-
eral modeling, control design strategies, implementation
details, simulation results, and conclusions drawn from the
study.

2. PROBLEM FORMULATION

The vehicle that is the subject of this article is a pas-
senger electric vehicle with rear-wheel independent drive.
A longitudinal vehicle model is used to describe vehicle
behavior. The longitudinal equation of motion is expressed
as follows:

Mv̇x =
N∑
i

Fx,i − FD, (1)

where M represents the vehicle mass, vx denotes the
longitudinal speed of motion, and Fx,i is the longitudinal
tire force on each wheel, with i = fl, fr, rl, rr being an
index that identifies the front left, the front right, the rear
left, and the rear right wheels, respectively. FD is the wind
drag force over the vehicle, which can be described by

FD =
1

2
ρCdAfv

2
x, (2)

where ρ is the air density, Af is the frontal area of the
vehicle, and Cd is the drag force coefficient.

The tire dynamics is described by a single-wheel model,
where the equation of motion is expressed by

Jwω̇i = Ti − reFx,i (3)

where ωi represents the wheel speed of revolution, Jw
denotes the wheel moment of inertia, re is the effective
rolling radius, and Ti is the drive torque applied to the
wheel. In the front wheels, the drive torque is zero and
motion is caused only by the longitudinal force. The
longitudinal force may be described by

Fx,i = f(λi, Fz,i) ≈ µ(λi)Fz,i (4)

where Fz,i represents the normal load over the tire, µ(.) is a
function that models the tire-road friction, and λi denotes
the tire slip ratio, defined as

λi = −vx − reωi

vx
(5)

3. CONTROL DESIGN

3.1 Acceleration Slip Regulation

Let us consider the slip ratio definition provided by (5)
and differentiate it over time, yielding the following

λ̇i = − v̇xωire − vxω̇ire
v2x

. (6)

Substituting (1) and (3) into (6) leads to an equation that
better models the slip ratio dynamics, expressed as

λ̇i = − re
Jwvx

[
reFx,i + (1 + λi)

Jw
Mr2e

(∑
i

Fx,i − FD

)]
+

re
Jwvx

Ti. (7)

It should be noted that the coupling between the drive
wheels has a relatively minor effect on the slip ratio
dynamics, since Jw

Mr2e
<< 1. Let us define the auxiliary

function

Γi(λi) = reFx,i + (1 + λi)
Iw
Mre

(∑
i

Fx,i − FD

)
. (8)

To design a controller capable of stabilizing the wheel
slip, (7) should be linearized around the equilibrium point
(λi,eq, Ti,eq). The linear model must meet the constraint
Ti,eq = Γ(λi,eq). Linearizing the wheel slip around the
equilibrium point and replacing the variables by the input
and output deviations of the equilibrium point, defined as

δλi = λi − λi,eq, δTi = Ti − Ti,eq, (9)

leads to the first-order differential equation

˙δλi =
re

Jwvx
(−θiδλi + δTi), (10)

θi =
∂Γi

∂λi

∣∣∣∣
λi=λi,eq

. (11)

The representation of this transfer function in the Laplace
domain, and considering the first-order actuation lag of
the electric motor, we arrive at the following linearized
transfer function

∆Λi(s)

∆Tref (s)
=

1
θi

(τms+ 1)
(

Jwvx

re
1
θi
s+ 1

) . (12)

Using the linearized slip ratio model provided in (10) it is
possible to design a gain-scheduled proportional-integral-
derivative (GS-PID) controller to properly regulate the slip
ratio. GS-PID gains are scheduled on the vehicle speed
and the closed-loop transfer function is represented by the
following

∆Tref (s)

∆Λ∗
i (s)−∆Λi(s)

= KD(vx)s+KP (vx) +
KI(vx)

s
(13)

where KD, KI and KP are the derivative, integral and
proportional gain, respectively. The poles of the controlled
plant can be expressed by the following equation
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Figure 1. Block diagram of the control scheme

s3+

{
1

τm
+

re
Jwvx

(θiKD(vx))

}
s2+

1

τm

re
Jwvx

(θiKP (vx))s

+
1

τm

re
Jwvx

KI(vx) = 0. (14)

This is a third-order system, which can be designed to
have the desired dynamics through pole placement by
choosing a fast real pole po, a natural frequency ωn and
damping coefficient ξ, so the poles are placed according to
the expression

(s+ po)(s
2 + 2ξωns+ ω2

n) = 0. (15)

Solving this problem leads to the following conditions for
the controller gains:

KI(v) >=
τmJwvxpoω

2
n

re
, (16)

KP (v) >=τm(2poξωn + ω2
n)

Jwvx
re

− θmin, (17)

KD >=

(
po + 2ξωn − 1

τm

)
Jwvx
re

− θmin, (18)

where θmin is the minimum possible value that θi might
assume. Based on that, we designed a GS-PID in the

ideal form KP (v)
(
TDs+ 1 + 1

TIs

)
where the gains and

the derivative and integral time constants TD and TI are
those given by Table 1.

Table 1. Parameters of the traction controller

Parameter Value

KP (v) 1300vx + 300
TD 0.006
TI 0.04472

3.2 Tire Force Estimation

Algebraic Identifiability Consider a general nonlinear
Single-Input Single-Output (SISO) system with a control
input u(t) and an output variable y(t). This nonlinear
system can be represented by a finite-order ordinary differ-
ential equation, which is expressed in the following form:

y(n)(t) + a1y
(n−1)(t) + · · ·+ any(t)

= b0u
(m) + · · ·+ bmu(t) + κ(t) (19)

where κ(t) represents structure perturbations acting on
the system.

Assumption 1. The structured perturbation κ can be ap-
proximated by a piecewise constant function.

Taking into account Assumption 1, in the Laplace domain
the system is written as

(sn + a1s
n−1 + · · ·+ an)Y (s) =

(b0s
m + · · ·+ bm)U(s) + I(s) + κ

s
, (20)

where I(s) is the polynomial of the initial conditions,
of degree max(m,n) − 1. Differentiating both sides α ≥
max(m,n) times with respect to s we get rid of the initial
conditions, resulting in

dα

dsα
{
(sn + a1s

n−1 + · · ·+ an)Y
}
=

dα

dsα
{(b0sm + · · ·+ bm)U}+ (−1)αα!

κ

sα+1
. (21)

Isolating κ and taking (21) back to the time domain, it is
possible to estimate κ algebraically only with input and
output information of the system. Such an estimation will
depend on the coefficients ai with i = 1, . . . , n and bj with
j = 1, . . . ,m, which do not need to be previously known.
Multiplying both sides of (20) by s and then differentiating
both sides max(m,n)+1 ≤ α ≤ max(m,n)+m+n+1 times
with respect to s we eliminate the structured perturbation
and the initial conditions, resulting in a linear identifiable
equation where ai and bj are easily estimated.

Algebraic Force Estimation Consider (3), which de-
scribes the dynamics of the wheel. The wheel rotation
speed is the system output variable (y = ωi), the drive
torque is the control input (u = Ti), and the tire longitu-
dinal force is seen as a disturbance acting on the system
(κ = re

Jw
Fx,i). The system described by (3) may be written

as
ẏ(t) = b0u(t) + κ, (22)

where b0 = 1/Jw. Transforming (22) into the Laplace
domain and then differentiating both sides one time with
respect to s yields

Y (s) + s
d

ds
Y (s) = b0

d

ds
U(s)− κ

s2
. (23)

To eliminate derivative terms and smooth noise, both sides
are multiplied by s−2, resulting in

1

s2
Y (s) +

1

s

d

ds
Y (s) =

b0
s2

d

ds
U(s)− κ

s4
(24)

Note that all terms are of the form 1
sβ

dn

dsn . Consider the
inverse Laplace transform

1

sβ
dn

dsn
X(s) ↔ (−1)n

(β − 1)!

t∫
0

(t− τ)β−1τnx(τ)dτ , (25)
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Figure 2. Extremum Seeking Algorithm diagram

equation (24) is transformed back to the time domain

κ = − 6

t3

t∫
0

(t− 2τ)y(τ)dτ − 6

t3
b0

t∫
0

(t− τ)τu(τ)dτ . (26)

Taking into account the integration window with duration
T and that κ = re

Jw
Fx,i, resulting in the following expres-

sion for the estimated longitudinal force

F̂x,i = −Jw
re

6

T 3

T∫
0

(T −2τ)ωi(τ)+
1

Jw
(T −τ)τTi(τ)dτ .

(27)

3.3 Extremum Seeking Algorithm

The extremum seeking scheme is shown in Figure 2. The
plant is expressed as

ẋ = f(x, b(x, θ)) (28)

y = h(x) (29)

where b(x, θ) = u represents the control action that
stabilizes the plant to the reference θ. The problem of

extremum seeking is to find a set point θ̂ that extremizes
(maximizes or minimizes) the plant output. The perturba-
tion extremum seeking scheme, shown in Figure 2, allows
fast adaptation without prior knowledge of the plant. It
searches for a setpoint by adding a sinusoidal perturbation
a sinωt to the input of the plant. The high-pass filter elim-
inates low-frequency signals from the output, the resulting
signal is demodulated, multiplying it by the sinusoidal
signal sinωt. The low-pass filter may not be necessary but
is useful for filtering high-frequency components after the
demodulation. Thus, through the integrator the optimal

setpoint θ̂ ≈ θ∗ is estimated.

To properly understand the scheme, consider that the
plant varies slowly over time and that the control law is
fast enough so that the plant can be viewed as a static map.
By applying the Taylor expansion to the output function
and neglecting the higher-order terms, the output can be
expressed in the following form:

y = y∗ +
y′′

2
(θ − θ∗)2, (30)

where y∗ represents the extreme value, and y′′ stands for

d2y/dθ2. Note that θ̂ denotes the estimate of the unknown
optimal input θ∗. Let the estimation error be given by

θ̃ = θ∗ − θ̂ = θ∗ − θ + a sinωt, (31)

which, when substituted in (30), gives

y = y∗ +
y′′

2
(θ̃ − a sinωt)2. (32)

Expanding this expression and applying the trigonometric
identity 2 sin2 ωt = 1− cos 2ωt, yields

y = y∗ +
a2y′′

4
+

y′′

2
θ̃2 − ay′′θ̃ sinωt− a2y′′

4
cos 2ωt. (33)

The high-pass filter applied to the output removes the
constant part y∗. The filter output is then “demodulated”
by multiplying sinωt, giving the following

sinωt
s

s+ ωh
[y] ≈ y′′

2
θ̃2 sinωt− ay′′θ̃ sin2 ωt

+
a2y′′

4
cos 2ωt sinωt. (34)

Applying the trigonometric identity 2 sin2 ωt = 1−cos 2ωt
and considering the expression

2 cosωt sinωt = sin 3ωt− sinωt, (35)

the result signal can be described as

sinωt
s

s+ ωh
[y] ≈ −ay′′

2
θ̃ +

ag′′

2
θ̃ cos 2ωt

+
a2y′′

8
(sinωt− sin 3ωt) +

y′′

2
θ̃2 sinωt. (36)

The low-pass filter eliminates high frequencies, yielding

ξ ≈ −ay′′

2
θ̃. (37)

Note that
˙̃
θ = − ˙̂

θ, since θ∗ is constant. As ξ =
˙̂
θ
k , yields

that
˙̃
θ ≈ k

ay′′

2
θ̃. (38)

As long as ky′′ < 0 the system is asymptotically stable for

k > 0 and y′′ < 0, which means that θ̃ → 0 and θ̂ converge
to a small neighborhood of θ∗.

Algorithm stability The main purpose of the extremum
seeking algorithm is to track the maximal longitudinal
force, but as demonstrated, the algorithm will only con-
verge to its maximum if y′′ < 0. The input of the ex-
tremum seeking algorithm is the normalized longitudinal

force µi =
Fx,i

Fz,i
, which can be described by the Burckhardt

tire model, expressed as

µi(λi) = c1(1− e−c2λi)− c3λi, λi >= 0, (39)

where c1 > 0, c2 > 0, and c3 > 0 are model parameters.
Deriving the model two times with respect to the slip ratio
λi, yields

µ′′
i = −c1c

2
2e

−c2λi , λi >= 0. (40)

From (40) it is easy to assert that µ′′
i < 0, so the algorithm

should convert to the neighborhood of the maximum value.

Implementation Although the extremum seeking should
be capable of identifying the value that maximizes the
longitudinal force, the algorithm may encounter difficulties
in converging to the extremum value if the plant exhibits
dynamic behavior or non-Gaussian disturbances at the
same frequency as the perturbation of the extremum
seeking. The longitudinal force is significantly influenced
by imperfections in the road surface, such as roughness
and other defects, which are perceived as disturbances.
Moreover, the frequency of these disturbances is highly
dependent on vehicle speed vx, as the vehicle gains speed
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the disturbance frequency also increases and the road
imperfections become more evident.

To ensure that the algorithm remains robust against road
disturbances, we define the integrator gain k as a sigmoid
function dependent on vehicle speed, expressed as:

k = K · sigm(−(3.6 · vx − 25)/4) + kmin, (41)

where K and kmin are positive constants. It should be
noted that the slip ratio dynamics, as expressed by (7),
also depends on the speed of the vehicle. At low speeds,
the slip ratio is highly responsive to changes in drive
torque, exhibiting rapid variations over time even when
a relatively small drive torque is applied. As the vehicle
speed increases, the slip ratio becomes progressively less
sensitive to the drive torque, as torque changes do not
significantly alter the derivative of the slip ratio. As a
consequence, if the extremum seeking perturbation has a
constant amplitude, the slip controller must progressively
increase the drive torque oscillation to follow the reference
provided by the extremum seeking. To avoid this, we
propose that the perturbation amplitude decreases as the
vehicle speed increases, using a perturbation amplitude
dependent on the vehicle speed, expressed by

a = min{amax, amax/v
3
2
x }. (42)

Table 2 shows the values of the parameters used in the
proposed extremum seeking algorithm.

Table 2. Parameters of the extremum seeking
algorithm

Parameter Value Unit

ω 100 rad/s
ωh 90 rad/s
ωl 10 rad/s

amax 0.015 -
K 39.8 -

kmin 0.2 -

4. SIMULATION

To validate the proposed controller, the vehicle was simu-
lated using CarSim, alongside MATLAB/Simulink, where
the proposed algorithm was implemented. In the developed
test scenario, the vehicle accelerates from standstill on a
straight road with a low friction coefficient of 0.5. The
driver imposes a fast throttle demand, ramping to full
throttle in just 0.5s, so a maximum torque demand is
quickly imposed, leading the tire to slip. The vehicle is
simulated in two situations, in the first the vehicle rides on
a perfect road without imperfections, while in the second
the road has imperfections corresponding to a new asphalt
overlay.

Simulation on perfect road Figures 3 and 4 show the re-
sults of the simulation on the road without imperfections.
The longitudinal force rapidly increases, and the proposed
algebraic observer estimates the tire longitudinal force
almost perfectly, with only a small offset. The algebraic
estimator damped some of the oscillations on the longitu-
dinal force, caused by the perturbation of the extremum
seeking; however, this was not a problem for the extremum
seeking, which converged to an optimal reference, as shown
in Figure 4.
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Figure 3. Estimated and simulated tire longitudinal force
on the rear left wheel; simulation on perfect road
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Figure 4. Rear left wheel slip ratio; simulation on perfect
road

Figure 4 shows that there is a great error between the
reference slip ratio and the actual slip ratio due to the
lack of performance of the traction controller and the
limits imposed by the motor actuation. Despite this, the
extremum seeking high-frequency perturbation still affects
the actual slip ratio, being enough for the extremum
seeking algorithm to converge.

Simulation considering imperfections Figures 5 and 6
show how the extremum seeking algorithm behaves in a
real-world scenario when the road conditions are rough.
Figure 5 shows the situation where the integration gain of
the extremum seeking algorithm is constant, not varying
with the vehicle speed. The estimated optimal slip ratio
between the right and left wheels diverges, even if both
sides have the same friction coefficient. In contrast, when
the integral gain is adjusted according to vehicle speed, the
algorithm experiences fewer issues and converges closer to
the optimal value, as illustrated in Figure 6

The estimated longitudinal force, shown in Figure 7 still
falls close to the real value and captures much of the
high-frequency variations. Note that as time passes and
the vehicle speed increases, the disturbances affecting the
longitudinal force become more pronounced, making it
harder to discern the variations caused by the extremum
seeking perturbation. This is partly because, as distur-
bances become more significant, the slip regulator exerts
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Figure 5. Comparison between the rear right and left
wheels slip ratio for constant ESC gain; road with
imperfections
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Figure 6. Comparison between the rear right and left
wheels slip ratio; road with imperfections
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Figure 7. Estimated and simulated tire longitudinal force
on the rear left wheel; road with imperfections

greater effort to regulate the slip ratio and compensate
for these disturbances, as shown in Figure 8. Due to the
disturbances, the slip regulator fails to pass the extremum
seeking perturbation to the actual slip ratio.
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Figure 8. Desired and actual drive torque on the rear left
wheel; road with imperfections

5. CONCLUSION

This work presents an adaptive control strategy for slip
regulation using tire force estimation. The strategy em-
ploys algebraic force estimation for robust parameter es-
timation, which is resilient to disturbances such as road
imperfections. By employing extremum seeking optimiza-
tion, the method optimizes tire forces to enhance vehi-
cle acceleration and stability. This results in better ac-
celeration with minimal reliance on vehicle models and
computational resources. The efficacy of this approach is
evident even in challenging conditions such as high-speed
driving and varying road surfaces. This is achieved through
the integration of a sigmoid function in the optimization
process, which reduces the effect of road roughness and
other defects in high-speed situations. In conclusion, this
study presents a novel real-time approach for estimating
and controlling key vehicle dynamics parameters. It offers
promising advancements in performance, safety, and effi-
ciency by optimizing acceleration and slip ratio control.
Due to its adaptability to varying road conditions and
independence from specific vehicle models, it is a viable
candidate for automotive control systems.
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