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Abstract: This paper introduces a methodology for computing artificial vector fields designed
to ensure the convergence and circulation of trajectories to a curve in the pose space. Extending
the work from Rezende et al. (2022) to incorporate orientations, we define a normal vector
that asymptotically guides a trajectory to the desired curve, and a tangent vector that ensures
circulation. By employing this vector field methodology, we achieve an autonomous closed-loop
system with integrated path planning and control. Our approach is applied within a decentralized
adaptive control to guide a rigid body with unknown parameters using a team of agents, ensuring

compliance with a target pose curve.
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1. INTRODUCTION

Object manipulation tasks in robotics, such as pick-and-
place operations (Zeng et al., 2018) and needle regrasp-
ing maneuvers (Lu et al., 2020), present significant chal-
lenges, requiring accurate contact models (Siciliano and
Khatib, 2016), navigation in unstructured environments
(Chitta et al., 2012), and estimation of object parameters
(Gualtieri et al., 2018). Traditional control methods often
struggle in dynamic and uncertain scenarios, driving inter-
est in advanced techniques to enhance robotic manipulator
capabilities.

Adaptive control methods offer promise in dynamically ad-
justing robot behavior to cope with changing environments
and unknown parameters (Krstic et al., 1995; Ioannou and
Sun, 2012). Collaborative manipulation, where multiple
agents handle large objects effectively by distributing the
payload among them, is also of interest (Kim et al., 2018).
The work by Culbertson et al. (2021) presents a decentral-
ized adaptive approach for collaborative manipulation of
rigid bodies, enabling trajectory following, including posi-
tion and orientation, in the presence of unknown inertia
and geometric parameters.
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On the other hand, vector field-based approaches, widely
used in robotics (Goncalves et al., 2010; Rezende et al.,
2018), integrate path planning, trajectory tracking, and
robot control. This versatility enables diverse applications
from guiding multiple mobile robots (Yao et al., 2023) to
controlling humanoid robots (Gongalves et al., 2020) and
quadcopters with collision avoidance (Nunes et al., 2023).

While existing vector field methodologies have primar-
ily focused on guiding position trajectories, incorporat-
ing orientation into vector field approaches remains an
area yet to be fully explored, to the best of the authors’
knowledge. Building upon the work by Rezende et al.
(2022), which simplified vector field derivation based on
Euclidean distance, this paper extends the methodology
to incorporate orientation. The proposed approach con-
structs vector fields designed to ensure the convergence
and circulation of trajectories to a static closed curve
in the pose space. While this methodology holds broad
applicability, we specifically apply it to guide a manipu-
lated object with unknown parameters, adapting the ap-
proach from Culbertson et al. (2021). In Culbertson et al.
(2021), the task of N agents manipulating a rigid body
with unknown parameters in a decentralized fashion relies
on reference trajectories, leading to a non-autonomous
system. However, by adapting this methodology to work
with vector fields, we transition to an autonomous system.
The advantages of an autonomous system over its non-
autonomous counterpart are discussed further in Rezende
et al. (2022). The main contributions of this paper are: (i)
the development of a vector field strategy in pose space;
and (ii) its application in adaptive control, resulting in an
autonomous system for collaborative manipulation.
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2. MATHEMATICAL NOTATION

In this paper, all vectors are treated as column vectors and
are denoted by bold symbols, such as x. The notation x”
denotes vector x represented in frame J. We use I,,«,, to
represent an n X n identity matrix and 0, x,, to represent
a null matrix of the same dimension. If the dimension
is evident from context, the subscripts are omitted. The
operator S(-) maps a vector to a skew-symmetric matrix,
while its inverse is denoted by ST(-), which maps a skew-
symmetric matrix back to a vector, such that ST(S(w)) =
w. The Euclidean norm is denoted by | - ||, while || -
|| signifies the Frobenius norm. The set of non-negative
real numbers is denoted by R;. The cross product is
represented by X.

3. VECTOR FIELD

In this section, we revisit the vector field introduced in
Rezende et al. (2022) and extend its applicability to in-
clude orientations, focusing exclusively on static curves.
The vector field is designed to control the following first-
order integrator model, where the control inputs are de-
noted as pg and wy:

P=Dpd4 w=uwq (1)
Here p is the position, such that p is the linear velocity,
and w the angular velocity. The objective is to determine
a vector field ¥ = ¥(p,R) : R? x SO(3) — R®, where R
is a rotation matrix, such that if the twist € = [p, w]=
[Pa, wa] = ¥, the system (1) follows the target curve
C C R3 x SO(3), which incorporates an orientation frame
attached to each of its points, represented by a rotation
matrix.

To begin, we define an error function D = D(p, R, p4, Ra)
that measures the discrepancy between a pose (p,R) and
a desired pose (pg, Rq). The error function is expressed as
follows

~ 1
Do, R,paRa) = 5 (Ip —pall® + 5T~ RIR2) (2)

where (3 is a scaling parameter in squared meters utilized
to maintain dimensional consistency. The Frobenius norm
measures the parallelism of the rotation matrices columns,
allowing parameter $ to balance position and orientation
errors.

Now, let’s consider the parametric representation of the
curve C? > h(s) : [0,1] — R® x SO(3), i.e., h(s) =
(pa(s),Rq(s)), with following properties:

i h(s) is twice differentiable in s.
ii h(s+1) =h(s)Vs. That is, the curve is closed in the
pose space.
ili 81 # s2 = h(s1) # h(s2), Vs1,s2 € (0,1). That is,
the curve has no self-intersections.

iv The pair (%(5), a;i%:;)) #0Vs.

Next, define the curve’s closest point to the system as
follows:

s"(p,R) = arg min D(p.R,pa(s),Ra(s)),  (3)

P =pa(P,R) =pa(s™ (P, R)), (4)
Ri=Rg(p,R) =Ra(s" (p,R)). (5)

In Rezende et al. (2022), a metric D, is defined in order to
measure the distance from a point to a curve in R3. This
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metric is used to compute a normal vector that, if followed,
guides the trajectory of the system to the curve. Hence, we
introduce the metric D = D(p,R) : R? x SO(3) — R, for
the same purpose. This metric is defined as

D(p,R) = D(p,R,p;(p,R),Rj(P,R)).  (6)
This metric clearly quantifies the closeness of the point to
the target curve.

Moreover, in Rezende et al. (2022), alongside the normal
vector N, a tangent vector T, is introduced. While the
normal component guides the system trajectories onto the
desired curve, the tangent component ensures that the
trajectories circulate along the curve. We now introduce
our normal vector N, which also incorporates orientation.

Let R = [uyu,u.], R} = [u;du;dujd]. Define o =
o(p,R) as
6( LoD oD, xa[f)
=pluy, X —+u, X —+u
o, Y0 °7 Ou,
u Uy u P}R; (7)

=B (uhy X up +ujy XUy +ul,; xu,).
With this definition of o, we then define the normal vector
N = N(p,R) as

ap®
op

N(p,R)

PiR; | = [p Upd] : 8)
o

A significant feature of the normal vector N, introduced in

Rezende et al. (2022) is its association with their distance
function D,. It was demonstrated that D, = 88% ap =
NTp. Similarly, for our case, applying the chain rule
reveals that

. _9D. 9D D
D —%p + aum (w X um) + 871131(“, X uy)
D (9[) 8pd 8[) (911;5(1
* Ou, (w>xuz) + {6pd ds Sj_ Ougg 0Os |,
N 0D Ouyy| 0D duy o
duyq 0s |, Ou.g Os ||

Since s* is the solution to the optimization problem (3),
the first-order optimality condition implies that the term
within braces is zero. Furthermore, utilizing properties of
the cross product, we deduce that

D =NT"¢,
which mirrors the aforementioned feature.

(10)

In order to define the tangent component, we acknowledge

that the tangent space of the Lie group SO(3) corresponds

to the Lie algebra s0(3). Therefore, the angular velocity

associated with the tangent component is represented by

the vector corresponding to a skew-symmetric matrix:
MR _ S(ewuls) Rau(s)

- wule) = 5" GER))

With this, we finally define the curve tangent vector T, in
accordance with Property iv, as

_ [%4(s*(p.R))
T(p. R) = [ii(s*(p,R))} '

(11)

(12)
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Another noteworthy feature present in Rezende et al.
(2022) is the orthogonality between their normal and
tangent vectors. In our case, this holds true as well:

9pa
s
due to the first-order optimality condition of the opti-
mization problem (3) and utilizing properties of the vector
product.

N'T = (p— pa)” + 0wy =0, (13)

Two other definitions are also required to define the
vector field: a differentiable strictly increasing function
G=GD): Ry — Ry, with G(D) =0 < D =0; and
a differentiable positive function H = H(D) : Ry — R,.
With these definitions, we define our vector field as

Y =—-GN+ HT. (14)

Next, we prove that the trajectories of the system & =
converge to C using Lyapunov stability theory. Let V = D
be a Lyapunov function candidate, then its time derivative
is given by

V =N7¢ = —G|N|? + HNTT = —G|N|? <0, (15)
where we used the feature (10) and the orthogonality
property (13).

Now, we examine where V equals zero. According to
its definition, G equals zero only on the target curve.
Breaking up N2 = [[p — pal> + [|r|[2, we observe that
the first term is zero only if ||p — pg||?, but ||o||?> can be
zero if tr(R5TR) = 3 or tr(R;'R) = —1 (Culbertson
et al., 2021). The first case implies that the position and
orientation are exactly the nearest ones on the curve. As
for the second case, the orientation is not the desired one.
For instance, if u, = —u},;,u, = -, = u; = ul,
then o = 0 but R}"R # L

Similarly as in Theorem 1 in Culbertson et al. (2021), this
spurious equilibrium point is a local maximum value of
the Lyapunov function. As such, it signifies an unstable
equilibrium point, indicating that any perturbation will
guide the orientation to the desired one. Consequently, we
conclude that the trajectories almost globally asymptoti-
cally converge to C. Note that, when on C, circulation is
ensured if the tangent component follows Property iv.

4. COLLABORATIVE MANIPULATION

The problem addressed in this section revolves around
designing an adaptive controller to guide a manipulated
object along a predefined curve C C R?® x SO(3). The
object’s dynamics include uncertain parameters like mass
and geometric properties. With N agents involved in
the manipulation process, a decentralized control law is
devised for each agent. The agents are unaware of their
precise positioning relative to the measurement point. It
is assumed that each agent possesses the capability to
measure the pose and velocity of the object’s measurement
point.

4.1 System Modeling

We consider the cooperative manipulation of a rigid body
by a team of N autonomous agents, as illustrated in Figure
1. The body undergoes both translations and rotations.
We establish two reference frames: the world-fixed inertial
frame denoted J, and the body-fixed frame denoted B,

ISSN: 2525-8311

3317

)

Figure 1. Cooperative task

centered at the body’s center of mass, b2 . Additionally,
a body-fixed measurement point, p%, is situated at a
distance r}® from the body’s center of mass, by, .

The body possesses a mass m and a constant inertia tensor
IZ  about its center of mass. We assume each agent is
rigidly attached to the body at r; from p®. While r;
ideally should be expressed relative to a frame at p=,
for simplicity, we interchangeably consider r; = r;-B. This
assumption is made under the understanding that this
information solely pertains to torque computations, and
the frame associated with the measurement point shares
the same orientation as that of the center of mass. Each
agent exerts a wrench 7; onto the body.

Define the pose q = (p,R) € R? x SO(3), where p is the
position of the measurement point in J and R = R, is
the rotation matrix from B to J. Abusing notation, let

. ) T
R® > ¢ = [p W]
linear and angular velocities, and R® 5 q = [I'iT,a
represent its linear and angular accelerations. With this

notation, the dynamics can be succinctly expressed as
(Culbertson et al., 2021)

T =M(q)d+ C(q,9)q (16)
where 7T denotes the total wrench applied to the body
about the point p. The system’s Cartesian space inertia
matrix is represented by

represent the measurement point’s
T
]

ml mS(Rr%) ] ’ (17)

Mla) = [—mS(Rr?) RI®R
whereas the matrix C(q,q) encompasses Coriolis and
centrifugal terms:

Clad = s 5(mep) sy RiEnr - ms(sms) s |- (1)
The inertia tensor ]I%3 is determined by applying Steiner’s
theorem (Lemos, 2018): I? = I3, — mS(r;B)Q.

The dynamics described in (16) govern the motion of the
body under the influence of the total wrench 7 applied
about p. This quantity needs to be expressed as a function
of the wrenches 7; applied by each agent about their
respective displacement r; from p. We represent 7 as the
sum:

N
T= ZG(q, r)Ti, (19)

where G denotes the grasp matrix, defined as:

I3z 0343

Glar) = | s 12 (20)

4.2 Decentralized Adaptive Control

In this section, we modify the adaptive control strategy
proposed by Culbertson et al. (2021). In their approach,
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an error vector is established between the system velocity
and a velocity reference, resulting in a non-autonomous
system. In contrast, our method defines the velocity error
¢ with respect to the vector field, thereby establishing an
autonomous system. The vector is designed in such a way
that when ¢ = 0, the system converges almost globally
asymptotically to the curve C. After this modification,
the subsequent analysis proceeds similarly to the original
approach. This error vector is expressed as:

C=q—1, (21)
where q denotes the pose of the measurement point, and
q represents its corresponding twist.

It’s noteworthy that when ¢ = 0, the system follows the
same integrator model (1), with the vector field 1 acting
as its input. Therefore, leveraging the insights from the
previous section, we anticipate that the system will exhibit
the desired behavior.

Moving forward, we introduce a reference model. Given
that the system is overactuated (meaning multiple sets
of control inputs 7; produce identical object dynamics),
each agent can contribute a portion of the control effort.
Thus, we define a set of N positive constants «;, ensuring
Zil o; = 1. The reference model is then characterized
by:

o (M(q)ib + C(q, @)y + g) =T

Note that 1,[; can be numerically approximated. Further-
more, exploiting the linearity in the parameters within the
equations of motion (Spong et al., 2020), we can represent
the object’s dynamics using a regressor matrix Y, and a
parameter vector o;. Here, 0o, = a;0 denotes a vector of the
object’s physical parameters, o, such as mass or moments
of inertia, scaled by «;:

a; (M(a) + Cla, @) +8) = Y, (a, 49,9 ) oi. (23)

Summing both sides of the equation from 1 to N yields
the same dynamics as in equation (16) with an additional
gravity term. Furthermore, since the agents estimate the
scaled vector o;, the constants «; need not be known a
priori.

(22)

Next, we propose the following control law

T = G(8) ', (24)
where T; represents the estimate of agent i’s displacement
with respect to the measurement point, and

n;, = Yoé’i - KDCa (25)
with Kp being a positive definite matrix.
It is essential to note that:
G,G(t;)" ' =1-G(r), (26)

whereT; = 1; — 1;.
Furthermore, we define the following linear parametriza-
tion:

-G(ri)n;, =Y, (n;,q) 1. (27)
Using the provided expressions, we propose the following
adaptation laws

where 0; represents agent ¢’s estimate of the system pa-
rameters. I', and I, are definite positive matrices corre-
sponding to the adaptation gains.

Theorem 1. Consider the control laws (24) and (25), and
the adaptation laws (28) and (29). Under the proposed
adaptive controller, all control signals remain bounded,
and the system converges to and follows the curve C from
almost all initial conditions.

Proof. Consider the following Lyapunov function candi-
date

N
1 1
V=3 (gTMc + ;ofro 16, + 7] 1r7;> . (30)

where 0, = 6; — 0; represents the parameter estimation
error for agent 1.

Since the true parameters do not vary in time, i.e. 0; = 0;

andTr; = f'i, the time derivative of the Lyapunov candidate
yields

N

. A R ~ . .

vV =c¢TME+ 5CTMC +)°6!T, M6 + 1T, . (31)
i=1

Using the fact that C =q- 1,b and q = ¢ + v, along with
the system dynamics equations, we can expand the term

¢T™ME¢ = ¢TM(4 - 9)
=¢" (% Gm—cw—cc—g—w).
=1
Thus, using (23), (24), (26) and (27), we find

(32)

N
) 1 }
V=S"¢"(n +Y, ¥~ Yoo +7T(M—2C)
2.6 ¢ ¢ 3)
L BTT N, FIT
Noting that M — 2C is skew-symmetric, and applying (25)
while substituting adaptation laws (28) and (29), we have:

N
V=> ¢M(~KpC+Y,Ti+Y,0,) -6, YL ¢ Y]¢. (34)
=1

Note that all terms are scalars, hence we can transpose
them, which results in

V=-N¢TKp¢ <o. (35)

Thus, ¢ — 0 as t — oo, and almost all trajectories
converge asymptotically to C. The curve circulation is
ensured by the tangent component. |

5. SIMULATION RESULTS

We conducted two simulations using UAIBot (https://
uaibot.github.io/) to validate the theoretical results
presented in this work. Firstly, we applied the vector field
to a first-order integrator, followed by implementing the
vector field-based adaptive control strategy. Both tasks
focused on the convergence and circulation of a static curve
in pose space.

In both simulations, we employed the forward Euler

0; = -, YT (q7 q,w,ib) ¢, (28)  method with a time step of At = 1 x 1072s. The para-
N T metric representation of the curve remained consistent
ti=-I,Y, (n,9)¢, (29)  across both simulations, with only minor variations in
ISSN: 2525-8311 3318 DOI: 10.20906/CBA2024/4662
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constants. Specifically, the parametric equation h(s) =
(pa(s), Ra(s)) was defined as follows:
c1(sin(27s) + 2sin(47s))
c1(cos(2ms) — 2 cos(4ms)) |,

co — 1 8in(67s)

Ri(s) =R, (27s)R, (47s),

where R, (a),R;(a) represent a rotation of a radians
around the z-axis and z-axis, respectively.

pd(s) - (36)

For the integration of rotation matrices, we utilized the
exponential map (Culbertson et al., 2021):
R(t + At) = A SCOIR(1). (37)
In practice, our curve parametrization was implemented
as a list of tuples, with the i-th entry denoted as h[i] =
(pali], Rq[i]). This allowed for an approximation of the
tangent vector. Let ¢* represent the index of the curve
that solves optimization problem (3), then the tangent
approximation was defined as
T~ | o P+ 1 = pai*])/As
~ | S8T(In (Ryfi*+ 1JRI[i*])) /As|

with the angular component based on SLERP (Hanson
and Cunningham, 2006, p. 104).

(38)

The time derivative of the vector field was also approxi-
mated using the following expression:

) ~ Y (Pt AP, exp (AtS(w))R) — 4 (p, R)

b~ N (39)
The functions G and H were defined as follows:
2
G=Ztan! (5\/13) . H=wrV1-G2%  (40)
T

The parameter 8 was set to 1 for both simulations.
5.1 First-order integrator

To validate the proposed vector field approach, we simu-
lated a first-order integrator model described by (1). The
constants used for the parametric equation (36) were set
toc; =1/8 and ¢y = 0.4.

The curve was discretized using 500 samples for s within
the interval [0, 1], thus As = 1/500. We also set k = 14.
Initially, the object was positioned at [0.3, 0.3, 0.1]7,
with an orientation defined by a rotation of 45° around
the z—axis followed by a 12° rotation around the x—axis.
The simulation was conducted for 20s. A video of this
simulation is available at https://youtu.be/rhdxtXk_
-nc.

The path followed by the object throughout the simula-
tion is depicted in Figure 2. These results unmistakably
demonstrate the object’s asymptotic convergence to the
desired curve, followed by its consistent alignment with
the curve thereafter, affirming the efficacy of our vector
field approach in guiding the object along the specified
path.

Figure 3 presents the evaluation of the metric (6) over
the course of the first-order integrator model simulation.
Once more, it is evident that the curve is asymptotically
followed. Notably, the orientations depicted in Figure 2
precisely correspond to the orientations of the curve points.
This alignment underscores how the proposed normal and
tangent vectors effectively induce the desired behavior,
ensuring alignment with the predefined curve.
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(a) Path for ¢ = 0 to t = 10s (b) Path from ¢ = 10 to ¢t = 20s
(front view) (back view)

Figure 2. The solid blue line depicts the system trajectory,
while the solid red line indicates the target curve. The
dashed light blue line represents the past trajectory.
Cones denote the direction followed. The initial and
final positions are marked by purple and orange
spheres, respectively. Translucent pink spheres denote
intermediary positions, with orientation frames shown
by RGB axes.

0 2 4 6 H 10 12 14 16 18
Time (s)

Figure 3. Temporal evolution of the metric D during the
simulation of the first-order integrator model.

5.2 Adaptive Dynamic

Table 1. Adaptive simulation parameters

Parameter  Value Parameter  Value
m 1.28 x 103 kg ro [0,0, —1.5]m
Tem,xx 1.56 x 102 kg m? r3 [0.5, 0, 0] m
Icm,yy 1.56 x 102 kg m? r4 [—-0.5, 0, 0] m
Tom, 2z 4.93 x 10! kgm? rs [0, 0.5, 0] m
rp [0, 0, 1.5]m re [0, —0.5, 0] m
ry [0, 0, 1.5]m

In this section, we investigate the manipulation of a large
cylindrical body by six agents, aiming to converge to and
circulate the curve parameterized by Eq. (36). The curve
constants were set to ¢; = 0.7 and c3 = 0.4, and s was
discretized into 5000 evenly spaced samples within the
interval [0,1], thus As = 1/5000. For function H we set
k = 1.4. The cylindrical body had a radius of 0.25m and
a height of 1m, with additional parameters detailed in
Table 1. The agents were symmetrically distributed, and
the measurement point was located at the position of the
first agent. Additionally, the dead zone strategy (Ioannou
and Sun, 2012) was employed for ||¢|| < 0.01, in which no
adaptation will occur.

The adaptive parameters were set as I, = 3 x 1074 -
I3xs, T, = 3 x 1072 - diag(|o;| + 1 x 1072), and Kp = 1/
6 - diag(b x 103 -I343, 5 x 102 - I343), where diag(-) maps a
vector into a diagonal matrix or a list of matrices into
a block diagonal matrix, and | - | is the element-wise
absolute value. The object’s initial position was set to
[-0.1, 0, 0.2]7, and the initial orientation was the identity
matrix. The initial estimates 0; and T; were randomly
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initialized with a normal distribution having zero mean
and standard deviations of 1 and 2, respectively. The
simulation duration was 20s.

10
Time (s)

Figure 4. Norm of error vector ¢ during the adaptive
control simulation.

0 5 10 15 20
Time (s)

Figure 5. Temporal evolution of the metric D during the
simulation of the adaptive control.

Throughout the adaptation process, the error vector ¢
exhibited oscillations, as depicted in Figure 4. However,
it rapidly converged to zero after approximately 6.8s. An-
alyzing Figure 5, it is evident that the object approached
the curve asymptotically earlier, at around 4.6's, indicating
robust performance. Subsequently, after 6.8s, the object
closely followed the curve, which is expected when ||{]| = 0,
in line with our theoretical foundation.

6. CONCLUSION AND FUTURE WORKS

This study focused on developing a vector field strat-
egy to incorporate desired orientations and applying this
methodology to cooperative manipulation of a large body
with unknown parameters. Two simulations were con-
ducted to validate the method’s efficacy. Initially, a simple
first-order integrator model demonstrated the asymptotic
convergence of trajectories to the desired curve and its
circulation. Subsequently, the vector field was applied to
a scenario requiring adaptation, showcasing the capability
of six agents to manipulate a rigid body to converge to
and follow the desired curve.

In future research, exploring the effects of disturbances
and saturation on the adaptive control performance is im-
portant. Additionally, incorporating the agents’ dynamics
is valuable, considering potential limitations and uncer-
tainties they may have. Another avenue for exploration
is evaluating the methodology in the presence of con-
tact models. Experimental validation and comparison with
other control techniques would evidence the approach’s
applicability in real-world scenarios.
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