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ABSTRACT - Models of multistage optimal control un-
der fuzzy constraints and goals are presented, taking — as
a point of departure — first, Bellman and Zadeh’s (1970)
seminal paper, and, second, later extensions presented in
Kacprzyk’s (1983c) book. Then, an account of most re-
levant recent developments and newer perspectives is pro-
vided. The cases of a deterministic, stochastic and fuzzy
systems under control are dealt with, and optimal controi
over a fixed and specified, implicitly specified, fuzzy, and
infinite horizon is discussed. The use of fuzzy logic with
linguistic quantifiers is considered. New models based on
neural networks are mentioned. The array of models pre-
sented — which make possible the optimization of contro]
strategy to be followed, hence being of a clearly prescripti-
ve character — should lead to a new “generation” of fuzzy
control involving some optimal control type elements that
are not provided by conventional fuzzy control.

1 INTRODUCTION

In the recent years we witness an unprecedented interest
in fuzey control, both among scholars and researchers, and
practitioners. This interest is amplified by successful ap-
plications (implementations) which range from specialized
areas of controlling technological processes {e.g., cement
kilns, subway trains, cranes, etc.) to everyday products
as, e.g., washing machines, refrigerators, photographic and
video cameras, etc. While the former may attract a nar-
row community of specialists, the later are evidently visible
to mass media and general public. Needless to say that
although both the above areas of implementation are rele-
vant, the latter has probably played a more important role
in creating an appropriate atmosphere that had finally led
to the fuzzy boom we had been facing around the globe,
principally in Japan.

The applications mentioned above are examples of (simple

but working) regulation type control. That is, the rules
encode a control strategy known by the human operator
from experience. It is usually really good but its “goodness”
(optimality) is not explicitly considered. We just assume
that an experienced operator knows how to well control
the process. This is clearly a descriptive approach.

It is unfortunately not widely known that there also exists
an earlier approach to fuzzy control, of a prescripfive cha-
racter, that appeared in the late 1960s in the works on
fuzzy dynamic programming (Bellman and Zadeh, 1970),
was then further developed by Fung and Fu (1977), Kac-
przyk (1977-93¢), Komolov et al. (1979), etc., and presen-
ted in detail in Kacprzyk’s (1983¢) book.

A large part of this paper is based on the author’s book
(Kacprzyk, 1983c) which is an extensive account of a wide
spectrum of prescriptive fuzzy control models. Unfortuna-
tely, it appeared in a bad time, too early and long before
the recent interest in, and a good toward fuzzy control.
However, in our opinion, it does contain many useful re-
sults that may lead to a “new generation” of fuzzy control
algorithms incorporating some optimal control type mecha-
nisms; first indications of an interest in such models may
be noticed in, e.g., the works of leading research and scho-
larly institutions exemplified by the LIFE Laboratory in
Yokohama (cf. Hoyo, Terano and Masui, 1993). Second,
we will discuss newer developments as, e.g., Francelin and
Gomide’s (1993a,b, 1994) neural network based approach,
and Kacprzyk’s (1993a-¢) interpolative reasoning based ap-
proach that can help overcome an inherent low numerical
efficiency of those prescriptive models.

Kacprzyk’s (1983c) book concerns the following problem
class. Let U = {uy,...,un} be a set of controls (inputs),
X= {s1,..., sm} be a set of states (outputs), the system
under conirol (deterministic for now) be governed by x4
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= f(z¢,uy), where z,41, z; are states at time (control sta-
ge)tand ¢+1, and u; isa control at ¢, =0,1,..., N—1;
N is the termination time (planning horizon). Let pc(u;)
be a fuzzy constraint imposed on u;, pge+1(Z441) be a fuzzy
goal imposed on z:41, and gp(. | .} be Bellman and Za-
deh’s (1970) fuzzy decision. We seek an optimal sequence
of controls ug, ..., uj_; such that

JuD(uE! ey 1-"’:‘l\"—l | IU) =
= max pD(UQ,...,UN_l |330)=
U0, - U N=1
N—-1

= | Mmax t/z\ﬂ(ﬂc'(ﬂz)/\#cwl(ﬂ’wl)) (1)
Problem (1) leads to various problem classes which may be
classified, e.g., due to (Kacprzyk, 1983¢):

s type of the termination time: {(a) fixed and specified in
advance, (b) implicitly given (by entering a terminati-
on set of states), (c) fuzzy, and (d) infinite;

e type of the system under control: (a) deterministic,
(b) stochastic, and (c) fuzzy.

and these case will be discussed below. The fuzzy decision
in (1), in which “A” is used is called the min-type fuzzy
decision, and will be extensively used here.

2 CONTROL WITH A FIXED AND SPECI-
FIED TERMINATION TIME

This is the basic case, being a point of departure for virtu-
ally all next considerations, and will be discussed in more
detail. The cases of the deterministic, stochastic and fuzzy
system under control, various solution methods, and some
extensions will be considered.

2.1 Deterministic system under control

The deterministic system under control is given by the state
transition equation

Tep1 = f(og,us);t =0,1,. .. (2)

where: z¢,7441 € X = {51,...,5,} is the state {output)
at control stages £ and ¢t + 1, respectively, and uv; € U =
{e1,...,cm} is the control (input) at ¢. The initial state is
zo € X, and the (finite) termination time N is fixed and
specified in advance.

At each f, u; € U is subjected to a fuzzy constraint poe(uy),
and on the final state ¢y € X a fuzzy goal pen(zn) is
imposed (fuzzy goals at the subsequent ¢ ’s may also be
assumed, and the reasoning reinains valid).

We require the controls to best fulfill the fuzzy constraints,
and the states to best satisfy the fuzzy goals, hence the
fuzzy decision {performance function) is

FD(U[), N TR ) | 30) =
= peo(ug)A... /\[JcN—l(UN..]_) Apen(cy) (3)
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where 2z is obtained from zq via (2).

The problem is to find an optimal sequence of controls,
Uy .+ Upyq such that

FLD(HSI . ':u;\'—l | ro) =

= max pp(uo,...,uN—1 | %g) =
o, UN-1

= max (pco(ug) A ...
ugh. . UN—

o pon-1(uUN-1) A pan{zN)) (4)

and “A”, i.e. the minimum, may be replaced by another
suitable operation (cf. Kacprzyk, 1983c).

‘The two traditional solution techniques are:

¢ dynamic programming, and

e branch-and-bound

which will be discusses below. Moreover, we will also pre-
sent a novel Francelin and Gomide’s (1993a,b, 1994) at-
tempt to use a special neural network.

2.1.1 Solution by dynamic programming

The application of dynamic programming for the solution of
(4) was proposed in Bellman and Zadeh (1970). For clarity,
it is better to begin the presentation of this approach by
slightly rewriting (4) as to find uy,...,u}_, such that

#D(“5| .- 'JU*N—I | Z[]) =
= max (pco(to) A...Apon-1(uy-1) A

Lo, UN—1

A (f(zn-1,un-1))) (3)

It is easy to notice that the structure of (5) makes the ap-
plication of dynamic programming possible as the two last
terms, pon-1(uny_1)Apgrn (f(2N8—1, un—1)) depend only on
un—1 and not on the previous controls, etc. The maximiza-
tion over ug,...,un—_; in (5) can be therefore divided into
two phases: (1) the maximization over uy,...,uy_z, and
(2) the maximization over uy_1, and one can continue this
procedure for uy_s, ty—3,....

This backward iteration leads to the following set of dyna-
Iic programming recurrence equations

pov-i(zN-i) =
= maxy,_, (pov-i (un—i)A (6)
A pign-i+i (TN —-it1))

EN-ifl = f(ﬁN_i,UN_i);i =0, 1) o N

where perv-i(2y_;) is regarded as a fuzzy goal at t = N —i
induced by the fuzzy goal at t = N —i + 1.

The ug,...,u}y_; sought is given by the successive maxi-
mizing values of uy_; in (6), u}_;, obtained as a function
of zy_:, so we obtain an optimal (control) policy

ay i X —U;i=1,..., N (7)



such that

u*N—l' = a,;v_’-(a:N_;); = }_, e .,N (8)

2.1.2 Solution by branch-and-bound

The use of a branch-and-bound technique for solving (4)
was proposed by Kacprzyk (1978b). It is simple and effici-
ent, and will be used here extensively.

The branch-and-bound procedure starts from z,. We apply
up and proceed to z;. Next, we apply u; and proceed
to T2, etc. Finally, being in zy_;, we apply un.: and
attain ). This is clearly equivalent to traversing a decision
tree (states associated with nodes, and controls with edges).
The procedure is basically an implicit enumeration scheme
whose essence may be summarized as

If we currently arrive at some node (state}, 1o whi-
ch nede (out of those traversed so far} should we
most rationally add nezt edges (conirols)? Or, at
e spectfied moment of the decision tree traversal,
what is the best continuation of the search process?

Let us first denote

'3

g = #CD(U[])

= poo(uo) A ... A per(u) =

= vk-1 A pox(ur)

§ UN-1 =FCO(U0)/\.../\MC'N—1(UN_1): (9)
= vn_2 A icy-1(un_1)

UN = #co(un) AL
s Apgn-a(un-a) Apign (aN) =
=vN_1 Apign(EN) =

\ = pp(ue,...,un-1 | Zo)

)
-
|

Now, due to “A” (i.e. the minimum), if we consider
Ug, ..., U, then foreach k< w < N -1

U 2 Uy = U Aforn (‘Uk.;.l) ALLA ﬂcw(‘uw) (10)

because by “adding” (via “A”) to v, any further terms we
cannot increase v, . And, in particular

vy 2oy = pp(uo,. LG UN—1 I :En) (11)

Suppose now that we are at the k-th control stage, and have
traversed so far some nodes and edges (from &g to zz). Now
we have to most rationally add the edges (apply controls).
Evidently, since we seek a trajectory corresponding to the
maximal value of gp(uo,...,un—1 | zg), the most rational
choice (currently!) is to choose the most promising node,
corresponding to the greatest v;, ¢ = 1,...,k. The other
nodes cannot lead (at that particular moment!) to any op-
timal solution since they cannot obviously yield any higher
value of v; if we add next edges (apply next controls).

This property of the min-type fuzzy decision makes it possi-
ble to devise a branch-and-bound algorithm with the bran-
ching through the consecutive controls, and the bounding
viavg’s, k=0,..., N.

2.1.3 Remarks on the solution by using a neural
network

In this section we will briefly sketch the idea of a special
type of a neural network to solve problem (4) which was
proposed by Francelin and Gomide (1993a,b; 1994).

The approach is based on a special fuzzy dynamic program-
ming neural network (FDPNN) that is composed of the so-
called m-neurons and M-neurons (cf. Rocha, 1993).

Basically, for the FDPNN, the m-neuron is the one whose
output is given by the minimum of its input signals and
its bias signal, and the A -neuron is roughly the one whose
output signal is given by the maximum of its input signals.
In the FDPNN the layers are set alternatively of the ones
containing the rn-neurons and M-neurons, starting with the
layer of the latter ones. The network is based on the so-
called transmiiiers, recepiors, and controllers (cf. Rocha,
1993) that encode the fuzzy constraints, goals and decision
of (4). Then, the connections between the neurons belon-
ging to the consecutive layers are determined by a special
procedure, Finally, it is shown that the results obtained a-
re equivalent to those by using the dynamic programming
recurrence equations (6).

This concludes of remarks on this approach because, first, it
is very specific and slightly beyond the scope of our optimi-
zation based presentation. One should however remember
that, first, this is very original and novel approach, one of a
very few that have recently appeared, and second, though
it is probably not efficient enough now, it should be a via-
ble alternative in a near future when neurofuzzy computers
will be available at a reasonable cost. However, even now,
an interesting application to a power system planning is
reported (Francelin and Gomide, 1993b).

2.1.4 Fuzzy linguistic quantifiers in problem for-
mulation

So far an optimal sequence of controls was sought best sa-
tisfying fuzzy constraints and goals at all the control stages.
This may often be too strict, and a “milder” one as, e.g.,
most, almost all, ... may be more appropriate. Such terms,
fuzzy linguistic quentifiers, may be handled by fuzzy logic
using the two basic calculi of linguistically quantified pro-
positions due to Zadeh (1983) and Yager (1983); the former
is simpler but often less “adequate”. The use of fuzzy lin-
guistic quantifiers in the control setting was proposed by
Kacprzyk (1983b) and advanced in Kacprzyk and Iwafski
{1987).

The source problem (4) may be written as to find an u}j,
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.., Uly_y such that

ND(UE, - '1'“;\’—1 | zﬂvau) =
= max pp(ug,...,u;\r-l [30,0“):
Ugy- UN=1
N-1

= max (/\ | all)(poe (u:) A
=0

Ug,..,YN_—1
A pge+i(Tey1)) (12)

with “alf’ indicating that the satisfaction of C*’s and G**'s
at all the control stages is required.

Kacprzyk’s (1983b) proposal is to find ug, ..., uj_; which
best satisfies the fuzzy constraints and goals at @ (e.g.,
most, almost all, much more than 50 %, ...) control stages
written as

'up(u;,...,‘u;‘r_l | 30:@):
= max  pp(uo,...,un-1]20, Q)=
Up, .U N—1
N-1

= max (A [@)(nce(ur) A pern(zer1)) (13)
t=0

Ug, - UN-1

Later, Kacprzyk and Iwanski (1987) proposed a further ge-
neralization, including discounting, by seeking an uj, ...,
u%_; to best satisfy fuzzy constraints and goals at ) of the
earlier (B) (such that 1 < t3 = pp(t1) > pp(t:)) controls
stages, i.e.,

pD(uaa "'7u;\r—1 | IO:Q:‘B) =

= max ﬂD(uO:---:uN—l |301Q:B):
ug,...,UN-1

N-1
= max (A [Q B)uoi(u) A
v BN o0

A pgrn(Tit1)) (14)

The solution of these problems is however difficult. First,
for (13), using Zadeh’s (1983) calculus, we obtain a set of
some dynamic programming recurrence equations (cf. Kac-
przyk, 1983b). This cannot be unfortunately used for Ya-
ger’s (1983) calculus, and Kacprzyk’s (1983b) implicit enu-
meration algorithm is to be employed.

The solution of (14), i.e. with discounting, is however dif-
ficult, and a branch-and-bound type implicit enumeration
algorithm was proposed by Kacprzyk and Iwariski (1987).
The branching is via the consecative controls, and a sophis-
ticated bounding technique is used.

Recently, Yager (1988) proposed a concept of an OWA {or-
dered weighted average) operator which may greatly sim-
plify the use of fuzzy linguistic quantifiers. The sclution
of the resulting control problems may than presurnably be
casier. This requires however a further research (cf. Kac-
przyk, 1992; Kacprzyk and Yager, 1990).

2.2 Stochastic system under control

This is probably the most difficult and challenging case
from the analytical point of view as we face the occurrence
of both the fuzziness and randomness.
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The stochastic system under control is a Markov chain who-
se state transitions are governed by a conditional probabi-
lity function p(zy41 | e, ), t=0,1,..., N — 1, which spe-
cifies the probability of attaining z441 € X = {s1,...,5n}
from z; € X and under u; € U = {e1,...,cm}. Af e
ach £, u; is subjected to a fuzzy constraint pei(ue), t =

0,1,...,N —1, and on zn a fuzzy goal pg~(zn) is impo-
sed.
The value of up(uo,-..,nN—1 | To) is now a random vari-

able, hence in the problem formulation the expected value
should somehow be involved.

The following two basic formulations exist:

¢ Bellman and Zadeh’s (1970) formulation: find an opti-
mal sequence of controls uf, ..., u}_; maximizing the
probability of attainment of the fuzzy goal subject to
the fuzzy constraints, i.e,

po(ug, ... uh_y | 20) =

= max ALl
uu.---,un-x(#co(uo)

.o Apon-1(uy-_1) ABpgn(n))  (15)

o Kacprzyk and Stantewski’s (1980) formulation: find an
optimal sequence of controls ug,. .., u}_; maximizing
the expected value of the fuzzy decision, i.e.

po(ug, .. uy_y | o) =

= max Epp(ug,...,UN..l |$U)=
Ug, . UN—1

= max . E{uco(ug) A...

Uo,--HUN=-1

---/\ﬂcN—l(UN—l) /\p(;N(JrN)) (15)

These two formulations are not the same since

Epp(ug,.-., un~1 | %o) #
# poo(uo) A.. . A pov-1(un-1) AEpgn(zn) (17)

The probability of a fuzzy event in (15) and (16) is meant
in Zadeh’s (1968) sense, i.e. as a real number in [0, 1]. The
use of the fuzzy probability of a fuzzy event, which is a
fuzzy number in [0,1] can be found in Kacprzyk (1984).

2.2.1 Bellman and Zadeh's approach

The fuzzy goal is regarded as a fuzzy event in X, and its
conditional probability given zx_.1 and uy_, is

Eugn(zn) = Epgr(zn | zv-1,un-1) =
= Y plzn lznv-1,un-1) -pen(en)  (18)

zneEX

The structure of (15) is essentially the same as that of (4)
for the deterministic system under control, and we can em-



ploy the dynamic programming recurrence equations

( [.L(;N—;(I.‘N_l) =
= ma'xﬂN-x(“CN“(uN—i)A
AEpgr-i+1(2N_it+1))
¢ EBpgrn-ini(TN-it1) = (19)
=Y ansex PEN-is1 [ ENs UuN-i)X
X pan-it1 (EN—i+1)
i=1,...,N

“

where ugn-i(@n-;) may be viewed as a fuzzy goal at ¢ =
N — i induced by the fuzzy goalat t = N —i+ 1.

The successive uly_;, ¢ = 1,2,..., N, give the optimal se-
quence of controls (policies) sought, and they relate here
the current optimal control to the current state only.

2.2.2 Kacprzyk and Staniewski’s approach

Since Eup(ug, - - ., un-1 | o) # E(uce(to) A E(pcr(u1) A
...ANEpgn(zn))...), then the dynamic programming re-
currence equations of type (19) cannot be used.

Notice first that the probability of attaining the final state
zn from zg ug,...,un_1 is evidently p{z1 | zo,ug) - ... -
p(en { 2N_1,un-1) and

Epp(uo, ..., un—1 | ®0) =
(zoye @z N)EXN+L

xp(z1 | o, u0) - ...

pp(uo, oL UNSL | :co) x

-plen | env-1,unv—1) (20)

We introduce a sequence of functions ki, h;j,i=0,1,..., N,
i=1...,.N=-1,

( po(ug,...,un—1 | 2o)
hi(k, Yo, .. ., up-1) = MaXy, hi(zk, uo, - ., us)
hk—l(xk—l: t"'D,ﬂ- ey uk—l) =

- Z:MEX hk(zkx Ugy - v,y uk-1) X

x plxk | Te-1, %r—1)

[ ho(z0) = maxy, ho(2o, to)

(21)
meant as that for ug,...,ux_1, and z1,..., 2k, hr_1 is the
expected value of the fuzzy decision, assuming an opti-
mal continuation of control uj,...,u}_,. The Ay is then
roughly the highest attainable expected value of k.

Since X and I are finite, then there obviously exist func-
tions wy such that

hi(zk, o, .. up—1) =
= hk(fb‘k,uo,---,’U.&-l,‘wk(xk,uu,‘--,Uk-l)) (22)
If we introduce now functions g; such that

92(270, e zk) =
= wk(wk,ga(wu):'--,91:-1(3’01---:-"f'k—l)) (23)

where g3(z0) = wo(zo), then it may be shown (Kacprzyk
and Staniewski, 1980) that the g} s are the optimal policies
sought, i.e.

uy, = gy{zo,...,ze);k=0,...,N -1 (24)
and ho(zo) = MaXy,,  uy_, Efp(to, ..., un-1 | Za)-

Notice that the policy relates here the optimal control not
only to the current state but also to a “summary” of the
past trajectory.

2.3  Fuzzy system under control

Suppose that & = {Cy,...,Cn} is a set of fuzzy controls
inU, X = {8,...,5n} is a set of fuzzy siales in X, the
fuzzy system under control is governed by the fuzzy state
transition equation

XH_}_ - F(Xt,Ut);t=0,l,... (25)

where X, X;41 € & are [uzzy states at control stage ¢ and
t+ 1, U; € U is fuzzy control at £,¢ =0,1,...,N - 1.

Let u-é—t(Ut) be a fuzzy constraint on Uy, and #'§'+!(Xt+1)

be a fuzzy goal on Xy41. Notice that G''  and C mean
that the original fuzzy goal and constraint, G**! and C*,
are modified to account for the fuzziness of the state and
control, e.g., as pzn{Xn) = 1—d(Xy,GV) where d(., ) is
some distance hetween two fuzzy sets; and similarly for C.

We seek an opttmal sequence of fuzzy controls Uy, ..., Uy_,
such that

HD(U;, '-'sUItT—l | Xﬂ) =

N-1

g, e t/;\o (gt (Un) A s (Xega)) - (26)
and this problem can be solved by dynamic program-
ming (Baldwin and Pilsworth, 1982) and branch-and-bound
(Kacprzyk, 1979).

In the dynamic programming approach, the set of recurren-
ce equations is

[ pan(Xn) =
= maxy (uxy(ZN A perv(zN))
pev-i(Xn-i) =
= ma'xUN—e(maxuN—i(ﬂUN-e(uN—i)/\
) Apen—i(un—i)) A pign-in (Xn_iq1)) @7
EX iy it (IN-:'+1) =
= ma'xTN—:'(ma'xﬂN—i(.uUN—i(uN—l')A
Apxy i (EN—id1 | EN_i  un_i))A
A Xy i (EN~i))
i=1,...,.N

.

Though this set of equations can be solved, it is very ineffi-
cient as the us,(X:)’s are to be specified for all X;’s whose
number may be huge, theoretically infinite; and similarly
maxy,_, is to proceed over a large set of Uppy's.

A natural approach (Baldwin and Pilsworth, 1982; Kac-
przyk and Staniewski, 1982) would be to use some pres-
pecified reference fuzzy states and comtrol, U; € U =
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{U;,...,éw} C L(, and fﬂ.l € X = {Fgl,...,g,-} - X,
and to express all U;_1’s and X;'s occurring in the solu-
tion process by their closest reference counterparts (fuzzy
matching!).

The solution of (27), an optimal conirol policy, is repre-
sented by “IF X; =S THEN U;=Ci", t=1,..,N — 1,
S; € X, C; € U, which is in turn equated with a fuzzy re-
lation R in X x U. Thus, for a current X; (not necessarily
reference) the U} sought is determined by the compesitio-
nal rule of inference U = X; o R} (o is, e.g., the max-min
composition).

Unfortunately, this dynamic programming approach - in
its original version — is evidently not practically efficient.
Moreover, for the compositional rule of inference to work
properly there should be a high number of “overlapping”
reference fuzzy controls and states. However, for computa-
tional efficiency this number should be as small as possible!
This contradiction will be resolved by assuming a small
number of non-overlapping fuzzy states and controls, and
then using interpolative reasoning.

The earlier branch-and-bound approach (Kacprzyk 1979)
is much simpler and efficient though — by its very nature
— it gives optimal controls, not policies. It is virtually the
same as for the case of a deterministic system under control
presented in Section I.A.2, and will not be presented again.

2.3.1 Interpolative reasoning in the derivation of
optimal controls

In the case discussed above there is an inherent conflict bet-
ween a large number of reference fuzzy controls and states
required by the compositional rule of inference to give mea-
ningful results (i.e. a “dense” data set), and a small number
of them required for the efficiency of algorithin (i.e. a “s-
parse” data set).

In the majority of practical problems the efficiency may be
vital, and we may be forced to assume the second option,
i.e. a small number of non-overiapping reference fuzzy con-
trols and states. Then, we need to use some approach to
obtain meaningful results. We will sketch below the idea of
Kacprzyk’s (1993a-e) approach.

Suppose that we obtain an optimal control policy e} stating
that, say, IF X; = 5, THEN U; = C;; ELSE ...ELSE
IF X, = 5; THEN U, = Cy; ELSE IF X, = §;;; THEN
U; = Cuu¢1) ELSE .. .ELSEIF X, = 5, THEN T/, = Cr.
This optimal policy should now be implemented. Suppose
that we wish to determine an optimal fuzzy control U} for a
current fuzzy state X; which is not a reference one. Let X;
be a fuzzy number “between” the two reference fuzzy states
5; and §;+1. We seek therefore an optimal fuzzy control
U corresponding to X; via the above optimal policy af.
Notice that since X, is not a reference one, then in general
Uf will not be a reference fuzzy optimal control either.

The problem is now the determination of U] meant (assu-
ming for simplicity its representation by a triangular fuzzy
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number) as the determination of the mean value and width.
It is reasonable to assume that U;" be similar (close) to one
of these optimal Cy; and _C—‘t(,-.,.l) corresponding to S; and
S;4i. Notice that this has much to do with the so-called
gradual rules in approximate reasoning.

The first aspect is the determination of the mean value of
the fuzzy optimal control sought. We apply here Koczy and
Hirota’s {1992) idea whose essence is

d(S:, X:)/d(Xe, Siy1) = d(Co, UDY/A(UF  Criivny) - (28)

where d(.,.) is a distance between the two fuzzy numbers.
That is, (28) means that the relative position of I/} with
respect to its closest reference counterparts should be the
same as that concerning X; and its reference counterparts.

The second aspect is the width of U7}, The reasoning is
that the lower the number of reference fuzzy states and
controls, i.e. the more sparse the data set, the less precise
is the available information. Hence, the fuzzier (of a larger
width) U} should be. For instance, we can use a formula
as

w07 = é(ﬁf“(?.-)+
+ B(Si11) + B(X:) + B(Cxi) + T(Crivny)) (29)

where (.) is a relative width (related to the universe of
discourse of the fuzzy states and controls, and the simplest
arithmetics mean can be replaced by another formula ex-
pressing the above rationale.

Moreover, it may often be expedient to include in (29) some
term(s) accounting for the fuzziness of the problem, e.g., in
the fuzzy constraints, fuzzy goals, fuzzy system under con-
trol, fuzzy termination time, etc. As a first, somehow ad
hoc attempts, we can use normal degrees of fuzziness of
fuzzy sets and calculate the mean fuzziness of fuzzy cons-
traints, fuzzy goals, etc. For the degree of fuzziness of the
fuzzy system under control given as IF - THEN rules, we
can use Kacprzyk’s (1994) approach to the determination
of their degree of specificity.

Thus, the relative width of U defined initially by (29),
which involves the fuzziness of the fuzzy states and fuzzy
controls only, may be further modified to involve the fuz-
ziness of fuzzy constraints, fuzzy goals and fuzzy system
under control.

In general, the approach sketched above works very well,
and helps attain more realistic results.

As mentioned, simpler and more efficient than dynamie
programming is an earlier branch-and-bound approach by
Kacprzyk (1979). An efficient bounding requires a small
number of reference fuzzy controls, Cp,...,Cy. As a so-
lution we obtain an optimal control policy T, = a*(X:)
which is represented by a fuzzy relation, and for a current
(not necessarily reference) fuzzy state the optimal control is
determined via the compositional rule of inference. And a-
gain, since for numerical efficiency we should have as few as
possible nonoverlapping reference fuzzy states and controls,
interpolative reasoning can be used.



This concludes our analysis of the basic case with the fi-
xed and specified termination time. Now we will proceed
to the next important class with the termination time s-
pecified implicitly by entering for the first time some given
termination set of states.

3 CONTROL WITH AN IMPLICITLY SPE-
CIFIED TERMINATION TIME

The process terminates now when the state enters for the
first time a (specified in advance) termination set of states
W = {spt1,%p42,...,8a} C X. This time, N < oo, is
evidently unknown in advance. The initial state is xq € X'\
W = {s1,...,82}. Moreover, if z; € W, then f(z;,u) =
Ty, Yue, by assumnption.

The fuzzy goal is u . x(25), and p m(zyg) = 0 for each
zz € W. At each ¢, u; is subjected to a state-dependent
fuzzy constraint pc(u; | 24).

We seek ug, .. .,ufﬁ_l such that
“D(ual v 'su‘:ﬁ_l I EO) =
= max {pe{un |@o) A ...
Uar Uy

o Ape(ugog lag_ ) A ﬂgﬁ(xﬂ") (30)

where zq,...,25_ E X\ W, and zr e W.

The solution of the problem sketched asbove may proceed
by using the following three basic approaches:

* an iterative approach by Bellman and Zadeh {1970),
e a graph-theoretic approach by Komolov et al. (1979),

¢ a branch-and-bound approach by Kacprzyk (1978b,
1983c).

We will present the first approach in some detail only since,
first, the graph-theoretic one is somehow beyond the scope
of this paper, and the branch-and-bound approach is very
similar to the one presented in Section 1.A.2.

Basically, Bellman and Zadeh’s (1970) approach uses so-
me functional equation that relates the fuzzy decision from

some specified ¢ on to that from £ + 1 on.

This functional equation is

pp (U, ey, - U | z:) =
=pc(u: | z) A
App(uigr, Yrgz, -ty | Te41) (31)

and it can be solved, i.e. a unique stafionary policy function
a: X \W — U such that u; = a(z¢),t = 0,1,... can be
found.

The case of a stochastic approach is difficult, and has not
been practically solved, while the case of a fuzzy system
may be dealt with by using reference fuzzy states and con-
trols as in Sections II.C, and then interpolative reasoning,

4 CONTROL WITH A FUZZY TERMINA-
TION TIME

Denote the set of possible control stages by § =
{0,1,...,K—-1,K,K+1,...,N}; N is a fixed, highest pos-
sible termination time. The fuzzy termination time is now
given as a fuzzy set pr : § — [0, 1] such that uz(2) € [0,1]
is a measure of how preferable ¢ € S is as the terminati-
on time, from 1 for the most preferable to 0 for the least
preferable (unacceptable) through all intermediate values.

The process should therefore terminate at some M ¢
suppT = {t € S : pr(t) > 0}. Moreover, suppose that
suppT = {K,K+1,...,N},ie. that the termination time
should occur at some “later” control stages.

As previously, the pct(u:) 's are imposed on the controls
weUatt=0,1,...,N -1, and the pug~{zn) is imposed
on £y € X. The systems under control may be, as in the
previous sections, deterministic, stochastic, and fuzzy.

For a deterministic system under control, the fuzzy ter-
mination time can be introduced into the control problem
formulation (i.e. into the fuzzy decision) in the following
two basic ways:

¢ due to Fung and Fu (1977)

po(uo, ..., up_q o) =
= peo(uo) A A pomar(upm_1) A
A pm (2ar) A pr(M) (32)
i.e. the termination time concerns the whole fuzzy de-
cision, and

¢ due to Kacprzyk (1977, 1978a)

pp(ug, ..., up—1 | To) =
= poo(up) AL Apemaa(upm-1) A
A (Rr(M) - pem(za)) (33)
Le. the fuzzy termination time concerns the fuzzy goal

only.

and will assume in the sequel the latter one.

For both the above approaches, (32) and (33), the con-
trol problem is now formulated as to find an optimal ter-
mination time M* and an optimal sequence of controls
Uy, ..., Whse_y Such that

polug, -, up-_y | To) =

= M,qu,I.l.?,‘ifM_, #p(Uo, . .., upr—1 | Zo) (34)

Now, we will consider the cases of the particular systems
under control: deterministic, stochastic and fuzzy, and their
respective control] problems.
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4.1 Deterministic system under control

To simplify further notation, we introduce a moedified fuzzy
goal p=m{zpr) given as

tav(2ar) = pr(M) -pem(zm), Ve € X (35)

Then we seek an M* and uy,. .., u}s._; such that

B (g, - -, upme—1 | Ta) =
= max [’100(&0)/\ A

Maup,.. . Upar—y

Nugwos(up-1) Augr(aw)  (36)

The structure of this problem is virtually the same as that
of (4) which implies that the same two basic solution tech-
niques can be used:

¢ dynamic programming, and

¢ branch-and-bound.

The first approach to the solution of (36) was proposed
by Kacprzyk (1977; 1978a, c) and was based on dynamic
programming. Stein’s (1980) later improvement employed
a dynamic programming scheme too.

First, recall that suppT = {M} = {t € S : pr(t) >
0} ={K,K+1,...,N—1,N},ie K is the earliest pos-
gible and & is the latest possible termination time. Hence,
ug, ..., ¥N—) may be partitioned into two parts:

® Ug,...,UK-2, 1.e. the controls that do not lead to the
termination of the control process, and

® UKg_1,...,UM_1, 1.e. the controls that may lead to the
termination of the process.

In ug,..., 45y, its part from ¢ = K — 1 to the final
control stage, % _,,..., Ups._,, must evidently be by itself
optimal. Hence, (36) may be rewritten as

Bo(ug, ..., Upreq | 20) =
= max (peo{ug) A . A pox-3{ug_2) A

Upgy.., B =g

max (pcx-x(u;{_l)/\...
Mug_y,.upm—1

A pemaa(upo1) A pm(zm))) (37)
Now, if we denote, fori=1,.... M - K +1,

Bom-i(Tm—i, M) =
= ﬂla;x_(pcm_.-(uM_i) ABgr—it1(ZM-iq1, M))(38)

where Ggar(zpr, M) = Bm {z ), and perform the dynamic
programming backward iterations analogous to, say, (6),
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then we will obtain

figm-i{Tp—i, M) =

= ma‘xﬂM—i(”CM“(uM—i)A

ABgm-is1(Tr—it1, M)) (39)
eM—iy1 = f(2pr-i, up—i)
i=l,. . . M—-K+I; M=K K+1,...,.N

By solving this set of recurrence equations we determine
Fgx-1(Zx_1,M) and its corresponding optimal sequence
of controls u}_,,...,u}_,,foral M € {K,K+1,...,N}.

Then, the pgr-1(zx_1) sought, and the corresponding M*
and u}_q,...,u}y._, are determined by solving

Box-1(Tg_1, M) (40)

T = max
pex—1{zTK_1) o

The first part of the optimal sequence of controls,
UG, . . ., Uk _q, is now found by solving

pE-_1-i(TK-1-5) =
= maxXy,_,_,(#ox-1-i{uxg_1_:)A
A gr-+(Zx-i))
Tr—i = flex_1-i,ux_1-i)i=1,.. K ~1

(41)

where pgr-1(xg 1) is determined from (40).

Stein’s {1980) approach is an improved dynamic program-
ming based scheme for solving (36) that increases the nu-
merical efficiency, in particular for large supp T, i.e. for the
case of a large number of possible termination times.

- Its idea is based on the following reasoning. If the process

under control is at the control stage (N —4),i=1,..., ¥,
then we face two possible options. First, we can immedia-
tely stop and attain

tgv-i(@n-i) = pr(N —i) - pen-i(zv-i)  (42)

or, second, we can apply control uy_; and obtain

pon-i(UN—i) A pgrn-i(TN-:) (43)

Evidently, the better [of a higher value of (42) or (43)] alter-
native should be chosen (at this particular control stage!).

This leads to the following set of recurrence equations

peN-i (TN} = pan-i(EN-)V
v ma“x‘uN—i[p’CN"'.(uN—")A (44)
A pgnN—it1 (z‘N_,'+1)]

IN-it1 = flen—s,uny_i);i=1,...,N

The optimal termination time sought, M*, is determined by
such a control stage N —1 at which, in the optimal sequence
of controls, the terminating control occurs, i.e. when while
solving (44) there occurs

p-ﬁw-i(:t:p.r_.') >
> max(pon-i(un-i) A pgr-ii (2N-i41)) (45)



The solution of (44) usually requires iess computational ef-
fort than the solution of (39)-(41).

The solution by branch-and-bound, proposed by Kacprzyk
(1983c) is clearly analogous to the one presented in Section
I.A.2, and will not be repeated. It is simple and efficient.

4.2 Stochastic system under control

The case of a stochastic system under control operating in
a fuzzy environment, and with a fuzzy termination time is
clearly interesting and challenging.

The system is again a Markov chain whose dynamics is
described by a conditional probability p{z;i1 | ¢, u);
z¢,, 241 €EX ={51,...,5n},and ws €U = {e1,...,cm}-

At each t, u; is subjected to per(uy), and poam(zar) is im-
posed on zps. We also assume that the fuzzy termination
time, pr(t), defined as a fuzzy set in § = {1,..., K —
1,K,K+1,...,N}, concerns the fuzzy goal only, i.e. (33).
The modified fuzzy goal, to be entered into (33) is therefore

again p=v (2p) = pr(M) - pem(zm).-

We consider the fuzzy goal to be a fuzzy event in Zadeh’s
(1968) sense, i.e.

Epam(a:M) =

= Epgm(am | tpM-1,um—1) =

= > pl@m | Tmo1,um-1) - pam(zm)  (46)
rpEX

so that
E[J—G-M(xM) = pT(M) - pgu(xM) (47)

The problem is now to find an optimal termination time

M* and an optimal sequence of controls u3, . . ., u},._; such
that
pol(ul, ... ey | To) =
= max (pco(uo) A

M,uo,...,ﬂM._1

s A pom-i(um-1) AB pam(zr))  (48)

This problem was first formulated and solved by Kacprzyk
(1978a, c), and then Stein (1980) proposed a modification
to improve the numerical efficiency. Both these approaches
are based on dynamic programming.

The solution of (48) proposed by Kacprzyk (1978a, c) is
analogous to that for the case of a deterministic system
(using Bellman and Zadeh’s approach to the control of a
stochastic system under a fixed and specified termination
time shown in Section I.B.1).

First, since suppT = {M} = {t € § : ur(t) >

0} = {K,K +1,...,N}, then the sequence of controls
ug, ..., Up—1 can evidently be partitioned into two parts:

* Ug,...,UK-2,

® UK _1,. .., UM
In an optimal sequence of controls ug, ..., u}._;, its part
Uk _qy..., U}y, Must obviously be itself optimal, so that

(48) may be rewritten as

Bo{ug, .- upe_y | ®o) =
= max (peo(to) A... Apcr-a{ug_2} A

Uy UK =2

A max
Makar, ta=1

Apcm-1(up—1) AE s (z21))) (49)

(pcK—1(UK_1) A,

The structure of (49) is virtually the same as that of, e.g.,
{15), and makes it possible to employ dynamic program-
ming. Analogously as for (39)—(41), we obtain the following
sets of dynamic programming recurrence equations:

o for the control stages K —1,..., M

([ Hgm-i(zm—i, M) =

= MaXyy, . (#em-i (Up—i)A
AEfgm-isi(Zp-iy1, M))

{ Efgu-in(tp_iy1, M) =

= ZxM__,-“Ex plear—itr | Z‘M-i,uM-i)x

X Bam-it1(2a—ir1, M)

L i=1,.. . M-K4+1, M=K, K+1,...,N
(50}

where Fgum(zpm, M) = pzm(za), and

per-1(Cx-1) =

ME{KI,III{afL..,N}ﬁGK_I(mK_l’M) (51)

which gives M* and uj,uj ),. .., Upre_y;
¢ for the control stages 0,1,..., K — 2

( ,qu—i—1(IK_,'_1, M) =
- ma’xﬂx—i—:(f-‘CK-*-'(uK—l'—l)A
AEfgx-i(zg—4)]
ﬁ Ej.tgx—i(.'nf(_i)) =
= ek iex P(EK-i | TR i1, UK 1) -
pgr-i(TK i)
i=1,....K~1

" (52)

which gives uf, ..., ug _,.

An improved dynamic programming based approach for sol-
ving (49) was also proposed by Stein (1980), and it increases
the numerical efficiency, in particular for large supp 7'.

Its idea is basically the same as for a deterministic system
under control, namely if the process under control is at the
stage (N —1),i=1,..., N, then we can either immediately
stop and attain

Epzn-i(znwi) = pr(N — i) - Epgros(en—;) (53)
or we can apply uy_; and obtain

pon-i{un=i} A E[JE;-N—:'((CN_,') (54)

SBA Controle & Automacgio/Vol.4 no.3/setembro-cutubro 1994 149




and the better alternative should be chosen.

This leads to the following set of recurrence equations

por-i(TN-i) =
= pan-.'(:BN_,') \% ma.xuN_,.(ucn_.-(uN_,-)/\ (55)
AE pgr-ira (TN—is1)]

TN—it1 = f@n-i,un—i);i=1,.. . N

with M* determined by such an N — i at which, in the op-
timal sequence of controls, the terminating control occurs,
i.e. when

pr-i(ZNn-i) >
> max{uen-i(un—i) AEpgr-isi(en—i11)) (56)

4.3 Remarks on the fuzzy system under control

The case with a fuzzy system under control can be obviously
dealt with by combining the idea of a fuzzy termination ti-
me presented in this section, and the two approaches to
the control of a fuzzy system with a fixed and specified ter-
mination time, i.e. those using dynamic programming and
branch-and-bound. Moreover, one can use the interpolative
reasoning based approach to avoid numerical difficulties.

5 CONTROL WITH AN INFINITE TERMI-
NATION TIME

The finite termination is proper for rather short processes
and of a higher variability. In many cases the process is
however to proceed over a long time and is low-varying,
with the goal just to maintain some (stable) conditions.
Then it may be expedient to assume an infinite termination
time and use some specific apparatus proposed by Kacprzyk
and Staniewski (1982, 1983) (cf. also Kacprzyk, 1983c).

5.1 Deterministic system under control

At each t, u; is subjected to a stafe-dependent fuzzy cons.
traint pclu; | ¢). The fuzzy goal pg(z:) is the same
for all ¢t ’s. The deterministic system under control is
given as usually by a state transition equation z;4; =
flze,ue);ze, 241 € X, u € UL

The fuzzy decision is

s (o, v1,...| Z0) =
= peluo | %) A pg(z) A
/\pc(u1 {zi)Apg(za)A ... =

1

N
Jim Aluc(w | 2) A pe(@er) (57)
t=0

and it is often expedient to introduce a discount factor
b > 1, whose role is basically to reflect the fact that what
happens in nearer future matters more; then

o (ue,t1,...| 2o, 0) =
= (ucluo | zo) A pelz1)) A
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Nb(c(uy | 21) A pe(2) A

A (pe(uz | 22) Apa(za)) A .. =
N

= jéi_{Iéo/\bt(#C(utI-'Bt)/\ﬂG(mt+1)) (58)

The problem is to find uj, 4}, ... sach that

up(u3,u3, ... | 7o) =
N

= ucrlr{‘a,x h}im /\(uc(ﬂt|zt)/\HG(1’t+l)) (59)
M1y N—voo /o

and in the case of discounting with & > 1

#D(‘UE,“;, . I 3U=b) =
N

= max lim /\b’(,u.c(ut | z¢) A pa(ze41)) (60)

Ug,U1,..- N—o00 =0

Evidently, we seek in fact an optimal stationary policy,
possibly in the sense of @* : X — U, relating an opti-
mal control to the current state only. Then, the problems
(59) and (60) become to find an optimal stationary strategy
at, = (a*,a%,...) such that

#p(ag, | zo) =
N

= max lim N (uc(aze) { 2:) A pa(zess)) (61)

and in the case of discounting with & > 1

#olag, | o0,6) =
N

= max Jim t/_\o V(o (a(ze) | 2e) A g (2e41)) (62)

respectively, with the ordering “>” between the strategies
given by aly, > alle, <> pp(ale | o) > pp(alte | 2a),
and, evidently, af, » 6o, V.

First, the deterministic system under control is again given
by @141 = f(z:,u:), where 2,241 € X, and u; € U,
t = (0,1,.... The initial state is g € X. At each t, u; is
subjected to a state-dependent fuzzy constraint uc(u; | 2:),
and on z; a fuzzy goal ug(z) is imposed.

Using the fuzzy decision (58) with the discount factor, we
obtain

#p(6es | ®o) =
N

= Jim A ¥ (pe(a(z:) | 2:) A pe(F(z:, a(%:))))63)

and the problem is to find an optimal stationary strategy
ak, = (a*,a%,...) such that

#p(al, | o) = maxpup(ae | 20) =

N
= 1\}1-120 /\ b (pc(a(z) | z:) A pa(f(ze, a(z:))))64)

t=0



Problem (64) was first formulated and solved by Kacprzyk
and Staniewski (1983) who have proposed a policy iteration
type algorithm to solve the problem considered in a finite
number of steps. Basically, the consecutive steps of the
algorithms are:

Step 1. Assume an arbitrary ac = (a,a,...).

Step 2. Solve in the tp(ace | 5:) 's the following set of n
equations

[ pp(ac | 81) =
= pc(a(s1) | s1) A pe(f(s1, a(s1))A
Abpp(ac | f(s1,a(51)))

po(6eo | 5n) =
= ‘uc(a(sﬂ) | Sn) A }-‘G(f(sn H a(sﬂ)))/\
§ AbﬂD(aoo I f(sﬂ:a(sn)))

Step 3. Improve the strategy, i.e. using the fip(ace | 5:) ’s
determined in Step 2, find for each s; € X a maximi-
zing policy z* : X — U such that

pe(2(s(d) | 8i) A pa(f(si, 2" (s)))A
Ab ,LlD(ac:o I .f(st' 1 a(sl'))) =
= maxpc(z(s(i) | s) A pa(F(si, 2(s:))) A
Abup(ace | f(si,a(s:))) (66)

*

Step 4. If the maximizing strategy found, 2z, =

(z*,2*%,..), is the same as the previous one, ie. if
2%, = dgo, then it is an optimal stationary strategy
to be determined. OQtherwise, assume @, = z,, and

return to Step 2.

As shown by Kacprzyk and Staniewski (1983), an optimal
stationary strategy exists, and it found by the above algo-
rithm.

5.2 Stochastic system under control

The stochastic system is a Markov chain whose dynamics is
described by the conditional probability p(zi+1 | @1, u:) €
[0,1]. At each ¢, u; is subjected to pc(u: | 2:), and
pG(Zey1) 18 imposed on Zi4:.

The fuzzy decision is assumed here to be without the dis-
count factor, and the problem is now to find u}, u],...such
that

Epp(ud,ul,...| zo) =
= max Epp(up,uy,...|20) =
Uo,H1,.--
N=-1
= max E( lim_ t/_\o(#(?(ut Fz:) A pa(2e41))(67)

Notice that we apply here Kacprzyk and Staniewski’s
(1980) formulation of the control of a stochastic system in
which the maximization of the expected value of the fuzzy
decision is involved. Bellman and Zadeh’s (1970) approa-
ch whose essence is the maximization of the probability of

attaining the fuzzy goal under fuzzy constraints looses so-
mewhat its relevance in the case of an infinite termination
time.

Woe are evidently interested in finding an optimal stationary
strategy a-, = (a*,a*,...) such that

Epp(al, | zo) = maxE pp(ec | 20) (68)

with a natural ordering between the stationary strategies
given as ale, > alle <= Epp(ale | zo) > Epp(ar |
£g),¥ro € X and, evidently, a, > e, Voo

The solution of (68) virtually consists of:

& the determination of E pp(ae | 20), and

¢ the determination of an optimal stationary strategy

ar, .

It is easy to see that both these two issues are nontrivial.
We will not discuss them in detail for lack of space, and refer
the interested reader to either the source Kacprzyk and
Staniewski’s (1983) paper or to Kacprzyk’s (1983c¢) book.

The basic results can be summarized as:

» an optimal stationary strategy exists,

o the (one step) strategy improvement (similar to that
in the policy iteration algorithm for the deterministic
system) gives better and better strategies, and

¢ an optimal stationary strategy should be sought among
equivalent strategies obtained as a final result of the
above strategy improvement.

These facts imply a policy iteration type (sub)optimization
algorithm for solving the problem considered. It yields as a
result some unimprovable strategies. An optimal stationary
strategy is among those unimprovable strategies found. If
the number of such unimprovable strategies is not too high,
we can employ full enumeration to find an optimal one,
otherwise some heuristic technique is evidently preferable.
Notice finally that the (stationary) strategies are here func-
tions of the state and a “summary” of the trajectory.

Now we will proceed to the case of a fuzzy system under
control.

5.3 Fuzzy system under control

At each £, U, is subjected to uz(U: | X¢), and the fuzzy
goal is the same for each ¢, puz(X;).

We seek an optimal stationary policy al, such that
#olar, | Xo) =
= maxup(as | Xo) =

N-1
- A}l_rgo /\ b‘(,uE(a | Xe) A pg(Xir1))  (69)
=0

SBA Controle & Automagio/Vol.4 no.3/setembro-outubro 1994 151



where b > 1 is a discount factor.

This problem was first formulated and solved by Kacprzyk
and Staniewski (1982), and a policy iteration type algo-
rithm was proposed analogous to that for the deterministic
system. By the approximation by reference fuzzy states
and controls, (69) was transformed into one with an auxi-
liary deterministic system to use the policy iteration type
algorithm. Thus, if A(.) means this approximation, then
the auxiliary deterministic system representing the fuzzy
system (25) is given by

Xip1 = A(F(X,T)),t=0,1,... (70)

and, e.g., pE(U: | X)) = e((C(X:), Us) and pm(X:) = (G,
X:), where e{.,.) is a degree of equality.

We seek an optimal stationary policy af, such that

#p(ag,) =
= maXa,, imy—co Ajeg ¥ (pg(a | i) A
Apg(Xe41)) (71)

An a_ solving (71) is determined by a policy iteration type
algorithm (Kacprzyk and Staniewski, 1982) whose essence
1s:

Step 1. Choose an arbitrary a = (a,a,...).

Step 2. Solve in pp(ae | Si) 's,i=1,...,7:

po(30 | Si) =
= pg(a(Si) | 5i) A pg(A(F(Si,a(S:))) A
Abpp (8o | A(F(Ss,a(Si)))) (72)

SteB 3. Improve aoc_,i.e. ﬁ_nd a z* maximizing ,uE(z(FQ |
Si) A pg(A(F(Si, 2(S))) A bpplew | A(F(Si
a(5:))))-

Step 3. If z* found in Step J is the same as previously,
it is an optimal stationary policy sought. Otherwise,
assume @, = z" and return to Step 2.

We obtain (in a finite number of steps!) an aZ, for the refe-
rence fuzzy states only. To be able to determine U} for an
arbitrary X;, a simple method was proposed by Kacpreyk
and Staniewski (1982): a%, is represented by IF (X; = 51)
THEN (U = Cui) ELSE ...ELSE IF (X; = S,) THEN
(U* = Cy-); this forms a fuzzy relation, R*, constituting
an optimal fuzzy stationary policy. Then, U = X; o R, ¢
=0,1,..., where “o” is the max-min composition. Then,
if needed, an optimal nonfuzzy control may be determined,
e.g., a8 an u; which maximizes py;(u;). Evidently, we can
also use the interpolative reasoning scheme presented for
the fuzzy system and the fixed and specified termination
time.
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6 CONCLUDING REMARKS

This concludes our short exposition of a (prescriptive) ap-
proach to (optimal) control under fuzziness. The purpose
was to recall the previous results which appeared too early,
long before the recent wave of interest in fuzzy control trig-
gered by relevant applications. We think that the models
presented — which go beyond of what is commonly meant
as fuzzy control — can form a basis of a “new generation™ of
fuzzy control in which the trajectory to be followed will be
more rationally determined by some optimal control type
tools.
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