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1. Preliminaries

1.1. Kharitonov's Theorem

(Eharitonov 18[1])

Consider the fnmily F of real polynomials,

2
b(s) = 60 + bIS + b2s + ... + bns

n

\vhere
V i E [0,1, 2...n]

Then the entire familv F is strictlv Hurwitz if and onl\' if~,J ..t

K 1(s)
"

K~(s)

K:3(s)

K-t(s)

. .) 3 4
Xo + Xl S + Y2 S- + Y3 s + X4 S + ...

2 :3 4
Xo + YI s + Y2 s + X3 s + X4 S + ...

2 .~ .4
YO+XIS+X2S +Y3s' +Y4 S + ...

2 :3 4
Yo + YI s + X2 s + X:3 s + Y4 S + ...

é1.re stricth' Hurwitz.
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1.2. Characteristic Property

Let

Ke\'en,mlll (s )

Ken~n.max( s )

Kodd.miu (s )

KodcLmax ( S )

The Kharitonov polynomials are built as follows:

K1(s)
.)

K-(s)

K:3(s)

K 4(s)

K even ,lllin (s) + Kodd,min (s )

Keven.rnin (s) + KOdd,max( s)

Keveu.Il1aX( s) + Kodd,min( s)

KeveIl.mitX( s) + Kodd,max (s)

For an arbi trar~' polynomial b(s ). define

ben'n(j W )

:2 4bo - b'.!.w + b-!w _ ...
bodd (jw)

JW
.) 4

bl - b:3W- + bjw - ...

Then for every polynomial b(s) E F,

'ri W E [-00, +00]
'ri W E [-00,+00]
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I .

1.3. The Stability Ball in Coefficient Space

Pn : veetor space of real pol\-nomia1s of elegree < n, provieleel

with an arbitrary noml 1I . 11·

6(5): an arbitrar)' Hunvitz (stahle) polynomial

Q? How far is 8(5) from instability?

Let B(8( 5), p(8)) elenote the open ba11 of raelius p(8)) centereel

at 8(5) anel S(8(5), p(8)) its bounelary ar surface.

Theorem Given 8(5) of degree n anel having a11 its rqots in

the LHP, there exists a positive real nllmber p(8) such that:

a) ('ver\" polynomial in B(b(5), p( b)) is stable anel of degree n.

LI ;ü kast one polynomi,d ou the hvpersphere S(b(s),p(b))
ha>, one of it::; roots (lll til(" jw axis. OI is of degree less

thau n.

c) uo polynomial lying 011 til<' h:vpersphere !las d root in t he

RHP.

Remark Of course this remcLÍns true if the LHP is replacecl

by an arbitrar:' open regioll U anel the jw axis is I'eplacecl by

t he houndarv of U. oU.
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1.4. Computation of p(b) for the {2- norm

Problem:

Answer:

Compute p( b) in [-'- llorm.

Define some subspaces of Pu:

~o '- {polynomials with d zero at the origin}

'- {polynomials of degree less than n}

'- {polynomials with a zero at ± jw}

Given a stable polynomiaL b(.s). define

do - clistance from b(s) to the sllbspa.ce 6 0

dI! distance fro111 b(s) to the sllbspace ~n

d.... .- distanc(' frOIIl b(s) to tllf' Sllhspace 6..,<)

dIllin . - inf dw
...·>0

Theorem (Soh, Berger, Dabke. 198·») The radius of the
Icll)!,est stabili ry ball arollnd a stable pol~'no111ial 8(s) is given

b\':

where

do = 180 1

I
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Computation of dmin

Separate

and defille

beH
'

1l (j w )

150 - b2w 2 + b4w
4 - ...

b°cld(jw)

JW
.) 4

15 1 - b:3w- + b.sw - ...

Theorem The clistallce d"" from b( s) to 6u.; is given by:

i) \vlH'll n = 2p (e\'en degree)

d2 = [Óe (w)j2 + [bO(w)F
....' 1 + w-l + ... + w lp 1 + w4 + ... + w-l(p-l)

ii) \V1Wll n = 2p + 1 (ode! degree)

2 [Óe(w)F+[bO(w)F
d,,-, = 1 + W4 + ... + W-lp

Tltese formulas are obtelinec! by using the Project.ion Theorem

011 t he distance from Ó to t he subspace ~"-"
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Minimization Procedure for dmin = inC2 0 dw . In
order to avoicl a minimization over the infinite range [0,(0).
we consider the follO\ving: To every polynomial P( 5 ). associare
PT( 5) = Sn p(±). the map that takes P(5) into PT(5) is a linear
isometry. P(s) has a root at jw if and only if PT(S) has a

roo,t at }~' Thus the distance fl'OII1 P(5) to .0."" is the distance
from pT (5) to ~l, \vhich recluces the problem to two similar

w

minimization pl'Ocedures over the fixed range [0, 1].

The Monic Case: Let

15(5) := 150 + 15 15 + 151/' + ... + 15n_lsTl
-

1 + STl

Fincl the radius of the largest stability hypersphere in the aff1ne
space of monic polynomials of degree n.

Result: Thr radius of the largest stability h~'persphere

Cll'Ollncl 15(5) is givell by

p( 15) = mill{ 1150 1, inf d:'} .
',,:20

\\'here

i) \\'hen n = 2p (even degree)

dm1 = . [15e(w)f + [150(w)F
w 1 +w-+ + ... +w4(p-l)

ii) \\'hen n = 2p + 1 (oelcl clegree)

cr:n2 = . [15e(w )f . [15° (w )F- .
",. 1 +w4 + ... +W lIJ + 1 +w4 + ... +w4(1'-1)
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2. Stability Analysis in Parameter Space

~C(s)~~G(s)I·~ y

t-- •

Suppose that the plant transfer function G(s) contains

t he parameter vector P anel the controller is characterizeel by

tllE' real \-ector X such that

G(s) := G(s, P) C(s) := C(s,X)

anel let the characteristic polynomial of the closeclloop system

1)('
n

5(s,X,P) = L 5,fX,P)SI
1=0

Assumption: b,(X, P) are lillear flll1ctions of the plant

[lillilllletpr \-ectar p_ Note that this assumptiol1 always holds in

51.\10 ar .\IISO systems if the parameter vector P is taken to

1H' t llt' list of plant transfer fUl1ction coefficients.
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Facts(SI)\'!Ocase): Let

G(s) __1_
dl'(s)

and

nf(s)

ni(s)
af arder q

1
C(s) = dc(s) [n1(s) n2(s) ... n::n(s)] af arder r.

The plant pararneter vector is chosen to be:

P = [nl{( 5) ni (s) ... nfrl (5) dP(s) ] .

Then the characteristic polynornial of the closed loop system is

given by b(s) of degree.n = q + r:

General Form of Polynomials for Robust Stability

where the parameters of Pi (s) are a.llaweel to perturb inelepen
elently anel Qi(S) are fixed. When the coefficients of P,(s) \·cuy

in intervals \ve refer to tllis as ;-1. linear interval svstem.
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2.1. The Real Stability Ball in Parameter Space

Define the vector spa(:c of <tIl m-ruples

. where

ctllel PI11.1I~ ..... nm is provideel with any norm 11·11·

For c\n arhitral")' m-tuple of polynomials

Q = (Qds) Q:2(s) ... Qm(S)]

<mel em cuhitrary polynolllial R( s). consider the affine rnap

óQ
:::=:::> P1)

J)]

bo(?) = L Pj(s)Qj(s) + R(s)
j=1

cUld n is the generic degree of the resulting polynomial:

Remark: \Ve say rhett Q stabilizes ? if bQ(P) is stable.
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,
\

\

. Let B( P, p( P)) elenote the open, real ball in the parameter
space centerecl at the point P anel of raclius p( P anellet S(P, p( P) )
denote its bounclary ar surface.

Theorem Let P be <:1,n arbitrary element of Plq,II"l. ... ,nnl

stabilizecl by Q. Then there exists a positive number p(P) such
that:

a) E\'ery m- tupIe m B (P, p(P)) is stabilized by Q anel af
clegree n.

b) At least oue element p ' on the hypersphere S(P, p( P)) is
such that 6Q (PI

) is unstable OI' of elegree less than n.

c) If p ' is amo plant on the sphere such that 6Q( P I
) is unsta

ble. theu the unstable raots of 6Q (PI
) can only be pure

. .
Ilna~lIlcn\" OI' zero.
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2.2. Computation of p(P) for the f2 - norm

\yhere 11 . 112 is the f2 - norm on Pnj for all j.

For an arbitrary m-tuple

dncl an arbitrary R( s). consicler the affine map

m

bQ(P) = L p)(s)Qj(s) + R(s)
j=l

cllld n is rhe generic clegree of the resulting P01:vIlolllial.
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Define

<mel

TIo := DQ1(~O)

TI n := DO! (~n)

dS := d(P, TIo)

d~ := d(P, TIn )

I1",. '- DO 1(6",. )

dP '- d(P,TIw)w

dP '- inf dP,mm w20 ~

Theorem (Biernacki. Hwang. Bhattacharyya 87[2])

p(P) = min(dg, d~, d;~in)

Remark: ComputatiOll af d~, is the major difficulty of t lle

problelll.
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2.3. Computation of d~

(Chapellat, Bhattacharyya. I~eel 88[3])

a) If Qdjw) = O, V k clnd R(jw) i- O. then d~, = +00.

h) Othenvise,

dP2 = Ài[[zdF + À] [[Z2]f - 2À j À2 « Zl,Z2 »
w [[Zj]F[[Z2)F- « Zj, Z2 »2

where

'À I := 6Q(w) À 2 := 6Q(w)

Z 1 '- [Q~(w )R I ( S) + Q~ (w )TI (S), ...

"', Q~l(W)Rm(S)+ Q~l(w)Tm(s)j

Z2 '- [Q~(w)Tds) - w2Qf(w)Rds), ...

... ,Q;~I(w)Xn(S) - w2Q~(w)Rm(s)]

1) when nj = 2l (e\-en cleglee)

J S - w2 s :3 + ... + (_1)I-lw2/-2 s êl-1

l O if q = ()
.) ,) I 21 ')1- 1 - w- s- + ... + (-1) w S-.

2) \vhen nj = 2l + 1 (ocld degree)

Rj(s) s - w2s 1 + ... + (_1)/w2I s21+i

Tj(s) = l-w2s2+"'+(-1)/w2I s21
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2.4. Illustrative Example

S

stabilizing controller

1 - s + -±S:Z + s:3

3

1 + S

n p(.5 )

dp(s)
n c ( s)

dc ( s)
C(S)

G(s)

Then the characteristic polynolllial is

b(s) = 3.s+(1+s)(1-s+4s2 +s:3) = 1+3s+3s2 +.55:3 +5-4

Ql(w) = n ce(w') = 3 Qj (w) = n co (w) = O
Q2(w) = dce(w) = 1 Q2(w) = dCO(w) = 1

n1 = 1 n2 = 3

.\1 be
(w)

1d?'(w)
-) .) -4- 1 - 4w- 1 - 3w- + w-

dPO(w)
')

.\2 bO(w)- -1- ur-
3 ,.. ')- ow-

~

1RI (s) - 5 1T l (.5) 1-
R:z(s) 5 - W:':5:3 T:z(s)

-) ')- 1 - u..'- s--

Z1 [3s,1+s-w2 s2_ W2S :3]

==} [[ZdF = 11 + 2w4

-) ') -) 4 -I]Z2 [3,1-w-s-w-S-+W s

==} [[Z2]f = 10 + 2w4 + wS

O") -l (
- 1 - W~ + w - W'

- (1 - W2)(l + W4)

I
i
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Thus. we have with t = w'2

') 95 - 332t + :3:21{2 - .S8{3 + 18t-t + .:lt) + 17t6

dP - - -------,.-----------,---
",. - 109 + 2t + :39t'2 + -1i} + 1?t-t + 2t') + t G

The dcriyative of this rationa1 fllnctioll hd~ on1.'· one positiw

root at
t* := 0.573-138

for \yhich we have d~2(t*) ~ 0.016:26.
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2.5. Relationship Between Kharitonov's Theorem
and the Real Stability Ball

Assumption: The family F of inten'al pol\"llOmiab 15 (5)
\vith cOf'fficients in the box

is entirelv stable.

Define

F -d=;. R+

15(5) ==} p(8).

Question: Is there a point in F which is the nea1est to
instabilit~··) Equivalently, lias rhe fllnc:tion p a minillllllll anel is

there a precise poillt in F \,"!lere it is 1eachecl?

Theorem (Chapellat and Bhattac:haryya 89[4]) The fllm
tiOll p has ;-1 lllinimlln1 re;-)checl at one of the fom EharitOlloV
poh'nonlia1s associatec! \Vir h F.

Remark: The resulr is indepenclent of a r.ypc aí l101lll used.
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3. GeneraIization of K-Theorem (CB Theorem)

3.1. Linear IntervaI ControI Systems

Motivation: In control problellls we neecl to consider the situ
ation where plant parameters are subject to uncertainty \vhereas
controller parameters are fixed. Very often the characteristic
poiynomial of tlle dosecl loop s~'stem is a linear combination of
uncertain polynomials nmltipliecl by fixecl polynomials. Thus
we formulate the'fol1o\\-ing problem:

Let P = [P1(s), P2(S)"', Pm(s)] be an m-tuple ofpolynomials
subject to nncrrtainty. In particular r1.5SUme that each Pi (s) is

an interval POI\"llOlllial \Yi til

Pi.j E [a,.j,;3i,)], i = 1,···,'m:j =O,···,dO(Pj ).

Ler Q = [QdS)Q2(S)'" QI1I(.s)] 1)<' a giwn m-tuple af fixecl
poh-nomia!s anel consickr the frllnily :F of tlle fonn

8(s) = Pds)Qds) + P:2(S)Q2(S) + ... + Pm(s)Qm(s).

Question: Find n ne("essm~' anel sufficient conclition uncler
w1Jich alI polyilOlllials 8( s) in :F are stable.
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3.2. Kharitonov's Theorem does not apply

nP 5
G(s) = -d = -) '3'

p 1 - 5 + as- + s
a E [3.4,-5]

anel h8.s a nominal value aO = 4. The controller C( s)
st<lhilizes the nominal plant with

FOI <1 perturbed plant the characteristic polynomial is

Dü(S) = 1 + 3s + (a - l)s:2 + (a + l)s:3 + S4

:3
$+1

I·

í

Note: Ô4j (s) = 1+3s+2.4s:2+Gs:.l+s4 isunstable. Therefore

USÍllg, I\:haritonov's theOlem hETe do('s IIOt allO\v us to conclucle

t}H' stability of the entire falllih' of closecl loop systems. Anel

.WI if one checks the values of thc Hurwi tz cleterrninants along

tIl<' segmenf [RI, R:2] one finds:

I a + 1 :3 O O

H0= 1 a-I 1 O
O a + 1 :3 O
O 1 a-I 1
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anel
a+1

"a- - 4

2a2 - 2a - 13

HCt
I

H.C;
~

H o
:1

Hf Hf
<Ué' all positivt' for a E [3.-:1:,5].

Possible Solution: Applying the Eclge Theorem. HOIvever.
the result is dcpenelent on the order of the plant anel does not
recluce to Kharitonov-like theorem where the number of poly
nomials to he (hecked is indepenclent of the order the of the

planto

68



3.3. N otation

• Pi (s) - an intel"\",t1 polvnomia1,

• K f(s ), j = 1, 2, 3, -1: - four I\:haritonov polynomials associ

ated with the falllilv of inter\-al polynomials corresponeling

to PI (s).

Then \ye can define the follO\ving family of 171 tuples of poly

Ilomial segments callecl the CB segrnents: for any fixed integer

l E [1,171]. set

~(s)=K:'(s), for i-j:.l:k=I,2,3,4

,mel for l, suppose t hat ?,( s) varies in one of the four KhaTitonov
segments

[K/ (s l: Kl (s )] OI'

[K/ (s), K?(s)] OI'

[Kf( s), Ki(s)] OI'

[K? (s ): K/ (s )]

\ 0\\' Cüllsider t he family oI all 171 tuple polynomial segments of
rhe form

?,I =
(K{J(s),···, Kt~-,I(S), (1 - À)K/(s) + ÀK1(s),

K JI+1(s) .... Ki"'(S))1+1 ., , m

Tlw set of all suc11 segnj('llb ,IS l \-a.ries moer [1,171] constitute

rhe CB segments, In rlte Illost general case \vhen all parameters

\'an' inelependent Iv t here (\re 171-1:"1 such segments.

,

i
69

'-------~-------------- ----



Define

• JC m - the finite set of alI possible m - tuples \vhere each

polynomial Pi(s) is equal to one of the fom corresponcling

I(haritonov polynomials. JC m contains ,:1:'71 m - tuples.

Let Q = (Ql(S),···,Qm(s)) be arbitrarv. \Ve say that Q
stabilizes another gi\'!=n m - tuple

R = (Rds),·", Rm(s))

if the polynomial

is stable.

Remark: Similarly. \ve say t hat Q stabilizes the seglllent

ahow if Q stabilizes p,\ for alI ,\ E [0,1].
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3.4. CB Theorem

(Chapellat anel Bhattacharyya 89[.5])

For any giyen m - tuple

Q = (Qd8),"', Qm(8))

I) Q stabilizes the entire family F of m - tuples if and only if
Q stabilizes every CB segment p)...

lI) ~IareO\'er, if for each polynomial Oi(8), Qi(8) is either an
ewn ar odd. then it is enongh that Q stabilizes the finite
set of m - tuples 1Cm .

III) Fina11y. stabilizing the finite set 1Cm is not sufficient when
the polynolllials Qi(8) elo IlOt satisfy the restrictions of

II) .

Remarkl: C'learly for m = 1 anel Q1(8) = 1 (which is even)
t lw CB Theorem reeluces to hharitonov 's Tlworem.

Remark2: The condition II of this Theorem has recenth'

bCl '11 extended as fo11O\vs:
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Vertex Lemma (Bhattacharyya 91[6]) Uneler the condi

rions of the above Theorem suppose tllat the controller polYllo

miaIs are of the form

A(s)
~

ilntiHurwitz

j(as + b). P(s)
~

odd ar p':pn

rhen for robust stabilitv it is sufficient to check the I\-\-ertices

!Cm .

.-\lso can show: If the Qi (s) elo not satisfy the above form it is

llot enough to stabilize the vertices.
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3.5. Robust ControI of IntervaI Systems: Scalar

systems

Here we specialize the CB Theorem to the case af a single input

, single output interval systell1.
"

P(s) = N(s)
D(s)

"
N(s)

D(s)

npsJl + np-l sp-l + + n I 8 + no

dqs IJ + dq_1s IJ -
1 + + d[s + do

N(8)

V(8)

{N(8)

{D(s)

ni E [n;,nt],i = 0,1,'" ,p}
di E [dj,dt], i =O,l,···,q}

P( ) .= {N(s)
8. D(8)

(N(8),D(s)) E }/(8) x V(s)}

• P( 8) - interval system

•.N (s) x V( s) - Ullcert aint'· ~·d
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Definition:

• Kharitonov vertex polynomial sets

JC.V·(s) "- {K:
1
(s),i = 1,2,3,-J:}

JCv(s) "- {K:1(s),i = 1,2,3,-J:}

• Kharitonov segment sets

5N(S) := ['\K~(s) + (1 - '\)K~(s) : ,\ E [0,1],

(i,j) E {(1,2),(1,3),(2,-J:),(3,-J:)}]

Sv(s) "- [J.lK:1(s) + (1 - J.l)K~(s) : J.l E [0,1],

(i,j) E {(1,2),(1,3),(2,4),(3,-J:)}]

• CB subset of the uncertaÍlltv setv

(.V(s) X D(S))cB := {(N(s),D(s))

N(s) E JC.v(s), D(s) E 5 D(s) or

N(s) E 5;\:-(.5), D(s) E Kv(s)}

-
---------------------_ .. -~



Note: Each element of (N x D)cB is of thp form

(n(s),Àdds) + (1 - À)d2(s)) or

(j.lnds) + (1 - j.l)n2(s), d(s))

anclleads to transfer funetions of the form

i.e., OIle parameter families of transfer function

N(s)
PCB(S):= {D(s) : (N(s),D(s)) E (JV(s) x D(s)kR}

The system is stable for fixecl P( s). Q( s) iff

TI(s) = Q].(s)D(s) + Qds)N(s)

!las ali its n = q + degrce[Q].(s)] roots ill the OpE'1l LHP. Let

II(s) = {rr (s) : (N (s ), D (s )) E .A,/(s) x D (s)} .

The system is robustly stable iff each polynornial in II( s) is of

clegrep.n (degree D( s) relllains im·ariant as D( s) ranges owr

V( s)) and has alI its roots in t!le open LHP.
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3.6. CB Theorem

The system is stable for ali P(s) C Pis) iff it is stable for a11

P(s) E PCB(S).

3.7. Example

1
!,
1
j,

G(s)
n( 5)

d( 5)
51 + as:! - 25 + {3

5-* + 25:3 - 5:! + ~(5 + 1

a E [-1, -2], ,0 E [0 ..),1] r E [0,1]

K,~ (s)
:1KII(s)

K() (5)
.) .

K(I (5)

K~(5) = o.:) - 25 - 52 + 5:
1

K,;(5) = 1 - 25 - 25
2 + 5:

1

K~;(5) = 1 - 52 + 2s:3 + 5-l

T/l ( ) _ 1 + :! ...l- )1 + lL\d 5 - 5 - 5 I _5 S

\ \·e neecl to check the followillg set of polynomials:

p.
_,\,1

P,\,2

(o..5 (1 + À) - :2s - (1 + 2À)5
2 + 5:

3
,

1 - 5 2 + 253 + 5 j )

(0,.5(1 + À) - 2s + (1 + 2À)52 + 5\
1 + 5 - 52 + 28) + st)

(O ..) - 25 - 52 + s:3 , 1 + À5 - 52 + 25:
3 + 5-l)

(1 - 25 - 252 + 53, 1 + À5 - 52 + 25
3 + s-l)
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4. U ncertainties of Mixed Type

4.1. Characterization of H'X; Norm ofTransfer Func
tions

Notation: H:= {s E C : Re(s) > ü}

H';);XP is the space of matrix-valued functions F( s) that are
boundec! anel e1nalytic in H, with narm

IIFlI,x = Sup O"l1lilx(F(jw))
.,.:EIR

Multivariable Case: G(s) E Hx,(Hmxp),

• e1:o;sume that p > m.

• G(s) = N (s )D- 1(s) be a right coprime c!escription of
G( s) over thc ring of pol:vllomial l11ê:1,trices. with D(s)
colUIllll- recluced.

Problem: Fine! a dWl'acterization of the Hoo narm of a
t ransfer matrix in terl11S of t he stabilitv of a parametrized fal11ily

oi j)olynomials.
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(Chape11at, Da.hleh, Bhattacharyya 90[7])

Lemma IIGllx < 1 iff

a) IIG(oo)11 < l.

b) det ( Di,l + U [ ~] N(s) ) is Hurwitz for alI unitary ma

trices U in Cpx P.

Special Case: SISO

g(5) = n(s)/cl(s) a rational fllnction in Hoo(H)

cleg[d(s)] = q

Lemma 11911 < 1 iff

a) In'/l < Id,J
b) d(s) + e)On(s) is H\ll"\\"itz for a11 () in [0, 21r).
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N(s) E N(s),D(s) E 1)(J)

4.2. Simultaneous Unstructured and Parametric
U ncertainties

6P

r(t)
G(s,q)

y(t)
-t:.-' '-

C(s)

• q is an uncertain parameter

• ~P represents unstructured perturbation

G(s) = N(s)
D(s)

9 - {G(s) I (N(s), D(s)) E N(s) x D(s)}

9cs - {G(s) 1 (N(s), D(s)) E (N(s) X D(s))cs} C 9
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4.3. Computation of U nstructured Stability Mar-
•gIns

4.3.1. Standard Small Gain Theorem

(Francis 85[8])
Let 9 be a. stable transfer function. The closed loop in the figure

below is stable for all l:::.P such that IIl:::.PII,Xl < a iff Ilgll < ~.

r(t)
9

y(t)
-E""

.

6P

Problem: How can we compute in a non-conseIYa.tive way

t 1Ir 110rDl of the smallest destabilizing pertnrbation in the plE'S- .

('11U' of parametric uncertainty in the forwarclloop trallsfef func

tioll g(s)?

80
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• Parametric uncertaintv is madeled bv interval svstems:
~ ~ ~

Let ç be a family af SISO plants with transfer functioll
g(s) = a(.<) where

h( s)

- a( 5) belongs to a family of real interval polynomials
A anel b( 8) belongs to a stable family of real interval
palynamials B~

- "ve elefine

* ICA , ICB - sets of K-polynomials

* The 1\-systems of ç

K~(s)
ÇA; = {g(s) I Kb(s) i,j = 1,2,3,-!}

Problem: Compute the global mau'XÍmum af the H x nonn
over the entire family ç.

This problem was soh-eel by Chapellat. Dahleh anel Bhatt8C'h<lI.\·~-8

(1990)

Theorem (Extreme-Point Propert)') Ilgllex:, < 1 for ;.-dl
g(8) E ç iff ir. is the case for the 16 elements of ç!C.

Remark: In other worels the maximum H= narm O\"E'1 a
family af interval systems occurs on the vertices that correspoud
to the I\-svstems.
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4.3.2. Robust Small Gain Theorem

(Chapellat, Dahleh and Bhattacharyya 1990[7])
Given the interval family 9 of stable propersystems. The

closed loop in the figure below remains stable for aIl stable per

turbation D.P such that IID.Plloo < a where

1
a=-----

maxgEYK Ilglloo

r(t) gEg
y(t)

-t::/

2>.P

4.3.3. Example

\yhere

no E [1,2] ni E [-3,1] n2 E [2,4] n3 E [1,3J
do E [1,3] di E [2, -!J d2 E [6,7J d:3 E [1,3]

--
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Ç}K consists of the following 16 rabonal functions:

'" I

1 - 38 + 482 + 38:3

91 (8) = 1 + 28 + 18"2 + 28:3'
1 - 38 + 4s2 + 3s:3

9:3 (8) = 3 + 28 + 6s 2 + 28:J'

1 + 8 + 4s 2 + 8:J

95(S) = 1 + 28 + Is'2+ 2s:3'

1 + 8 + 4s2 + s:3
9/(8) = 3 + 28 + 682 + 28:3'

2 - 3 +") 2 J- 3 :38 _s I S

99 (s) = 1 + 28 + 18"2 + 28:3 '

2 - 38 + 282 + 3é
911 (8) = 3 + 28 + G82 + 2s:3 '

2 + 8 + 2s2 + 8:3

913(8) = 1 + 28 + 182 + 28:3'
2 + 8 + 2s2 + 8:3

.91.5 (8) = 3 +") + 6 2 +") :1'. _8 8 _s

1 - 3s + 482 + 3s3

92 (8) = -1--'1--""7-')--3-'+ '±S + 18- + 8

1 - 3s + 482 + 38 :J

9-1,( s) = 3 + 48 + 6s2 + 8:3 '
1 + 8 + 482 + 8:3

96(8) = 1 + 48 + 182 + 83'
1 + 8 + 482 + 8:3

98 (8) = 3 + 48 + 682 + 83'

( )
_ 2 - 38 + 232 + 383

910 8 - 1 + 48 + 182 + 83 '
2 - 38 + 2s2 + 3s3

912(8) = 3+48+682 +83 '

2 + 8 + 282 + 83

91.l(8) = 1 + 48 + 182 + s:3'

2 + s + 282 + 8:3

9lG( s) = 3 + 48 + 6s2 + 8:3·

The maxinllllll is ,:\chiew>cl at 9:3 anel 119'311oc = .5.002. The
entire farnih' of svstems remains stahk llncler anv llnstructurecl

• ~ u

perturbations of Hx norm Iess than

1
a = = 0.19992.

5.002
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4.4. Computation of the Structured Margin

4.4.1. Converse Problem:

A bound is fixecl on the leveI of unstructured perturbations that
are to be toleratecl anel a strue:tureel stability margin is sought.

• Start with a nominal stable svstemv

n~ + n l S + ... + nO sP
gO(s) = p

do + dJ8 + ... + d~sq

which satisfies i1g01loc = a.

• A bound ,I, < ~ is then fixecl on the desired leveI of UIl

structurec! perturbatians.

• Fix the structure of the parametric perturbations: allow
the parameters ni. dJ of t he plant to vary in intervals af

the fo1'm

ni E [n7 - EVi, ni + EVi] di E [n7 - E!-Li , di + EmUi]

\\'!lere thc weights Vi, !-L) an' fixeel anel nonnegativc.

• \Iaximize a weighteel ex ball arounel the parameters of
gO (s).

• For each E \i\'e get a family of interval systems Ç(E) anel
its associateel K-s\'stems Ç,\,(E).

Remark: The structurecl stabilitv margin is then given
b~' the la1'gest E. say Emax . fOI ",hich every system g( s) in the

COlTPsponeling inr.erval fclmil.v Ç(Emax ) satisfies 1191100 < {3.
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4.4.2. Iterative Procedure:

• First: Obtain an upper bound E[ for Emax by letting El

be the smallest l1l11nher such that the interval family,

contains an unstable polynonlial.

• Second: Use the follo\\"ing bisection algorithm
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4·4·3. Example

• The nominal svstem:
J

1 - 8

gO(8) = 1+38+82 '

• IIg(8)1100 = 1.

• Fix the bound on the unstructured margin to be equal to
1 1- -
.d 2'

• The perturbeel system is of the form

1 + a - (1 + b)8
ga,b,c.d(8) = 1 + c + (3 + d)8 + 8 2

\vhere lal, Ibl, Icl, Idl < E.

Problem: Finel the largest E such that

Ilgo.b.c.dllx < 2 for all (a, b, c, d).

Solution: analytically Emax = ~ anel the extrymal systems

are
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4.5. Small Gain Theorem for ContraI Systems

• 9 be a family of strictly proper SISO intervflJ plants.

• c(s) = ::i;J is a stabilizing controller for t.he entire farnily.

6.P

r(t)
gEg ~

y(t)
t v

c

ProbIem: Det.ermine the amount of llIlstructurecl pert.mba
tions that can be toleratecl hy this famil:v of interval plants

-,
87
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Solution: (Chapellat, DahIeh, Bhattacharyya 90[7]) .

• \Ve must finel the maxirnum of the Hex:, norm of the closed
Ioop transfer function c( s)(1 + g( s)c(s) tI over all ele
ments g(s) E ç.

Remark: :\ote that c(s)(l + g(s)c(s))-l is no longer an

interval famiIv..'

Theorem

ma~llc(s)(l+c(s)g(s)rlllcc= rn~1x Ilc(s)(1+c(s)g(s)r11Ixo
gE~ gE~CB

Theorem The closeclloop is stabIe for alI II~Pllx < ex iff

* 1
ex <ex = maxgEgcB Ilc(s)(l + c(s)g(s))-Ill<x'

Computation is reduced to (ar. most) 32 H cc cOlllputatiolls cl1011g

lille segmellts.

Theorem (Synthesis Theorem) Ler. ç be a farni1y of interval
plants of fixed degree anel let ex > O be given. Then' exists a
linear time invariant controller that stabilizes ç and that satis
fies

sup Ilc(s)(l + g(s)c(s))-lll:x;, < ex
gEg

iff sueli a e:ontroller exists for ÇCB.



4.6. Example

_ n /J ( S) _ {3s
g,l., - d ( ) - 1 -) '3

' I' S - 5 + 'Ys- + 5'

where;3 E [1,2] anel 'Y E [3.4,.5].

• The controller: c( 05) = ,11'
• The transfer function that is seen by the perturbation is

given by c(5)(1 + gB,_;(S)C(S))-l =

3( 1 - 5 + 'Y52 + 05:3

1 + 3{35 + b - 1)s2 + h + 1)s:3 + 5~

1 + 3Ç5 + 4s2 + Gs3 + Sl'

1 + 3115 + 2.452 + 4'-±o5:3 + s~'

3(1 - 5 + .55:? + SI)

1 + G5 + (11 - 1)52 + (11 + 1)53 + 5~'

3(1 - 5 + 3.452 + 05:;)

1 + 3s + (À - 1)52 + (À + 1) s:3 + o5~ ,

3(1 - 05 + J-L S 2 + 5:~)

Tç(5 )

• By the pre\'ious result. we lleeel to fillel the maximum H x

norro of four olle-pararneter families of rational functions:

3(1 - 5 + À52 + s:~)

\"here À E [3.4, ;:s], 11 E [3.-±, S], li E [1,2], ç E [1,2]

• Performing the maximizatioll we get

, ~llax . Ilc(05)(1 + g3.-,(S)C(5))-' II ,:x) = 34.14944.
.lE [1,_ j,-;E [3 ..Lo1

\"ltere the maxirnlun is in f<ier achiewel for (3

r = 3.4.

1. anel
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5. Nonlinear Feedback Perturbations

In this section we cleal with llonlinear feeclback pertnrbations of

systems containing parameter ullcertainty. In the classical Lur'e

problem, a stable linear time-invariant system is connectec1 by

feeclhack to a memoryless time-varying nonlinearity.

9
+"'"-

cf>

Class of allowable nonlineardies: sector boundecl feeclback

gains cf>(t, (T) satisfies cf> (t, O) for alI t > O,
, .)

O< (T (/>( t, (T) < k(T-.

T heorem If g( s) is a stable transfer fUllction anel cf> be

longs to the sector (O, k], then a sufficient condition for absolnte

stabiliiy is

Re(~ + g(jw)] > O for alI w E IR.

(i.e., t + g(8) is SPR)

90
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5.1. Strict Positive Realness

;

j
!
i
~ :

~
~
f,,
1,
i

,
j:

A proper transfer function g( 8) is saicl to be SPR if

1) g( 5) has no poles in the closecl RHP anel

2) Re[g(jw)] > Ofor all w E [-00, +00].

5.2. SPR Property of Interval Systems

(The follmving results were given in Chapellat, Dahleh. Bhat·
tacharyya 91 [9])
Problem: Determine the minimum of the real part of g(jw)
over alI w E ffi anel all elements g( s) of a stable proper family
ç of real interval plants.

Characterization of SPR: Ler. g( 8) = ~;i.:~ be a real
proper transfer function with no poles in the closed RHP. we
have the following theorem.

Theorem g(8) is SPR iff the follm\"Íng three conclitions are
satisfied:

a.) Re[g(O)] > O,

b) n( s) is Hurwitz stable,

c) d( s) + jan( s) is Hurwitz stable for alI a E IR.
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Problem: Let r be any given real number. finel necessary anel
sufficient conditions uncler \\'hich ir. is true that for alI g( 8) E ç,

Re[g(jw)] + I > 0, for a11 w E IR.

i.e .. llnclcr what conelitions is g( 8) + r SPR for all g( 8) E Ç?

Answer (lemma): g(8) + I is SPR for every elernent in ç
iff it is SPR for the 16 K-systerns in ç1\: .

Theorem Gi\'en a proper .stable falllily ç of interval plant,
the minirnurn of Re[g(jw)] on'r a11 w ;-mel over all g(8) E ç is
achieyecl at one of the 16 I\:-systems in ÇK'

Theorem Every plant g( 8) in ç is SPR. iff it is the case for
the fo11owing 8 plants:

, .)

I(~(,) K ~ (s) f{~ (S)
gd s) - 1\ j(s) g].(8) - g:1 (8) - g4( 8) =- -

[\l~(")
- /\';,(,,) f{/;(s)f{8(s)

f{ ~«) r-I ( . [\:1 (:-) . 'l

gj (8) - g6(8) - \ d SI g';(8) - gs( 8) = [\ *(s)- [\·iH.< ) - ') -
[\é(:-) 1\ 8 (s) f{s(s)

...jf
. :l"

Remark: \Vhen tht, famil.\' is propE'r but not strictly proper,
tllE'1l the overall rninirnlllll is i1.chicycd <1.t 011f' of the 16 K-systems
e\"('11 though one only !las to check 8 plants to wrify the SPR
pmprrty for the entire famih'. ,:~

,~ .
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5.3. Example

Cansicler the fallOlving stable family G(8) af interval systell1S

\yhase generic element is gin'n by

1 + a8 + B82 + 8:3
O(s) = '..

1+ b8 + ES 2 + s·l

where

a E [1,2], (3 E [3,4], I E [1,2], b E ['J,6], E E [3,4].

G 1\(s) cansists af the fallo\\"ing 16 ratianal functians

1 + 8 + 3s 2 + Sl 1 + 8 + 382 + 5:3
T (8) - T') (5) = ------:----:-

1 - 1 + 5s + 452 + 5:1' - 1 + 6s + 482 + s3 '
. 1 + s + 3s2+ s3 1 + 8 + 352 + s:3

T· (s) = T (s) = ------
.3 2 + .58 + 352 + SI' 4 2 + 6s + 352 + 53 '

1 + s + -!s2 + 5:3 1 + s + -!82 + s:J
T.3(5) = - .)1 r6(s) = 6 ) "1 + 'J8 + -!s~ + s·) 1 + 8 + 45:" + s:J

1 + s + -!S2 + 8:) 1 + s + -!s2 + 5:l

T'(5)=.)+_ +'3 2 + 3' TS(8)=")-L6 +3 2 + :3'"'- ·JS . 5 5 _ I 5 . S s
1 + 2s + 352 + s3 1 + 28 + 3s2 + 8:3

T (5) - T (s) - ------
() - 1 + ·58 + -!s2 + 5 l ' 10 - 1 + 68 + 482 + 8:3 '

1 + 28 + 382 + s:J 1 + 28 + 382 + 83

Tll(5) = 2 + 58 + 352 + 81' T12(8) = 2 + 68 + 382 + 83'
1 + 2s + 482 + SI 1 + 28 + 482 + 5:3

T13(8) = 1 +.s8 + -!5 2 + 83' T14(S) = 1 + 68 + -!s2 + 83'
1 + 2s + -!82 + S:l 1 + 28 + -!s2 + 83

Tl')(S) = . T1 c)'(8) = .
. ') -L- '3') '\ . c ._) + 68 + 382 + 8:3

"'- I os + . S- + 8
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The corresponcling minima. of their respective real parts - ..
along the imaginar)' axis anel over tlw whole family is achieveel
clt Ti):

inf Re Ti) (jw) = 0.0,)63546.
."-·E R

Therefore. the entire fa.milv is SPR. anel the minimum is achievecl

at Ti)(S).

!\' 1 (5)
Remark: Hov,-ever TS (5) correspouels to ,,1(.) \vhich is not

\8 .,

among the 8 rational fllnctions of the Theorem.



5.4. The Robust Lur'e Problem

(ChapellaLDahleh anel Bhattacharyya 91 [9])

Giwn élll inter\'al plant ç. consieler the following family. Ç0. of

feeelhack s\'stems..'

9 •
-

rP

By perforrning 16 computations we can determine the size of a
sector for v\'hich t.he famik çó is absollltel~' strlble.

Remark: Real part. of 9 at 5 = jw: Re[g(jw)]

Re[g(jú-')] + ~ > 0, \j w.

Tlms.

~i8 nl.inRe[g(jw)]

determines the size of the sector.
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Theorem GiWll t!le imen-cl1 family ç of stable proper sys
rems. The nonline~H· falllil\" ço i~ absolutelv stable if the nonlin
('<trin- cP belongs to the ,,('ctor [()~ k]. \\-here k > Ois any llumber
such t har

othen\"ise_

k < ex), if i[lf inf Re[g(jw)] > O
YA ~EI1{

1
k<

illfçA· inCEm Re[g(jw)]
\\"!lere ç A.. is the set of 1G1\-s\"stellls corresponcling to ç.
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6. Multilinear Parametric Perturbations

I . ,

Characteristic Polynomial:

\-virll P;j(s) E PiJ(s) being intt'fyal polynomials i,j = 1,2.

U ncertainty Set:

Problem: Determine conclitiollS llnder \vhich 6( s) is Hur
\Vir): 0\"('1 Il (equi\·alcnrly F stabilizes Il). Note that 6(s) is a
IIlultilinear function of rhe lllHeItain parameters.
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6.1. Notation

ConsicleI the multilinearly parametrized fal1lily of polynomials

In t11e space of the coefficients of the polynomials Fi) (s) \\'e have

the box II of uncertain parameters:

T11en \\·e \\Tite

b(s,p) Fd s )Fll ( s, p) FI r l ( s, p) + ...
+FmFm1(5, p) FmI'm ( S, P ).

Ler a denote the fall1ily of polynomials generatecl by the map
p ---+ b(s) anel obtained by letting the parameter vedor p

r;lll~(' OH']" rhe box II:

a = {b(s,p) I p E II} .

• K/;(s),k = 1,2,3,.:1: : K-polynomials associated \\'ith

Fij(s) .

• hharitonov segments for Fij(s):

1 1 :25 - = [K(s) J( -(s)]
I) I)' I)

Sl~ = [K;j(s), K;j(s)]

98 i
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• A, is the polynomial manifolcl which contains all polnlO

miaIs of the form

C(s) -_ F ( )Ki (i.l)( )Kí(1,2 l() Kí(l,l'[)() +u 1 s. 11 S 12 s··· 1'1 S .. ,

F( )Sí(i,ll(\ .) Si(I.1'))(\ )+ 's '1 Â 1, S ... 'ri ÂTI' S + ...
+F ( )Kdm.l)( )Ki(m.2)( ) ... K i (m,l'>l,l( )

m S m1 S m2 S mrm S.

EquivaIently,

A,:= {8(s,p) I p E TI,}.

Remark It is not difficlllt. to see that the llumber of clistinct

llli'lnifolds in TIC'B ar ACB is

771-'1R , R = T l + T2 + ... + T m ·
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6.2. Multlinear CB Theorem

(Chape11at, Keel anel Bhattacharyya 91 [10])

For a given fixed set of polynomials ~(s), i = 1, m, let

\ Ve sha11 say that F stabilizes the family II iff each polynomial

of the family a is Hunvitz stable. Similarly, \\"e sha11 say that

F stabilizes IIcB iff every polynomial in a CB is Hurwitz stable.

Theorem F stabilizes II iff F stabilizes IIcB .

Remark The theorem is stateel assuming that the polynomi

aIs Pi} (s) perturb inelepenelently. In an interconnectecl multi

loop control system it can happen that some of the polynomials

Pij(s) are in fart ielentical. Ir is hO\vE'\"er easy to take this de

pendence into account.
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6.3. ExtremaI Properties

(Bhattacharyya anel Keel 92[11])
The CB segments anel manifolcls enjoy many extremaI

properties. In other worels the points dosest to instability owr
the entire uncertaintv set in fact occurs on the CB subsers.
Since these segments anel manifolels form a highly reeluceel di
mensional subset of the original uncertainty set the CB subsets
proYide efficient means of computing stability and performance
margins for interval control systems. \Ve briefiy explore these

here:

6.3.1. Parametric Stability Margin

Problem: Given a family of pol:vnomials II which is stable,
,ye ,Yish to know the -"distance" to the dosest unstable polyno

miaI eiS the point p varies over the box lI.

• Let
p := [Pu P12 ... Pnl1m] ,

denote the n dimensional parameter vedar consisting of
the ordereel set of coefficients of the polynomials Pij (5 )

andl~t p E IRn vary in the prescribed box II specified h,'
the given upper anel lower bOllnds:

pL E [aL, ,6/;], l = O,, .. dO(?iJ), i E m, j E ri·

• P
1L

- the set ofpoints u E IRl1 for which fJ(s, u) is llllstable

ar loses degree.

• Radius of the stability ball around p.

p(p) = inf IIp - ull·
11 EP"

1o1



Remark The number p(p) serves as the stabilitv margin

associatecl with the point p_ If the box II is stable \\Oe CéUl

associate a stability margin \vith each point in II_

Question: Is there a point in IT which is dosest to instability

in the norrn II . II anel where is if:

Defining a mapping from II to the set of ali positive real nllm

bers:

II b R+\{O}
p ==? p(p)

Theorem The function

II b R+\{O}
p ==? p(p)

has a lllininmm \vhich is reachecl at a point eJll the CB llldllifolcb

ITr -B -
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6.3.2. Parametric and Unstructured Perturbai tons

Let

where

(s) = ,(s)
9 b(s)

,(5) Hl(S)Ljj(s)Lj2(S)'" Ljq(s) + .

+Hm(s)Lml(S)Lm2(S)'" Lm 1"m(s)

where the polynomials Hi(s) are fixed anel the polynomials
L ij (s) are interval polynomials, that is their coefficients vary
in a prescribeel box A; the corresponeling family of polynomials
,( s) is denoted by r. \Ve suppose as before that

b( s) .= Fd S )Pll (s )P12 ( s) Pl 1"1 (s) + .
+Fm(s )Pmd s )PmA5) ... Pnllll1 (s)

\vhere the polynomials ~(s) are hxecL the polynomials Pij (5)
are interval polynomials. \vith coefficients that vary in the pre
scribeel box TI anel rhe resulting familv of polynomials b(5) is

(lenoteel A.

i From these polynornial families we form the parametrizeel

falllilv of transfer functions

,( s, 1)
ç = {b (5, p) Ip E TI, anel 1 E A}. (1)

To elispla~' the depenelence of a t:Vica1 elernent g( s) of ç on 1
anel p \ve \vrite g(s, p,l).

103



Define

rCB = {,(s,l)ll E ACB},r{1 = {~((s,l)ll E K(A)}

a c B = {ó (S 1 p) Ip E IIcB } , A fI' = {8(s 1 p) Ip E K (II)} .

Problem: Calculatioll of the H'X-stability margin for sys

tems eontaining parameter uneertainty as defined above.

To determine the unstrueturecl stability margin of the

family ç we neecl to determine the supremum of the Hx norm

of certain transfer func:tiollS over ç. SpecifieaI!y we formulate

the follo\ving problems: Let W (s) ])e a seaIar stable \\-eight.
. 1 bl' l' T,fí() 1>".(,,)

\\-lt 1 a sta e ll1verse, ane wnte vv s = rI".(,,)' .
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.-\.) Multiplicative Perturbations: Consieler t-he feeelback
configuration ShOW11 he1m\" o ç is a stabIe familv, anel ~p

is any Hx; pertmbatio11 that sarisfies II6.PII < CXo

I
I• - I I

::::.p

EB I ç I

B) Additive Perturbations: Consieler the feeclhack config
uration shown beIm\" o ::::'P is any H oo perturbarion that
satisfies II.6.P I1 < CXo anel C is a controller tbat simlllra
neollsly stabilizes even° element in the set ç o

J,P

""" ç '"q; l./

l- I

I C
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Define

i( s, 1)
QCB:= {Õ(s,p)I(I E K(A),p E llCB) or (1 E ACB,P E K(ll)}.

Theorem (ExtremaI properties)

A) sup IIWgll,X) = sup IIWgllx,
gE9 yE9rB

B) sup IlvVC(l + gCr11/= = sup IIWC(l + gCr11lx'
gE9 gE9CB

Corollary (Unstructured Margins)

1) The cOllfiguration (A) \vill be stabIe if anel only if O:' s,ltisfies

1 *
O:' < "= o:

- sUPgE9cB Ilgl/ x" o·

~) The cOllfiguration (B) \\"ill be stabIe jf <lnel only if O:' satisfies

1 *O:' < "- O:'
- sUPqE9("B IIC( 1 + gC)-lllx"- c'

Lemma Let h( s) = n( s) / d( s) bf' (\ proper (real OI' COlll

pIe:\:) rational function in Ex.; (C+), wi t!l deg( d( s)) = q" tlwn

Ilhll:-o < 1 if anel only if

a 1) InqI < IdqI'
hl)d(s) + ejBn(s) is Hmwitz for all e Íll [0, 27r).

Remark The qU<lntities 0:: anel o; selTe as unstructurcel
H x stabilirv margins for the respecti\l' 0j)('!l alld closed 100])
prnnmetriz('d S"stel!lS tre,.lted in Probh'lllS.-\ <l!leI B,
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6.3.3. Parametric and Nonlinear Perturbations

Theorem (ExtremaI properties)

1) Ler ç be the multilinear family definecl ahove, anel assume
t hat ç is stable then

inf inf Re(W(jw)g(jw)) = inf inf Re(W(jw)g(jw)).
gE9 ,,:ER. gE9CB wER

2) If C is a controller that stabilizes the entire family ç, then

inf inf Re(WC(l + gCr1(jw)) =
gE9 u.:ER

inf inf Re(WC(l + gCr1(jw)).
gE9cB u.:ER
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7. Frequency Response of IntervaI ContraI Sys
tems

(I<eel anel Bhattacharyya 91[12]) In tllis section vve eleal with the

frequency elomain properties of interval control systems. Our

lllotivation is that t hese properties a110w us to appIy stanclard

results of classical control to the analysis anel elesign of sl1ch

systems.

r

'O(s)

N(s)

7.1. PreIiminaries

IntervaI System

9(s) := { ~:i;i I n(s) E N(s),d(s) E 'O(s) }

,,-here N( s) anel 'O( s) are sets of inteIyal polynomials
. .)

'- {n(s) I no + nls + n2 s- + ... + nqsq,

ni E [n;, n;], Vi}

{d(s) I do + cl1s + d2s2 + ... + dqsq,

di E [d;, d;], Vi}

n(;.,..·) := n(s)I,=)~" d(w):= d(s)I'=J"-' G(w):= G(s)I'=J_
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7.2. Bode Envelopes

Magnitude Envelopes

For (1 transfer function T(s) E T(s), Define

J-LT(w) '- IT(jw)1, -

{lT(W) '- sup IT(jw)1-

TU....')
J-LT( W) '- . inf IT(jW)1-

T(j ....,)

Consequently, for the given family of systems

P(s) := {P(s) = C(s)G(s) I G(s) E Ç(s)}

p,p(w) '- IC(jw)G(jw)1-

{lp(w) '- sup IC(jw)IIG(jw)1-
GEG

J-Lp(w) '- 1lªf IC(jw)IIG(jw)1-
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-- -~--------~...~

Irri K~{w) K~{w)
I

I N~'w)

K,;{ ) K~{w)

Re

K;){w)
\---------,

V(w)

L

K,){w) K~hw)

lllilld(_,:)E'D(~') Id(w) I = IKj (w) I
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Irri

.V(w)

1/ S~(w) I I

Ie--1)_(W)_I Re
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Phase Envelopes

For a transfe1' functioll T(s) E T(s). Define

cPT(w) '- LT(jw)

cPy(w) '- sup LT(jw)
y (j",,)

cPy(w) - inf LT(jw)-
y (jú.)

Consequently, for the given family of systems

P(s) := {P(s) = C(s)G(s) I G(s) E 9(s)}

cPp(w) '

cPp(w)

cPp(w)

LC(jw )G(jw)

Sllp LC(jW )G(jw)
( ;EÇ

inf LC(jW)G(J'w)
( /EG
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I -,

I K~(w)
,r----,

JV(w)

V(w)

Re

lllaXI1I~·)EY(",-,),d(w)E.V(w) LG(w) = m;:\Xh(,,:)E.V(,.,:) Ln(w) - mind("'-')E[l(~.) Ld(w

= Ll\~(w)- LK;j(w)
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}\l(w)

/

K~{w)

Vw
Re

= i.K' (w) - i.KJ (w)11 ri
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Define

Q(W) _ f C(jw) = ~~~~~:; I .n(J.·W) E N(jw), J
1 d(Jw) E D(jw)

1
C(j ) - n(jw) I (' ) . J:= w - d(jw) .n JW E K.v(Jw), .

d(Jw) E Kv(jw)

1
C(') n(jw) I ('._ JW = c/(jw) I ~ JW) E K.v(jw), J

d(Jw) E Sv(jw)

1
C(') n(jw) I (' J._ JW = c/(jw) .n JW) E S:v(jw),

d(Jw) E Kv(jw)

For eHTY W > O

\w)
cPç(w) -
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7.3. Nyquist Envelopes

\ :,"quist plots of the family

P = {C(s)G(s) =
n c ( 5)n( 5) I
dc(s)d(s)
n(s) E N(s), d(s) E D(s)}

;:\re bOllnclecl b:," the ;.J:vquist plots of the follmving subsets.

{C(s)G(s) I G(s) E QCB(S) U 9CB (s)}

w!lE'lP

Ç(,8(S)

ç(' fJ(.s)

{G(s) I n(s) E JC;V(s), d(s) E SD(S)}

{G(s) I n(s) E S)v"(s),d(s) E JCD(s)}

The CB Systems generate the Nyquist plot bound
ary

FOI cn'r:," fixecl frequency w > 0, the CB systems

K,i,1(jw)

S~(jw)
S~(jw )

K }1(' )d JW

K~2(jW)

S~(jw )
S~(jw)

".) .
K~-(Jw)

l!"t'clte ,:.1 regioll bOllnclecl b:," two arcs anel t\\"o segments. B\"
'-í\\"eE'pillg t!lesp ,,-ith respect to frequenc:," \ye obtaill the Nyquist

l'll\"('!opr of t!w fal1lily.
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8.

---------_._-----------------

Design Example: Lead - Lag Compensation

ao E [4,6]

ao
G(8) = b:383 + b'2 8 '2 + b 18

\\"hE'fe its coefficients are boundeel by the given intervals as fol
10\<\-"s:

b3 E [A, .6]
b2 E [IA., 1.6]
b1 E [.8, 1.2]

The objective of the elesign is to achieve that the entire family

of systems has the phase margin at least 30° anel gain margin

at least 20elB.
\Vith the lag compensator

()
21.2,668 + 1C1 8 = __
280.00.:>8 + 1

we haye achieveel approximately 35° of guaranteed phase margin

(mel lOclB of p,uaranteeel gain margin.
\\'ith the aclelitionalleael compensator

8.+ .4
C2(8) = _

8 + 2..)

\\'e ha\"e achievecl approximately ·55° of guaranterel phase margin
,mel ndB of guaranteecl ga.in margin. Therefülp, the controller

IS

C(8) = 21.2~6~8 + 1 8 + A .
280.·j008 + 18 + 2.·5
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9. Robust Performance Problem

(Keel & Bhattacharyya 91[12, 13])

r e Q(s) ~ P(s) ?j
+,../
-

Q(s) := Q1(S)
QAs)

P(s) := N(s)
D(s)

System· Transfer Funetions:

TO (s) .- y = P (s )Q(s )
e

TY(s) "_ y _ P(s)Q(s)
r 1 + P(s)Q(s)
e 1

Tt(s)"- - ----
r 1 + P(s)Q(s)
u Q(s)

T 11 (s ) .- - --'--'--
r 1 + P(s)Q(s)

Characteristic Polynomial:

I1(s) = Q'2(s)D(s) + Ql(s)N(s)

U ncertainty Set:

N(s)
p(s) = {D(s) (N(s), D(s)) E N x V}
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Uncertain Transfer Function Set: As P(s) ranges
over P(s), equivalently (N(s), D(s)) ranges over /'I/(s) x 1J(s)
\\Oe llClove the corresponding uncertain transfer function sets:

TO(s) 0- {P(s)Q(s) : P(s) E P(s)}

TIl (s)
P(s)Q(s)

P(s) E P(s)}
{1+P(S)Q(S)

1
P(s) E P(s)}Tt(s) 0-

{1+P(S)Q(s)

Til (s)
Q(s)

P(s) E P(s)}0-

{1+P(S)Q(S)

TI(s) := {Q2(s)D(s) + Ql(s)N(s) (N, D) E.M x 1J}

Remark \Ve are intcrested in the complexplan(' image at
s = jw of the above transfer functiolls T and polynomial TIo
In ot heI worcls in frequellcy response. Nyquist plot etc oo
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• TO(w), TY(w), TU(w), Te(w) - The romplex plane image

of each of the abow sets. For example.

• :\yquist plot of a transfer function T( s) is

• Similarly. for the set of transfer function T (s) the ~yquist

plot is the complex plane set

T = uO::;"''<XJT(jw).

• The bOlmdarv of a set S - as.

Remark \Ve are interested in finding t he enwlopes of fre

quency response of TO(s). TY(s), Tll(S), Tt(s).
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Define subsets of the uncertain transfer functiolls:

TC~B( s) "- {P(s)Q(s) : P(s) E Pcs(s)}-

Ij (
P(s)Q(s)

P(s) E Pcs(s)}TCB s) -

{I + P(s)Q(s)
-

1
P(s) E Pcs(s)}1(~s(s) "-

{I + P(s)Q(s)

1(~IS(s)
Q(s)

P(s) E Pcs(s)}"-

{I + P(s)Q(s)
-

Theorem For every w > (l.

8P(ú)) C PCB(W)

8TO(w) C 1(?s(w)

8TIJ (w) C 1('!B(w)

8TU (w) C 1(~IB(w)

8T ê (w) C 1(~R(w)

Theorem

l~__

C Tc~B

'1'1
C lCS

C 'lI!
lCH

C ,1(~B
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Remark

• \Iost af the closed loop transfer functions are 110 1011ger

interval plants. yet extremality of C'B systems sti11 hold.

• .:\11 the results extencl to the form of

)
A[(s)Nds)+ooo+A{(s)N/(s)

P(s = ----------
Bds)D](s) + ... + Bm(s)Dm(s)

where

(N 1 O" N, Dl . O' D ) E N1x·· oxN{xV]x·· ·xV, , , , '1n , In
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